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ABSTRACT

Proper edge-coloring of a graph is a mapping from its edges to natural
numbers so that adjacent edges receive different numbers (colors). The
edge-chromatic sum of the graph is the minimum sum of the colors on all
edges among all proper edge-colorings of the graph. This work aims to
find lower and upper bounds of the edge-chromatic sum parameter of
graphs. Two lower and two upper bounds are obtained, they are compared
with some existing results. It is also shown that both bounds are efficient
for certain classes of graphs and for each bound there are graphs, for
which it is more efficient than the other one.
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Introduction

A proper vertex-coloring (edge-coloring) of a graph G is a mapping from its
vertices (edges) to numbers 1, 2, 3, ... so that adjacent vertices (edges) map to dif-
ferent numbers. The vertex-chromatic (edge-chromatic) sum of the graph is the
minimum sum of colors on all vertices (edges) in any proper vertex-coloring (edge-
coloring). It is denoted by 2(G) (Z'(G)).

The problem of finding the vertex-chromatic sum of the graph or shortly the
chromatic sum problem was first suggested by Supowit in 1987 [1] and inde-
pendently by Kubicka and Schwenk in 1989 [2]. Similarly, in 1998, Bar-Noy et al
defined the problem of finding the edge chromatic sum [3]. The problems have
applications in integrated circuit design and resource allocation [1, 2, 3]. Both prob-
lems are NP-complete in general [2, 3] but a lot of estimation results are known for
both parameters. Thomassen et al. [4] showed that for any graph G, Z(G) <
|V (G)| + |E(G)]. They also showed that for any graph G with no isolated vertices

[w/8|E(G)|] < 2(G) < 3|E(G)| . Kokosinski and Kwarciani obtained X(G) =

V(G)| + w for any graph in [5]. Other general bounds for £(G) can be

found in [5, 6, 7]. Salavatipour found the exact value of the edge-chromatic sum of
chain bipartite graphs and a tight upper bound for split graphs [8]. Petrosyan and
Kamalian provided the exact value of the edge-chromatic sum of complete graphs
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and two upper bounds for certain split graphs [9]. Petrosyan found an upper bound
on edge-chromatic sum of almost regular graphs in [10].

Despite many results on specific graph types, a comprehensive analysis of the
lower and upper bounds of edge-chromatic sums for graphs in general is an area of
examination yet. Our goal is to find the lower and upper bounds of edge-chromatic
sums depending on the main parameters of the graph, such as vertex count, edge
count, the degrees of the graph vertices, etc. We compare the existing and newly
suggested bounds, provide graph types for which the bounds are tight, and provide
graph types for each bound for which they are more efficient than the others.

Definitions

We consider only finite, undirected, and simple graphs. Basic terms not de-
fined here (graph, vertex, edge, etc.) can be found in [11]. We denote the vertex
and edge sets of graph G by V(G) and E (G) respectively. We denote by d (v) the
degree of the vertex v in the graph G and A(G) is the maximum degree in graph G.
Line graph L(G) of graph G is the graph with vertex set E(G) and the two vertices
of L(G) are connected by an edge if and only if the corresponding edges have a
common vertex in G.

The chromatic index of graph G is denoted by x'(G) and the maximum match-
ing size is denoted by a'(G). Proper edge-colorings, for which the sum of colors on
all edges is equal to ='(G) are called sum edge-colorings and the minimal number
of colors needed for a sum edge-colorings is called the edge-strength of the graph
G and is denoted by s'(G). Edge-colorings that use ¢ colors will be written edge c-
colorings sometimes. Obviously, A(G) < x'(G) < s'(G). Note that Hajiabolhas-
san [12] proved that s'(G) < A(G) + 1.

Main Results

Lower Bounds

Consider a graph G. First, consider the lower bounds on X'(G).

This simple result is mentioned as a fact that immediately derives from the
definition of edge-coloring in [13] and is also provided as a result in the context of
line graphs in [3].

