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ABSTRACT

A proper edge coloring of a graph G is a mapping f: E(G) — Zs, such
that f(e) # f(e") for every pair of adjacent edges e, e’ € E(G). A
proper edge coloring f of a graph G is called vertex distinguishing if for
any different vertices u,v € V(G), S, f) # S(v,f), where
Sw,f) = {f(e)|e = vw € E(G)}. The minimum number of colors
required for a vertex distinguishing proper coloring of a graph G is
denoted by x,,4(G) and called the vertex distinguishing chromatic index
of G. In this work, we provide an upper bound on the vertex
distinguishing chromatic index of the Cartesian sum of graphs.

Keywords: edge-coloring, vertex distinguishing edge-coloring,
vertex distinguishing chromatic index, cartesian sum of graphs.

Introduction

All graphs discussed in this paper are finite, undirected, and contain
neither loops nor multiple edges. For terminologies and notations not
defined here, we primarily refer to West’s book [1]. Let V(G) and E(G)
denote the sets of vertices and edges of a graph G, respectively. The degree
ofavertex v € V(G) is denoted by d; (v) and the maximum degree of G by
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A(G). A proper edge coloring of a graph G is a mapping f: E(G) = Zs,
such that f(e) # f(e') for every pair of adjacent edges e, e’ € E(G).If f
is a proper edge coloring of a graph G and v € V(G), then the spectrum of
a vertex v, denoted by S(v, f), is the set of all colors appearing on edges
incident to v. We use the standard notations P, K;, and K, ,, for the simple
path, the complete graph on n vertices and the complete bipartite graph with
m vertices in one part and n vertices in the other part of the bipartition,
respectively.

The proper edge coloring f of a graph G is a vertex distinguishing
proper coloring (abbreviated VDP-coloring) of G if S(u, f) # S(v, f) for
any two distinct vertices u and v in G. The minimum number of colors
required for a VDP-coloring of a graph G without isolated edges and with
at most one isolated vertex is called the vertex distinguishing chromatic
index (abbreviated VDP-chromatic index) and denoted by x,,(G). The
concept of vertex distinguishing proper edge colorings of graphs was
introduced by Burris and Schelp in [2] and, independently, as observability
of a graph, by Cerny, Horndk and Sotdk [3]. In [2-6], the vertex
distinguishing proper edge colorings of paths, cycles, complete, complete
bipartite and multipartite graphs were investigated. In particular, the authors
determined the vertex distinguishing chromatic index of some families of
graphs. The following results have been proved by Burris and Schelp [2].

Theorem 1. If n = 3, then
, n,if nis odd,
de(Kn) = {

n+1,if nis even.

Theorem 2. Let m and n be any natural numbers. Then
, n+1l,eciun>m= 2,
Xva(Kmn) = {n + 2,eciun =m > 2.
The classical theorem by Konig [7] on proper edge coloring of
bipartite graphs states
the following.

Theorem 3. For any bipartite graph G, we have
x'(G) = 4(6)
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For any graphs G and H, let G o H be the lexicographic product of
G and H. The vertex set of G o H is V(G) X V(H) and the edge set is
defined below:

E(G o H) = {(x,x)y,¥) |xy € E(G)orx = yandx'y' € E(H)}

In [8], Baril, Kheddouci and Togni investigated vertex distinguishing
proper edge colorings of Cartesian, direct, strong and lexicographic
products of graphs. They derived upper bounds on the vertex distinguishing
chromatic index of these products of graphs in terms of the vertex
distinguishing chromatic indices of the factors. The following result has
been proved by Baril, Kheddouci and Togni in [8].

Theorem 4. For any two connected graphs G and H different from
K,, we have
Xoa(G ° H) < xpa(G) + xpa(H) + (IVH)| — 1) x'(6)
For any graphs G and H, the Cartesian sum of G and H, denoted by
G @ H, has the vertex set V(G) X V(H) and edge set
E(G®H) = {(x,x),y) |xy € E(G) orx'y" € E(H)}

Figure 1. The Cartesian sum of P; and P,,.
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This notion of graph product was introduced by Ore [9] in 1962.
In this work, we give an upper bound on the vertex distinguishing
chromatic index of the Cartesian sum of graphs.

Main Result

Theorem 5. For any simple graphs G and H without isolated edges
and with at most one isolated vertex, we have

Xoa(G®H) < xpa(G) + xpa(H) + (V)| = D X'(G) +

+x'(G) - A(H)

Proof. Let G and H be graphs with vertex sets V(G) =
{vy,vy, ..., v }and V(H) = {uq,u,, ..., u, } respectively, such that they are
not isomorphic to K,. Note that for any vertex v; € V(G) (1 < i < n),
the subgraph of the graph G@H induced by the vertices
(v, uq), (vi,uz), o, (Ui, Uyy) 1s isomorphic to graph H. We denote this
subgraph by H; (1 < i < n). Since H; is isomorphic to H, there exists a
vertex distinguishing edge coloring f, with colors 1,2, ..., x,q(H) (1 <
I < n).

Let us now define the colors of edges between different subgraphs H;
and H; of G @ H. The subgraphs H; and H; are called neighboring
subgraphs if v;v; € E(G) (1 < i < j < n). Let us denote by W;; the
subgraph of G @ H formed by the vertex set V(H;) U V(H;) and the edge
set {uv : u € V(H;) and v € V(H;)}.

