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O HEKOTOPBIX T'PAHUYHBIX CBOMICTBAX
TAPMOHMYECKHUX ®YHKIIU B TOYKAX
MHOXECTBA K*(u)"

C.JI. Bepoepan

Poccuiicko-Apmanckuu (Cnagsanckutl) ynugepcumem
samvel357@mail.ru

AHHOTANUA

B Hacrosmeit pabote McciieyloTcs HEKOTOpbIe I'paHUYHbBIE CBOWCTBA
NPOU3BOJIBHBIX TAPMOHUYECKHUX (QYHKIUH, OTIPEEIEHHBIX B € ANHUIHOM
KpyTe, BJOJIb OPUITMKINYESCKHX IyTel B TOUKax MHOKecTBa K * (u). Usy-
YeHHE B TOYKAX 3TOTO MHOJKECTBA TPAHUYHOTO TOBEACHHS PAa3IMIHBIX
KJaccoB (pyHKIMH, ONMpPEAETEeHHBIX B CIMHUYHOM Kpyre, 000CHOBAaHO
TEeM, YTO MHOXeCTBO To4eK K*(u) sBiIsieTCs MaCCHMBHBIM KaK B METpPH-
YECKOM CMBbICIIE, TaK 1 TOIOJIOTMYECKOM CMBbICIIE.

KiroueBble cjioBa: rapMOHHYecKue (DYHKIUH, KacaTeIbHbIE IyTH,
P'-110Ccne10BaTebHOCTH, MHOKECTBO TOYeK K *(u), OpULHMKIMYECcKHe
YIIIBL.

* PaboTa BBHINOJIHEHA B paMKax MpoOrpamMmbl passuths PAY u3 cpencte MununctepcTa
HayKH M BbICIIeTo oOpa3oBanus Poccuiickoii deneparmn.



8 O HeKOMOPbIX ZPAHUYHBIX CGOIICIBAX 2APMOHUYECKUX PyHKUUll 6 mouKax mHoxncecmea K*(u)

1. BBenenue

[Tpu uccnenoBaHWM TPaHUYHBIX CBOMCTB (DYHKIWH BIOJb KacaTellb-
HBIX [TyTEW YacCTO MOSBJISAIOTCS JONOJIHUTENbHbBIE TPYAHOCTH IO CPABHEHUIO
C M3y4YeHHUEM IPaHUYHBIX CBOMCTB (DYHKIIHI B0JIb HEKACATEIBHBIX MyTEH.
[Tpu 5TOM MOTYT MOJIYYUTHCS PE3YIIbTAThI, OTIINYHBIE OT U3BECTHBIX B CITY-
yae HeKkacaTeldbHbIX myTeil. Hampumep, kinaccuueckas Teopema dary o cy-
[IECTBOBAHUU Y AHAIUTUYECKUX (PYHKIMI TPAaHUYHBIX MPENEIOB MOYTH
BCIOJly HA €IUHUYHOI OKPYKHOCTH BJIOJIb HEKAcaTeNIbHBIX ITyTel HE Bceraa
BEPHO B CiIy4yae KacaTesbHbIX IyTei [1]. Bormpocamu cyiectBoBanus rpa-
HUYHBIX 3HAYEHUH BJIOJIb KacaTeNbHBIX MyTEH y MEpOMOP(HBIX U aHAIUTH-
4ecKUX (YHKIMH 3aHUMAIIMCh TaKHe U3BECTHBIC MaTeMaTUKH, kKak [IpuBa-
nos, JloBarep, [Tupansn, baremun [1]. B ganno# paboTe m3ydaeTcss MHO-
’kecTBO Touek K*(u) s rapMOHHYECKUX (GYHKIUNA. DTO MHOMKECTBO SIB-
JISI€TCSI MHOXKECTBOM MEPBI 27 U €€ JOIOJIHEHHE 10 €IMHUYHON OKpPY>KHOC-
TH ecTb MHOkecTBO | kareropuu [1] unu [2]. [ToaToMy nipeacTaBisieT uH-
Tepec paccMaTpUBaTh 'PAHUYHOE MOBEICHUE PA3IUYHBIX KIACCOB (PyHK-
it u(z), OMpeneNeHHBIX B €IMHUYHOM Kpyre, B TOYKaX MHOXECTBa
K*(u). D10, 3HaunT, 94TO MHOXKeCTBO K*(U) sABIsETCS MAaCCUBHBIM KaK B
METPUYECKOM, TaK U B TOMOJOTUYECKOM cMbIcie [3].

