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ABSTRACT

A proper edge-coloring of a graph G is a mapping a: E(G) — N such that
a(e) # a(e’) for every pair of adjacent edges e and ¢’ in G. If @ is a
proper edge-coloring of G and v € V(G), then S; (v, a) denotes the set of
colors appearing on edges incident to v. A proper edge-coloring a of a
graph G with colors 1, ..., t is called a near-interval t-coloring if all colors
are used, and for each vertex v € V(G), S; (v, @) is an interval of integers
with no more than one gap. If agraph G has such a coloring, the minimum
number of colors in a near-interval coloring of a graph G is denoted by
w(G). It is known that all complete bipartite graphs admit near-interval
colorings. In this paper, we propose an integer linear programming (ILP)
model to determine or bound the parameter w'(K,,,) (m,n € N) for
complete bipartite graphs.

Keywords: proper edge-coloring, near-interval coloring, interval color-
ing, complete bipartite graph, integer linear programming.

Introduction

We use [1, 2] for terminology and notation not defined here. All graphs con-
sidered are finite, undirected, and contain no loops or multiple edges. For a graph
G, V(G) and E(G) denote the sets of vertices and edges of G, respectively. The de-
gree of a vertex v € V(G) is denoted by d;(v), the maximum degree of G by
A(G), the chromatic index of G by x'(G), and the diameter of G by diam(G).

A proper edge-coloring of a graph G is a mapping a: E(G) — N such that
a(e) # a(e") for every pair of adjacent edges e and e’ in G. If a is a proper edge-
coloring of G and v € V(G), then S; (v, a) (or S(v, @)) denotes the set of colors
appearing on edges incident to v. The smallest and largest colors of S(v, a) are de-

noted by S(v, @) and S(v, a), respectively. A near-interval t-coloring (or interval
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(t, 1)-coloring) [3, 4] of a graph G is a proper edge-coloring a: E(G) - {1, ..., t}
such that all colors are used and, for every vertex v € V(G),
de(v)—1<SWw,a) =S, a) <d;(v).

Equivalently, S; (v, @) is an interval of integers with no more than one gap. A
graph G is near-interval colorable if it has a near-interval t-coloring for some t € N.
The set of all near-interval colorable graphs is denoted by 9. For a graph G € 9!, the
minimum number of colors in a near-interval coloring of G is denoted by w(G).

Near-interval colorings were introduced by Petrosyan and Arakelyan [4] as a nat-
ural generalization of interval edge-colorings [5, 6]. Upper bounds on the number of
colors in near-interval colorings in terms of 4(G), diam(G), and |V (G)| were ob-
tained in [3, 4]. Recently, Casselgren, Matafiejski, Pastuszak and Petrosyan [7] proved
that for subcubic graphs G the problem of determining the exact value of w(G) is
NP-complete. They also showed that all complete bipartite graphs belong to 9t* and
initiated the determination of wl(Km,n) as a natural open problem. For complete bi-
partite graphs, some upper bounds and exact values were obtained in [8].

A complementary line of work uses integer linear programming (ILP) as a
computational tool for interval edge-coloring problems. In [9] and [10], ILP formu-
lations and modern solvers were used to study interval colorings and minimum-
deficiency problems, showing that well-designed models can produce strong
bounds together with certificates of optimality and can therefore serve as an effec-
tive aid in conjecture testing. Motivated by these developments, we formulate an
ILP model adapted to near-interval colorings of complete bipartite graphs and use
it to compute wl(Km,n) for a range of small instances, providing explicit colorings
and additional evidence for the structure suggested by existing results.

Integer Linear Programming Model

Our computational approach is guided by integer programming formulations
for minimum-deficiency interval coloring developed in [9]. That work discusses
four closely related modeling perspectives. In the complete bipartite setting consid-
ered here, three of these formulations become equivalent at the level of their linear
programming relaxations, leaving essentially two distinct integer formulations,
commonly denoted by IP1 and IP2. Since the benchmark experiments in [9] did not
report meaningful differences between IP1 and IP2 for the types of instances and
objectives relevant to our study, we adopt an IP1-type formulation as it is also the
most direct to implement for K, ,, in an edge-indexed manner.