Lemma 1. For any graph G, we have

! 1 1
PRGE [z > #® +5IEG)

veV(G)
Proof. Consider the sum edge-coloring a of graph G. Forany v € V(G),

de(W)(ds(v) + 1)
> .

atlvu) =21+ 2+...+d;(v) =
UENg(v)
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since the colors on the edges adjacent to v are natural numbers that are
pairwise distinct. On the other hand,

ZI(G)= Z a(e)=% Z Z a(vu)

e€E(G) veV(G) ueNg(v)
> 1 Z de(v)(dg(v) + 1)
-2 2
veV(G)
1 ) 1
=7 D W+ Y dw)
veV(G) vEV(G)

1 2
=2 Y @) +3IEG
veV(G)
If we use the Sedrakyan’s inequality as follows:
2
dé (v) > (Zvev(c) dc(v)) _ 4|1E(G)|?
L Q] HG]

we can obtain a lower bound that depends only on the number of vertices and edges:
Corollary 1. For any graph G,

' |E(G )I2
G) = IE @)l
2. @ [er
Since '(G) = Z(L(G)), existing results on the lower bound of £(G) can be
translated in edge-coloring terms. For instance, note that Bar-Noy et al. [3] provided

a lower bound 2(G) > |V(G)| + 'ii?' in the proof of their Theorem 4.3. If we use

2'(G) = Z(L(6)) to find a similar result for edge-chromatic sums as follows:

: [E(L@®)]
2(6) =2(L(®) = [V(L®)| + —F—F% 2(1©)
2vev(c) de(W)(de(v) — 1)

2A(L(G))
then considering A(L(G)) < 2A(G) — 2, this will not give us a better result than
Lemma 1 gives us (considering A(G) > 1):

z P2 w) + ( )] <|E(G)|_I_Zvev(a)zzgg))(ﬁi}(v)—l))2
veV(G)

L A6 = D(Eer) 95 (v) —2lE@I)
4A(G) —
There is also a lower bound of £(G) obtamed by Thomassen et al in [4], which
gives us that

= |E(G)] +
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Z'(G)=
- 2] > dw ) - DY,

veV(G)

8|E(L(®))|

But if we compare the squares of numbers %ZUEV(G) dz(v) +%|E(G)| and

2/ Yveve)dc (W) (dg(v) — 1), we will see that the first expression is always
greater when |E(G)| > 4 (let us denote ¥,cy () d&(v) by x for simplicity):

2IE@)\"
() -4 Y a0 -

veV(G)
_ (x+2|E(G))? — 64x + 128|E(G)|
= T =
B (x + 2|E(G)| — 32)%? + 256(|E(G)| — 4) -0
B 16 =

By checking all the remaining graphs where |E(G)| < 4 manually, we obtain
that the lower bound given in Lemma 1 is always not less optimal.

Now we obtain one more lower bound.

Lemma 2.

For a graph G and any integer k that satisfies 0 < k < s'(G) + 1, we have:

Z'(G) >k (IE(G)I — w> +

(s'(G) —k)(s"(G) —k + 1)
+ > .

Proof. Let a be any sum edge s’(G)-coloring of G. For each colori (1 < i <
s'(G)), denote the number of edges that are assigned with the color i in a by c;.
We know that 1 < ¢; < a'(G). To complete the proof, we can see that for any 0 <
k <s'(G),

) s'(6) s'(6)
Z(G) _ Z P = Z(k+(i—k))-ci=
s(G)
Zk c; — Z(k—l) c; +
s'(6) s'(6)

+ z (i—k)-¢; = k|IEG)| - Z(k D¢ + Z (—k) ¢

i=k+1 i=k+1
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s'"(6)

k

ZklE(G)I—Z(k—i)-a’(G) + Z (i—k) -1 =
i=1 i=k+1
- k<|E(G)| _w

(s'(G) —k)(s'(G) —k + 1)
+ > .

Note that under ¥:2_, we understand 0 if a > b. If we do the division of the
summands not between k and k + 1, but between k — 1 and k, we can obtain the
same result for k = s'(G) + 1 as well.

For the vertex-chromatic sum, Kokosinski and Kwarciany provided a lower
bound, edge-coloring version of which can be obtained if we put k = 1 in the
lemma above. Lecat, Lucet, and Li [7] obtained a result on £(G), which, if trans-
lated into edge-coloring terms, is similar to the result of the lemma above. They

claim that the best estimate is obtained when k = [%J + 1.

Since a’(G) < ['V(Z—G)'J and s'(G) = A(G), we can obtain the following corol-

lary as well:
Corollary 2. For a graph G and any integer k that satisfies 0 < k < A(G) + 1,
we have:

ZI(G) >k <|E(G)| _k ; 1 [|V(ZG)| ) + (A(G) — k)(AZ(G) —k+ 1).

Note that here the upper bound of k is set to A(G) + 1 instead of s'(G) + 1
since the inequality (s"(G) — k)(s'(G) —k + 1) = (A(G) — k)(A(G) —k + 1) is
not true for A(G) + 1 < k < s'(G) + 1.

Upper Bounds

Now we proceed to the upper bounds.