When H; and H; are neighboring subgraphs, W ; is isomorphic to the
complete bipartite graph K,;, ,,. The edge set of K, ,,, can be partitioned into
m perfect matchings. For each subgraph W ;, let us choose one of the m
perfect matchings and apply the subgraph contraction operation. The
resulting subgraph is isomorphic to graph G, hence there exists a vertex
distinguishing edge coloring f; with colors y,,(H) + 1, x,q(H) +
2, i, Xpa(H) + x,q(G) for the subgraph. For the edges of the perfect
matching, we use the colors resulting from their contraction. For each of the
remaining m — 1 perfect matchings, we also apply the contraction
operation. The resulting subgraph is isomorphic to G, meaning that there
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exists a proper edge coloring with y'(G) colors. Therefore, the edges of the
remaining m — 1 perfect matchings can be colored with colors y,,;(H) +
+xva(G) + 1, xpa(H) + X3a(G) + 2, .., Xpa(H) + xpa(G) + (m —1) -
- ¥'(H) in such a way that all the edges incident to the same vertex of
matchings are colored differently.

Finally, let us consider the pairs of subgraphs H; and H; in G @ H,
which are not neighbors. Note that W ; is a bipartite graph whose maximum
degree is A(H), so by Konig’s famous theorem, there exists a proper edge
coloring of W; ; which uses exactly A(H) colors. Since H; and H; are not
neighboring graphs, we have v;v; € E(G), or equivalently, v;v; € E (@).
Let fz be a proper edge coloring of graph G with colors 1,2, ..., x'(G).
Denote M = y,4(H) + x,q(G) + (m —1) - ¥'(H). For the bipartite
graph W, j, we use a proper edge coloring with colors M + (fg(e) — 1) -
AH)+ 1L, M+ (fge)—1)- A(H)+ 2,...,M+fsz(e) - A(H) + 1.

Since fz is a proper edge coloring, we have the coloring of the
subgraph W; ; is also a proper edge coloring.

Note that the described coloring uses the colors 1, 2,..., x,4(G) +
+x0g(H) + (m — D) ¥'(G) + x'(G)-A(H). Let us denote the
described coloring by f; ¢y and show that for any different vertices w,z €
V(G @ H), we have

SW, feon) #5@ foon)

Consider the following two cases:

Casel.w,z€ H;(1<i<n)
According to the definition of the coloring f; ¢ 5, we have
SW, feon) N{L2, .., xpa(H)} = S(w, fy,) and
S feen) N{L12, ..., xpa(H)} = S(z, fu,)-
Since fy, is a vertex distinguishing edge coloring, we have
Sw, fu,) # S(z fu,), hence SW, feon) # S(Z feon)-

Case2.w € H,z € Hj(1<i<j<n)



T. Petrosyan 31

By the definition of f; gy, we have S(W, fz o) N {xpa(H) +
+1, xpa(H) + 2, ., Xpa (H) + x34(G)} = S(v;, f¢) and
S@ feon) N va(H) + Lxpa(H) + 2, ..., xpa(H) + xpq(G)} =
S(Vj’fa)-

Since f; is a vertex distinguishing edge coloring and v; # v; € V(G),
we have S(v;, fg) # S(v}, ), therefore S(W, feon) # S(Z feon)-

Conclusion

In our study, we established an upper bound for vertex distinguishing
chromatic index of a cartesian sum of graphs, using the chromatic
parameters of the individual graphs.
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BEPHIMHHO-PA3/IMYAIOIIIUE PEBEPHBIE PACKPACKH
JEKAPTOBBIX CYMM I'PA®OB

T.K. Ilempocan
Poccuiicko-Apmanckuii (Crassanckuil) yHusepcumem
AHHOTALNUA

Hns rpada G dyukius f: E(G) — N HassiBaetcs pébepHOi packpackoil rpada
G. Pé6epnas packpacka f rpada G Ha3bIBaeTCsI MPABUILHOMN, €CITU TS JTFOOBIX CMEXK-
HbBIX pébep e,e’ € E(G),f(e) # f(€). Ecnu f — npaBunbHas packpacka rpada G u
v € V(G), To ob6o3naunm depe3 S(v, f) MHOKECTBO IBETOB pEOEpP, MHIMICHTHBIX
BepnH v. [IpaBiiibHas packpacka f rpada G Ha3pIBAETCS BEPUIMHHO-PA3INYAIOICH,
eciu Ui JTI00bIX pasnuusbix BepmuH U, v € V(G),S(u, f) # S(v, f). Haumensmee
YHCIIO 1IBETOB, HEOOXOMMMOE UTS BEPIIMHHO-pa3Inyarorieii pébepHoi pacKkpacku
rpada G, Ha3bIBACTCS BEPIIMHHO-PA3IHYAIONIAM XPOMATUIECKUM HHIEKCOM U 0003-
HavaeTcs y,,4(G). B naHHOM paboTe HaliieHa BEpXHASA OLEHKA BEPIIMHHO-PA3IHIAIO-
IIEr0 XPOMATHYECKOTO HH/IEKCA JICKAPTOBBIX CyMM rpadoB.

KunaroueBnie ciioBa: pebepHas packpacka, CHIIbHas peGepHast pacKpacka, CHlb-
HBII XpOMATHIECKUI HHIIEKC, IEKApPTOBa CyMMa TpadoB.