We adapt this IP1-type formulation to near-interval edge-colorings. The model
minimizes the number of used colors while enforcing (i) a proper edge-coloring

and (ii) the near-interval condition via the span constraint S(v, @) — S(v, @) <

d;(v) at every vertex.
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Finally, we incorporate symmetry breaking as described in [9] to reduce the
color-permutation symmetry inherent in edge-coloring models. Concretely, we en-
force that the set of used colors forms an initial segment {1,2, ..., t} by the mono-
tonicity constraints y, > y.,1, which prunes equivalent solutions without changing
feasibility or optimality.

Let G =Ky, with bipartition V(G) =XUY:X = {x1,x5,...,x,},Y =
{v1,Y2, ., Yn} . Also let C = {1,2, ..., Cnax} be the set of available colors. It is
known that w(Kp,) <n+m—gcd(nm) ; therefore, Cpgr=n+m-—
gcd(n, m). We will denote the coloring derived from the optimal solution of the
model described below as a. We introduce the following variables:

Yu € X,v € Y:xy, €{0,1}: 1 if edge (u,v) is colored with color c, 0
otherwise.

¥c € {0,1}: 1 if color c is used in the coloring, 0 otherwise.

Vu € X:zL, . € {0,1}: 1 if color c is used on some edge incident to vertex
u € X.

Vv € Y:zR, . € {0,1}: 1 if color c is used on some edge incident to vertex
vEeY.

Yu € X:minL, € {1, ..., Cnax }: Minimum color used at vertex u € X.

Yu € X:maxL, € {1, ..., Cnax }: Maximum color used at vertex u € X.
Yv € Y:minR, € {1, ..., Cjpax}: Minimum color used at vertex v € Y.

Vv € Y:maxR, € {1, ..., Cnax}: Maximum color used at vertex v € Y.

We add a constraint to ensure that each edge receives exactly one color:

V(u,v) € E: wac =1

ceC

We add the following constraints to ensure the proper edge coloring:

Yu € X, Vc € C: mes1
VEY
Vv eY, VceCcC: me,cS1

uex

We add a constraint to ensure that if any edge is colored with color c, then
V. = 1:

Vc € C: Z Xuve < Ve |E(G)|
(u,v)EE(G)

We add a constraint to ensure that if color ¢ + 1 is used, then color ¢ must also
be used:

Vc € {1' e Cmax - 1}: Ye = Ye+1

We add the following constraints to make sure zL,, . and zR,, . variables are
correct:

11
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Vu€X,Vcel: zL,, =quvc

VEY

vveY,Vcel: zR,. = Z Xyve

uex
We add the following constraints to ensure that minL,, and minR,, variables

are not greater than the minimum colors S(u, «) and S(v, @), respectively.

Vu € X, Vc € C: minLy < ¢+ Crgx(1 — 2Ly
VveY, VcelC: minR,<c+ Cmax(l - ZRUJC)
We add the following constraints to ensure that maxL,, and maxR,, variables
are not less than the maximum colors S(u, a) and S(v, a), respectively.
Vu €X, Vc €C: maxLy = ¢ — Copax(1 — 2Ly
Vv EY, Vc € C: maxR, = ¢ — Cpax(1— 2R,
We add two more constraints to make sure the resulting coloring will be a near-
interval coloring:
Vu € X: maxL, —minL, < d;(u)
Vv eY: maxR, — minR, < d;(v)
And finally, we add the objective to minimize the total number of colors used:

min z Ve

CcecC
It is easy to see that any feasible solution in the search space to the model

described above will correspond to a near-interval coloring, and the optimal one
will result in a near-interval ¢ coloring, where t = w!(K,,,,). All variables and
constraints are implemented using Gurobi’s Python API and can be verified in the
source code at our github repository.