Lemma 3. For any graph G,

Y=g Y dw.

veV(G)
Proof. We use the fact })'(G) = X(L(G)) here. Thomassen et al. also showed
[4] that }:(G) < |V(G)| + |E(G)]. By placing L(G) instead of G, we get
Y(L(®) < [v(L@®)| + [E(L(®)]
A N QICHOLE

2
veV(G)

1 1 1
= E@I+3 ) @0 -5 Y d) =5 Y diw),

veV(G) veV(G) veV(G)
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There is an upper bound obtained by Thomassen that states that }.'(G) <
3|E(G)| if G has no isolated vertices. This means that if there are no adjacent ver-
tices of degree 1 in G, then Y'(G) < %ZUEV(G) dq(v)(dg(v) — 1). Let us compare
this upper bound with the result of the lemma above. We see that

2 Sver() A6 ) (ds (V) = 1) = 3 Bveve) 42 (0) = Boerey ds @) (de () = 2) =
Yuver(e)(dg () + dg(v) — 3).Since for each edge uv € E(G), at least one from
u and v has a degree greater than 1, this sum is always non-negative. This gives us
that the upper bound of the lemma is more optimal.

We prove one more upper bound.

Lemma 4. For any graph G,

! 1
> @ = EG@IXG) + 1.

Proof. Consider any proper edge-coloring of G that uses y'(G) colors. Denote
by ¢; the number of edges colored with i. Obviously, we can reorder the colors so
that Cq > Cy == C)(’(G)'

We use the Chebyshev's sum inequality, which says that if we have the num-
bersa; = a, =...2 azand by < b, <...< by, then

n n n
D ans (1Y a2
—)a - )a - .
n N k5 k
k=1 k=1 k=1

If we replace n with ¥'(G), a; (i = 1,2,...,n) with ¢;, and b; with

1,2,...,n, we get
x'(6) x' (@) X' (©

1 1 1
7@ kzl S\ T kzl “Nr@ kzl “f

Y < ch":(f) kcy, and the number ng;(f) ¢y is exactly |E(G)|. Placing

those values in the inequality above, we get
' YGOXG)+ 1)  [EGIG'G)+ 1)
> @ <@ = .
x'(G) 2 2

Note that there is also a similar upper bound for vertex-chromatic sums, which
is briefly described in [14]. Giaro and Kubale [13] mention an upper bound for
bipartite graphs that is always less optimal than the result in the lemma above, since
x' (@) = A(G) for bipartite graphs.

Since ¥'(G) < A(G) + 1, we can write also the following:

Corollary 3. For any graph G,

! 1
D76 <SIEGIBE) + 2),
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By collecting the results from the lemmas, we formulate a theorem about the
lower and upper bounds of any graph:

Theorem 1.

For any graph G, we have

! 1
Z(G)Z[Z S @@ +51E@| &
veV(G)
Y@= k(isn - “PH=2)
RUORIGGRIE o

0< k<s'(6)+1),
! 1
D@ =5 ) dw), ©)

VeV (G)

! 1
D @ E@IX @+ 1D @

In order to show the efficiency of each lower and upper bound, we provide:
1. Graphs, for which the bound is tight,
2. Graphs, for which the bound is better than the other bound.

First, consider r-regular graphs of order n, where r > 2. In this case, from (1),

we obtain ¥'(6) = 222 "T(TH) ,and (4) gives us that ¥'(G) < M For class 1

graphs among such graphs (which are known to exist), we have s '(G) = r. Hence,
the two bounds coincide, yielding a tight bound in both cases.
Now consider the star graphs. If we put k = 0 in the bound (2), we get }.'(G) =

M, and the bound (4) gives us that })'(G) < w It is not hard
to see that the bounds again coincide, yielding tight bounds for (2) and (4).

Note that for star graphs the bound (1) gives }.'(G) > [(W(G)l_lflv(a)lﬂ)], SO
for |[V(G)| > 3, it becomes not more optimal than the bound (2).

To show that the second bound is not always more optimal than the first one,
let us consider the graph provided in the Figure 1. (1) gives us the bound of 11
while (2) gives us the maximum bound 10 when k = 2.

From the upper bounds, (4) is more efficient than (3) in r-regular graphs with
r > 2

nr(x'(G) + 1) - nr(r+2) nr® nr w? wr  onr

2

4 = 4 4 2 T4 22 2
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ug
/

Figure 1: Graph with an edge-chromatic sum of 12

(3) is more efficient than (4) for example in wheel graphs (Figure 2): (3)

gives the bound ”Z;rgn, while (4) gives n(y'(Wy41) + 1) = n(n + 1). Obviously,

for larger n, the upper bound (3) is more efficient.
Thereby, we showed, that for each bound there are graphs, where it is more

optimal, and in some cases, they reach the exact value of the edge-chromatic sum.