B Hacrosimeit pabote mosydeHHbIE pe3ybTaThl OTHOCUTEIBHO T'pa-
HUYHOT'O IOBEACHUSI TapMOHHUYECKUX (QYHKIUI BIOJb OPULIUKINYECKUX
MyTe SIBJISIOTCS aHAJIOTaMU HEKOTOPBIX paHEe 3BECTHBIX Pe3yJIbTaToOB OT-
HOCHUTEJIBHO TPAHUYHOTO TOBEIEHUS MEPOMOP(HBIX M TapMOHHUYECKUX
byHkuii Bronb HekacarenbHbIX myTeit ([1], [2], [3]). OTmeTum, 9TO Tipu
MOJTyYEeHUH Pe3yIbTaTOB JAaHHOHN pabOThI BAYKHYIO POJIb CHITPATIU paccMart-
puBaemble Ui TapMOHUYECKUX (GYHKIMA P’'-mOoCienoBaTenbHOCTH, BBe-
JIGHHBIE aBTOPOM B pabore [4].

2. [IpenBapuTe/ibHbIE MOHATHS U U3BECTHBIE Pe3yJIbTATHI

B nanpHeiimem npuaepxuBaeMcs 00MEnpUHATHIX 0003HaueHu# 1],

[2], [3], [4].
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O603naunM uepe3 A(E) OpUIHMKIL, KOTOPBIN SBISIETCS OKPYKHOCTBIO,
Kacarolencss M3HyTPH €INHUYHYIO OKpYXHOCTh [' B Touke ¢ € I'. Uepes
A(&)™ u A(§)* 0603HAUMM, COOTBETCTBEHHO, JIEBBIH M MPABBIi OPULIUKIIBI
opunmkia A($) B Touke &.

[Tycte I' 1 OA(§) cOOTBETCTBEHHO €IMHUYHAS OKPYKHOCTH M OpH-
UUKIMYECKUH yrosl. OpUIUMKIMYECKH Yol — 3TO yroil, 00pazyemblil 1BY-
Ms opuLHKiIamMu B Touke €. JIpa opunmkina A(E)! u A(§)? kpyra D B Touke
¢ €T, orpaHn4MBalOT HEKOTOPYIO OJHOCBSI3HYIO 00JIaCTh, KOTOPYIO THa-
MeTp kpyra D, npoBeieHHBINH B Touke ¢ € [', 7enuT Ha ABE paBHBIE YacTH,
Ha3bIBaEMbIC «JIECBBIM OPHLUKINYECKUM yriioM A(€) ™« 1 paBbIM OPUIIHK-
mueckum yraom A(E)* B Touke €.

Wutepnpetupys kpyr D, kak MOJelb INIOCKOCTH B reomerpun Jloba-
YEeBCKOI'0, 0003HaYNM uepe3 0(Zq,Z,) HEeBKIUAOBOE PACCTOSIHUE MEXTY
TOYKaMU Z; U Z, U3 Kpyra D:

1 14+u
0(zy,2,) =§ln1—u ,Taeu =

Zy — 2y

1—-2z,

PaccmoTpum neficTButenpHO3HAUHYO (pyHKIMIO f(Z), onpeneneH-
Hyt0 B D. O6o3nauum uepes C(f,¢,S) npenenbHOe MHOXKECTBO (DYHKITHH
f(2) B Touke ¢ st MPOU3BOIBHOTO MOAMHOXKECTBA S Kpyra D, amnst KoTo-
poro ¢ € I aBisieTcs peAeIbHON TOYKOH OTHOCUTEIIBHO MHOXKECTBA S, T.€.
C(f,&,5) =nf((SNU())), rae nepeceuenne 6epeTcst MO BCEM OKPECT-
HocTsiM U(§) Toukm €, a 4yepTa 03HaYaeT 3aMbIKaHUE MHOXKECTBAa OTHOCH-
TENbHO BYXTOUEYHOM KoMIakTH(uUKanuu R MHokecTBa R = (—0, +00) B
BHJIC OTPE3Ka MTOCPEICTBOM JI00ABJICHHUS K TOYKAM MHOXKECTBAa R CHMBOJIOB
—0o ¢ +00.