Main results

Recently Petrosyan and Tsirunyan obtained the following results.
Theorem 1. [8] For any n, k, c € N with ¢ < k, we have
Wl(Kn,(n+1)k—c) =m+Dk—c.
Corollary 1. [8] For any n € N, for any m € N with n? < m, we have
wh(Kpn) = m.
Proposition 1. [8] For any m,n € N, we have
Wl(Km'n) <m+n+min{—gcd(m,n),1 — gcd(m + 1,n),
1—-—gcdimn+1),2—gcd(m+1,n+ 1)}
Corollary 2. [8] For anyn,m € Nwithm <nandn+1 =0 (mod m+ 1),
we have
n<w(Kpyn) <n+ 1.
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Using the integer linear programming model described above, we were able to
obtain the following result.

Theorem 2. For any n,m € N with m <n, max(n,m) <20andn+1=
0 (mod m + 1), we have w*(K,, ) = n.

Proof. For the cases n =m and m = 1 the proof is trivial as w(K,,) =
w(Ky,) =n. In case m = 2, there are no pairs (2,n) such that n < m? andn +
1 =0 (mod 3) . Therefore, using corollary 2 we can deduce that for any
w(Ky,) = nwhere n = 2 (mod 3).

To complete the proof, it is sufficient to prove the statement above for pairs
(3,7), (3,11), (3,15), (3,19), (4,9), (4,14), (4,19), (5,11), (5,17), (6,13),
(6,20), (7,15), (8,17), (9,19). You can find all colorings for the given complete
bipartite graphs below.

Table 1. The near-interval 7-coloring of K3 ;.

Vi Y2 V3 Va Ys Ve Y7
x, 2 1 7 4 5 3 6

x, 4 2 6 5 7 1 3
x; 1 3 5 7 6 2 4

Table 2. The near-interval 11-coloring of K3 ;5.

Vi Y2 Y3 Ya Vs Ye Y7 Ys Yo Yio Y11
x 8 1 4 5 107 2 6 3 9 1

x, 6 2 1 4 9 8 3 7 5 11 10
x3 5 3 2 7 11 101 4 6 8 9

Table 3. The near-interval 15-coloring of K3 ;5.

Vi Y2 V3 Ya Y5 Y6 Y7 Vg8 Vo V1o V11 Y12 Y13 Y14 Yis
x 1 9 1315118 7 2 1410 12 5 6 3 4

x, 2 1015149 116 4 128 13 3 7 1 5
x3 3 1214138 109 1 157 11 6 5 4 2

Table 4. The near-interval 19-coloring of K3 ;4.

Y1 Y2 Y3 VaYs Yo Y7 VY8 Yo Y10 Y11 Y12 Y13 Y14 Y15 Y1e Y17 Y18 Y19
x, 17154 6 9 103 5 1114 16 18 2 12 19 13 8 1 7

x, 18175 7 129 2 3 1015 13 19 1 11 16 14 6 4 8
x319163 8 107 1 6 1312 15 17 4 14 18 11 9 2 5

13
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Table 5. The near-interval 9-coloring of K, q.

Yi Y2 Y3 Ya Vs Ye Y7 Ys Yo
xz 6 4 5 7 9 2 1 8 3

x, 8 1 6 9 7 3 5 4 2
x3 9 3 7 6 8 1 2 5 4
x, 7 2 9 8 5 4 3 6 1

Table 6. The near-interval 14-coloring of K, ;4.

Y1 Y2 Y3 YaYs Yo Y7 Y8 Yo Yio Y11 Y12 Y13 V14

x 10129 4 7 135 142 8 3 6 1
x8 115 2 10149 123 6 1 7 4
x36 137 5 9 128 111 10 4 3 2
x, 9 148 1 11106 135 7 2 4 3

Table 7. The near-interval 19-coloring of K, ;0.

V1 Y2 Y3 Ya Ys Yo V7 Y8 Yo Y10 Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y

x; 6 1181912 51017 7 9 15 16 11 13
x, 4 5161510 2 11 19 8 17 18 12 14
x3 8 31418 9 1 1215 11 19 17 13 16
x, 5 2 1517 13 4 14 18 7 16 19 10 12

o O ©

Table 8. The near-interval 11-coloring of K5 ;5.