Un41 f— 13

| Un—1

Figure 2: A wheel graph W, ,

REFERENCES
1. Supowit K. Finding a maximum planar subset of nets in a channel // IEEE Transactions on
Computer-Aided Design of Integrated Circuits and Systems, 6 (1), 1987. PP. 93—94.
2. Kubicka E. and Schwenk A. An introduction to chromatic sums // Proceedings of the 17th
Annual ACM Computer Science Conference. 1989. PP. 39—45.



10.

11.
12.

13.

14.

General bounds on edge-chromatic sums of graphs

Bar-Noy A., Bellare M., Halldorsson M.M., Shachnai H., and Tamir T. On chromatic sums and
distributed resource allocation // “Information and Computation”, 140, 1998. PP. 183-202.
Thomassen C., Erdés P., Alavi Y., Malde P.J., and Schwenk A.J. Tight bounds on the chro-
matic sum of a connected graph // Journal of Graph Theory, 13, 1989. PP. 353—357.
Kokosinski Z. and Kwarciany, K. On Sum Coloring of Graphs with Parallel Genetic Algo-
rithms // “Adaptive and Natural Computing Algorithms”, 2007. PP. 211-219.

Jin Y., Hamiez J.-P., and Hao J.-K. Algorithms for the minimum sum coloring problem: a
review // “Artificial Intelligence Review”, 47(3), 2016. PP. 367—394.

Lecat C., Lucet C., and Li C.-M. New Lower Bound for the Minimum Sum Coloring Prob-
lem // Thirty-First AAAI Conference on Artificial Intelligence, 2017. PP. 853—859.
Salavatipour M.R. On sum coloring of graphs // Discrete Applied Mathematics, 127, 2003.
PP. 477-488.

Petrosyan P.A. and Kamalian R.R. On sum edge-coloring of regular, bipartite graphs and
split graphs // Discrete Applied Mathematics, 165, 2014. PP. 263-269.

Petrosyan P.A. Sequential edge-coloring on the subset of vertices of almost regular graphs
/I https://arxiv.org/abs/1401.0836, 2014.

West D.B. Introduction to Graph Theory, 2001.

Hajiabolhassan H., Mehrabadi M. and Tusserkani R. Minimal coloring and strength of
graphs // Discrete Mathematics, 215(1), 2000. PP. 265-270.

Giaro K. and Kubale M. Edge-chromatic sum of trees and bounded cyclicity graphs // In-
formation Processing Letters, 75, 2000. PP. 65—69.

Hajiabolhassan H., Mehrabadi M.L., and Tusserkani R. Tabular graphs and chromatic sum
/I “Discrete Mathematics”, 304(1), 2005. PP. 11—-22.

OBHIME OHEHKMU JJis1 PEBEPHO-XPOMATHYECKHUX
CYMM I'PA®OB

I'. Mukaenan
Epesanckuii 2cocyoapcmeennbiil ynusepcumem

AHHOTAIUA

IIpaBusbHas pebepHas packpacka rpada — 3To oroOpaxeHue ero pedep
Ha HaTypajbHbIE YHCIIa TAKUM 00pa3oM, YTO CMEXHBIE pedpa MoTydaloT
pasHble yncina (1Bera). PedepHo-xpoMaTHieckas cymMMa rpada — 3To Mu-
HUMaJIbHas CyMMa IIBETOB Ha BCEX pedpax cpeau BCEBO3MOXHBIX IMpa-
BUJIBHBIX peOEpHBIX packpacok. Llenb maHHOW paOOThI — HAUTH HIDKHUE
Y BEpXHHE OLEHKH 15 TapaMeTpa pebepHO-XpOMaTHYECKOH CyMMBI Tpa-
¢oB. [ToxyueHsl 1Be HIDKHAE U JBE BEPXHHE OLICHKH, KOTOPbIE CPAaBHEHBI
C HEKOTOPBIMH CYLICCTBYIOLUIMMH pe3yJbTaTaMu. Takke MoKa3aHo, YTo
00e oleHKH 3(Q(EKTHBHBI U ONPENeICHHBIX KJIacCOB rpadoB, U IS
Ka)JIOW TPaHUIIbI CYIIECTBYIOT rpadbl, A7l KOTOPBIX oHA Oojee 3 pek-
TUBHA, YeM Jpyrasl.

KiroueBble ci10Ba: pebepHO-XpoMaTHIECKast CyMMa, IIpaBHIIbHAS pedep-
Hasl packpacka.
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