ITycts K™ (u) — MHOMXECTBO TOUEK ¢ € [, B KOTOPBIX MPEICTbHBIC MHO-
xectia C(f, &, 0A(§)) coBnagaroT uist Beex opuimkimueckux yrio OA(E).
N3zBectHO (cM. Hampumep, [1]), 9ro momomHeHwne k MEHOXKecTBY K™ (1) mep-
BO KaTeropuy ¥ Mephl HYJIb. [IpuiepkuBasch onpeaeeHus, BBEJACHHOTO B
pabote [7], B ciaydyae OpUIIMKINYECKUX YTJIOB 0003HaYnM yepes L, (1) MHO-
xectBO Touek ¢ € ', B koTophix mpenenpHbie MHOKecTBa C(f, &, 0A(E))



10 O HeKOMOPbIX 2PAHUYHBIX CEOTICIBAX 2APMOHUYECKUX PyHKYULL 6 mouKax mHoncecmea K*(u)

COBIIQJIAIOT JJIs BCeX OpuIMKIueckux yrinoB OA($) u He coBMagaroT ¢ pac-
IIMPEHHBIM MHOYKECTBOM JI€HCTBUTEBHBIX YHCEN, TO €CTh ¢ R.

Ecim npenensusie muoxectsa C(f, &, 0A(§)) coBmamaroT ms Beex
opunkimdeckux yrioB OA(&) u cocTosIT U3 OTHOM TOUKH, TO TOM CIydae
cKakeM, 4To B Touke ¢ € ' pyHkus u(z) umeer OpUIIMKINYECKOe TpaHuY-
Hoe 3HaueHue. CripaBeyIMBO CIIEIYIOIIee CBOWCTBO OPULIMKIIOB: JIIs TIPO-
M3BOJIBHBIX TOUEK Z; U Zy, Nexamux Ha opuiukie A(€)! u npoussonbHOro
npyroro opunukina A(€)?, umeem

o(z, A&)?) = o(z,,A(§)?) = const.

[TocnenoBarenbHOCTH TOUCK {Z,,}, Z, € D,n = 1,2, ..., lim |z,| = 1,
n—-oo

cienys pabore [5], NpUMEHUTENBHO K TAPMOHHUYECKUM (YHKILUSAM, HA30-
BeM P’-1ocienoBarebHOCTBIO, €CIH VIS JIF00O0i ee OECKOHEYHOM MOIO0-
CIIENIOBATENBXOCTH {Zy,, } UMEET MECTO CIIEYIOIIEE YTBEPIKIECHHUE: KAKOBO
Ob1 HE ObLTO uHciO £ > 0 B oObemunennn Uy, D(Zy,, €) HEeBKINIOBBIX
KpyroB D(zy, , €) ¢ HEEBKIUJIOBBIMY LIEHTPAMH Zy,, W HEEBKIMIOBBIMHU pa-
muycamu € > 0 rapmonuueckas GyHkuusa u(z) npuHUMaeT GECKOHEUHO
4acTO KaXJA0€ KOHEYHOE NCHCTBHUTENbHOE 3HadeHue. Haszosem opuumkn
A(&) P'-opunukiiom rapmonudeckoit Gpynkuuu u(z) B rouke &, ecnu A(€)
COIEPXKUT HEKOTOPYI P'-nocienoBarensrocts GpyHkuuu w(z). OpuimKi
A(&), He sBisonmiics P'-0puIMKIIOM, HA30BEM HOPMAJILHBIM.

OtMeTnM, 4TO IPHU U3YYEHUM I'PAHUYHBIX CBOMCTB y JACHCTBUTEIb-
HO3HAYHBIX (DYHKIUI MBI CTaJIKUBAEMCS C JOMOJHUTEIbHBIMU TPYJHOCTSI-
MU [0 CPaBHEHHIO C MEPOMOP(HBIMU U TOJOMOP(HBIMU (PYHKIUAMHU, TaK
KaK aHaJIMTUYECKUH anmnapat ,pa3BUTHIN JJIs yKa3aHHbBIX KJIACCOB (DYHKITHH,
4aCcTO HEBO3MOXHO MPUMEHUTH JIJIs1 IEHCTBUTEIbHO3HAUHBIX (DYHKIIUIA.