Yi Y2 V3 Ya Ys Ye Y7 Ys Yo }’;0 Y11

x, 5 1 4 9 3 8 10 11 6
x, 3 4 2 8 1 10 11 9 7 6
x; 1 3 5 10 2 7 6 8 9 11
x, 6 2 3 7 4 11 9 10 5 8
xs 2 6 1 11 5 9 8 7 4 10

Table 9. The near-interval 17-coloring of Ks 5.

V1 Y2 Y3 Ya Vs Ve Y7 Y8 Yo V1o Y11 V12 Y13 Y14 Y15 Yie V17

x, 716156 11 9 1714 2 5 4 10 12 13
x, 6 11171012 7 1513 1 2 8 14 16
x3 41312 7 9 8 1416 5
x, 91214 8 7 101317 4
x5 8 14131110 5 1615 3
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X1
X2
X3
X4
X5

X1
X2
X3
X4
X5
X6
X7

X2
X3
X4
X5
X6
X7
Xg

Table 10. The near-interval 13-coloring of Ky ;3.

Y1 Y2 Y3 Ys Vs Yo Y7 Vg Vo V1o V11 V12 V13

4
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Table 11. The near-interval 20-coloring of Ky 5.

Y1 Y2Y3Y4Ys Yo Y7 Y8 Yo Y10 Y11 Y12 Y13 Y14 Y15 Y1ie Y17 V18 V19 Y20
11 12 13

7 10 9
6 13 8
10 8 11
9 11 12
8 9 10
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Table 12. The near-interval 15-coloring of K ;5.

Y1 Y2 V3 Y Vs Ve Y7 Vg Yo Yo Y11 Y12 Y13 YV1a Vs
12 14 11 6
11 12 13 4
14 9 157
10 13 14 1
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Table 13. The near-interval 17-coloring of Kg ;5.
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Table 14. The near-interval 19-coloring of Ko ;4.

Y1 Y2 Y3 Ya Ys Ve Y7 Y8 Yo V1o V11 V12 V13 V14 V15 YVie V17 V18 V19

x, 31412 7 8171 41011 2 16 6 18 9 19 5 15 13
x, 5191611 3146 2 8 17 9 12 1 13 4 10 7 18 15
x3 118154 212103 5 14 6 11 7 19 8 13 9 16 17
x, 21711 6 7159 5 1 13 4 14 10 16 3 12 8 19 18
xs 911145 6193102 16 8 18 4 17 7 15 1 13 12
X 6 1519 91011 7 8 4 18 5 13 2 12 1 16 3 17 14
x; 71317 2 516 4 9 3 12 1 15 8 11 10 18 6 14 19
xg 8 121310 4185 1 9 19 7 17 3 15 6 14 2 11 16
xg 41618 8 1132 6 7 15 3 19 9 14 5 17 10 12 11
O

Based on our computer experiments, we strongly believe that the following
conjecture is true.

Conjecture 1. Foranynme Nwithm<nandn+1 =0 (mod m+ 1),
we have w!(Ky, ) = n.

As a result of our computer experiments we have found the exact values of
K m foralln,m € N withn,m < 20.

Table 15. Exact values of w(K,, ,,) with n,m < 20.

nm{1 |2 [3 4|56 |7 (8|9 |10/11]12|13]|14|15|16|17]18]19|20
1 112 |34 |5|6 |7 |8 |9 |10|11]12|13]14|15|16|17|18]19|20
2 |2 |2 |3 (41|56 |7 (8 ]9 |10]{11|12|13|14|15|16|17/18|19|20
3 |33 3|46 (6|7 (8 (9 |10{11|12]|13|14|15|16|17/18|19|20
4 |4 141414 |5 1|7 |8 |8 ]9 |10/12|12|13]|14|15|16|17]18]19|20
5 |5|516 |55 619 |10]/10{10|11]12|14]15|15/16|17|18]20|20
6 |66 |6 |7 |6 |6 |7 |10]11}12|12]|12|13|14|16/17]18]18]19|20
7 |7 |7 |7 (8 1(9 (7 |7 (8 [12|13]|14|15]|14|14|15|16]19/20|21|21
8 |8 |8 |8 |8 [10/10|8 (8 [9 |13|15|15|17|17|16|16|17|18|21|22
9 191919 |9 |10|11|12]9 |9 |10|15|16|17|18|19/20|18|18|19|20
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Observation. For all n,m € N with n,m < 20 we have the following:
w (Knm) ) _
nT_;ln%)zCo (max(n,m)) =15
Proof. It is easy to see from Table 1 that this value is correct and was achieved
usingn =17,m=200rn =20,m =17 0O

Conclusion

This work is devoted to the study of near-interval colorings of complete bipar-
tite graphs. In particular, new exact values of wl(Km,n) were obtained for some
complete bipartite graphs.

The main results obtained in this work are the following:

Foranyn,m € Nwithm < n, max(n,m) <20andn+1=
0 (mod m + 1), we have
w(Kpn) = n.

For all n,m € N with n, m < 20 we have the following:

max. (wl(Kn,m)/max(n, m)) =15

We also formulate the following conjectures:

Foranyn,m €e Nwithm <nandn+ 1 = 0 (mod m + 1), we have

w(Kpn) =1
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MOJEJb HEJTOYUCJIEHHOI O JUHEMHOI' O
NPOTPAMMUMPOBAHUA JJIs1 UCCJIEJOBAHUSA MTOYTH-
HUHTEPBAJIBHBIX PEBEPHBIX PACKPACOK
B.JI. Hupynan
Epesanckuii 2ocyoapcmeeHHblil YHugepcumem
ORCID: https://orcid.org/0009-0000-9465-4176

AHHOTAIUA

IIpaBunbHOM pebepHOl packpackoil rpada G Ha3bIBaeTCs OTOOpakeHUe
a: E(G) — N, takoe uro a(e) # a(e") mia mr060ii mapbl CMEXHBIX pe-
Gep e u e’ pada G. Eciu a-mipaBmiabHas pebepHas packpacka rpada G u
v € V(G), To uepe3 S; (v, &) 0003HAYACTCS MHOXKECTBO I[[BETOB, BCTPEYAIO-
IMIXCS Ha pedpax, HHIHICHTHBIX BEPIINHE V.

IIpaBunbHas pebepHas packpacka a rpada G nseramu 1, ..., t Ha3bIBaeT-
CsI «TIOYTH-MHTEPBABHON t-pacKpacKoii», eCIIM HCIIONB3YIOTCS BCE IBETA
U s Kaknoit BepuiuHel v € V(G) MHOKeCTBO S;(V, @) SIBISICTCS UH-
TEPBAJIOM IIENBIX YHCEN, COAepKaIIUM He Ooxee oxHOTO paspeiBa. Ecmm
rpa¢d G moImycKaeT TaKylo packpacKy, TO MHHAMAalIbHOE YHCIIO I[BETOB B
MOYTH-UHTEPBAILHON packpacke rpada G oboszHaudaercs uepes wl(G).
H3BecTHO, YTO BCE MOJHBIE BYAOJbHBIE TPadbl JOMYCKAIOT IOYTH-UH-
TepBaIbHbIEC PACKPACKH.

B naunoit paboTe mpemiaraercst MOJAENb IETOYUCICHHOTO JMHEHHOTrO
IPOrpaMMHPOBAHHS LTS OTIPEIEIEHNs WK OLeHKH napamerpa W (K, )
(m,n € N) s NONHBIX IBYIOJIBHBIX TpadoB.

KuroueBble c/10Ba: IpaBUIbHAS peOepHas packpacka, TOYTH-HHTEPBATb-
Has pacKpacka, MHTEepBajJbHas packpacka, IOJIHBIH IBYJONbHBIN Tpad,
IeJIOYHCIICHHOE JINHEHHOE TIPOTpaMMHUPOBAHHE.