[IpuBeneM HECKOJBKO WM3BECTHBIX PE3yJIbTAaTOB, HEOOXOAMMBIX B
JAJIbHEHUIIEM.

Teopema A ([5]). [Ipeanonoxum, 94TO CyIIECTBYET MOCIICIOBATEIb-
HOCTh TOJIOXKHTENBbHBIX uncen {6,}, lim &, = 0, u nocienoBarenbHOCTD
n—-oo
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Touek {z,}, rne z, € D,n=1,2,.., lim |z,| = 1, no koTopoii rapMoHu-
n-oo

yeckas B D ¢yHkumsa u(z) uMeeT KOHEYHBIH MM OCCKOHEYHBIH Mpeae
111_1)120 u(z,) = @, B TO BpeMs, KaK Ui KaXJ0TO N B HEEBKIMIOBOM KpyTe

D(z,,6,) ={z € D,0(z,,z) < §,} cyliecTByeT TOUKa t,, B KOTOPO
lu(t,) — al = €y, eciiu @ — KOHEYHOE YHUCIIO,

lu(t,)| < é, €CIIi @ — OECKOHEYHOE YHCIIO €))

rae & > 0 — ¢pukcupoBannoe uncio. Toraa U3 mociaenoBaTeabHOCTH {Z, }
MOKHO BBIOpPATh MOIOCIIEN0BATENLHOCTD, ABISIOILYOCA P’ — mociemnoBa-
TENBHOCTBIO i1 QyHKIUU U(Z).

Teopema B ([6]). Ilycth S — mpousBoabHas nmoaobnacts kpyra D, u
touka ¢ € I' ABNsieTCS OHOM M3 MpeneNbHBIX TOYeK MHOXkecTBa S. Eciu
rapmonndeckast B D dynxius f(z) umeer C(f,¢,S) # R, To 11s no6bIx
nocrmemoBareibHocTed  Touek  {z,}, {z,}, Z,Z, €S, MNEN,

lim 0(z,,7,) =0, lim z, =&, u3 ceoiictBa lim f(z,) = a cuenyer,
n—oo n—oo n—oo

urolim f(z',) = a.
n—-oo
3. OcHOBHBIE Pe3yJIbTATHI

OnHUM U3 OCHOBHBIX Pe3yJbTaTOB JAHHOW pabOTHI SBISIOTCS Clie-
IOYIOIINE TEOPEMBL.

Teopema 1. ITycts rapmonnyeckas B kpyre D ¢ynkuus u(z) umeer

KOHEYHBIN MM OeCKOHEUHBIHN npezen lim z, = a mo HeKoTopo# mocieno-
n—-oo

BarejbHOCTH TOYek {z,} € A(§), n=1,2,.., z, €D, limz,=¢¢€
n—-oo
K*(u), lim a(z,,z,) = 0, 1 I0IyCTUM @ HE SBISETCS OPULMKIAYECCKUM
n—-oo
rpaHUYHBIM 3HaYeHHeM QyHKIwH U(z) Touke & € K*(u). Torna GyHKIms

u(z) obmanaer B D nocienoBarensHocThio P'-touek {&,} u lim &, = ¢.
n—oo

Joka3zarenbceTBo. be3 HapyieHus o0uHoCTH Oy1eM paccMaTpUBaTh
npasbie oputukiibl A(€) T (aHamOrnuHO MOKHO paccMaTpUBATh JIEBLIE OPH-
umkisl A(€)7) u npasele opunmkimueckue yrisl OAET (aHamorudHo esbie
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opurmkiinyeckue yribsl OAE™). Iomoxum &, = 0(z,, Zpe1), TAE N =
1,2, ... Ilpeanonoxxum cHayajga, 4TO CYIIECTBYET TaKas IOCJIEI0BATEIb-
HOCTb TO4eK {Zp, }, k = 1,2, ..,

i + 13 r_ : l _
an € A(f) ) 111_1;120 an - E' Ill_)ngo O-(an' an) - 0;
JJIsA KOTOpOfI HMCIOT MECTO HCPABCHCTBA

|u(z,’lk) - a| > &y, €CJIM @ — KOHEYHOE,
1
lu(zn,)| < o oo e — GecKOHeYHoe,
rae € > 0 —HekoTopoe (PUKCHPOBAHHOE YUCIIO. DTO 3HAYMT, YTO yA0BIET-
BOpSIOTCS ycioBusi TeopeMbl A. [loaToMy u3 mocnenoBarenbHOCTH {Z,}
MO>KHO H3BJIEYb MOAIIOCIIEN0BATEILHOCTD {an}, KoTopas saBisgercs P'-no-

CJIEZIOBATENILHOCTRIO ISt QYyHKIMM U(Z), 9TO U TpeboBasloCch J0Ka3aTh. Te-
nepb MPEATIOIOKNAM, YTO

limu(z) = a,z € A 2)

PaccMoTpHM BI10>KEHHYIO TIOCIIEI0BATEIEHOCTD OPUIIUKINIECKUX YT~
noB OA, &7, xotopas crsiruBaetcst k opunukiy A(E)*. Tak kak, mo ycio-
BUIO, 3HAUEHUE (¢ HE SBJISCTCS OPHIMKINYECKAM TPAaHUYHBIM 3HAYCHUEM
byskuu u(z) B TpaHUYHOM TOUYKE ¢, TO CYIIECTBYET TaKOe 3HAUYCHUE
f € R, oTiIMYHOE OT @, YTO B KaXJOM OPHUIHMKIMYECKOM yIie Haijaercs
HOCJIEI0BATENBHOCTD {t] }5—q, MUISI KOTOPOIi 111_1)‘{)10 u(ty) = B. Usmenss n,

MMOJIYYUM MHOKCCTBO HOCHCHOB&TGHBHOCTCﬁ
1 41 1 42 42 2 . 4N 4T n .
th b, e b, e R R, R, R, LR

N3 5TOro MHOXkKECTBA I1OCIEA0BATEIBHOCTEN B CUITY CBOMCTB OPULIUK-
JIOB B HEEBKJIUJOBOW T€OMETPUU MOXHO BBIOpATh IMOCIEI0BATEIBLHOCTD
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m ® ; m — : mY —
{tkm}m=1 Takylo, uto lim o(tf qm) =0mn lim u(tt) = B, rae qp,
HEKOTOpast MOCIIeA0BATENIFHOCT ToUeK Ha opunukie A(§), crpemsimasics K
¢. B cuny npennonoxkenns lim u(q,,) = a u, Takum 06pa3oMm, OIATH BI-
n—-oo

MOJIHEHBI yCI0BUA TeopeMbl A. Enie pa3 npumeHsst yTBEpkKIAECHUE 3TOU Te-

00
OpEMbBI HU3 ITOCJICAOBATCIIBHOCTH {t;g:n} 1 BBIACINM IOAIIOCICA0BATCIIb-
m:

HOCTb, KOTOpast ABJISETCS MOCIIEN0BATENILHOCTRIO P -Touek dhyHkumu u(z).
Tem caMmbIM 10Ka3aHO YTBEPXKIEHUE TEOPEMBI 1.

3ameuanue 1. O4eBUIHO, YTO U3 CYLIIECTBOBAHUS OPULIUKINYECKOIO
IPaHUIHOTO 3HAYCHHUS B TPOU3BOJILHOM Touke ¢ € K™ (U) clieayer OTCyTCT-
BHE IOCJIENOBATEIBHOCTH P'-TOueKk B JIFOOOM OPHIIMKINYECKOM YIJIe

0A(S).

3ameuanmue 2. To, uyTo ycioBue Teopemsl 1 & € K*(u) cylIecTBeHHO,
MOJKHO JIETKO YBUAETh Ha npumepe GpyHkuuu f (z) = arg (1 — z) B Touke
¢ = 1. B aT0i1 TOUKE JaHHAS TapMOHUYECKash QYHKIMS HE UMEET OPHIINK-
JMYECKOT0 FPAHUYHOr0 3HAUEHUsI, TAK KaK 110 ITPABBIM U JIEBBIM OPULIUKIIAM
CTPEMHTCS, COOTBETCTBEHHO, K — 7/2 U 7/2, HEe MPUHAMIEKUT MHOKECTBY
K*(u) u, oueBuHO, HET TIOCTER0OBaTENbHOCTH P'-Touek B D, Tak Kak pacc-
MOTpeHHasi GYHKIIMSI OTpaHUYCHHAs.

13 TeopeMsl 1 BBITEKAET ClleAyIOLIee YTBEPKICHHUE.

Teopema 2. [l Toro, uroObl rapmoHuueckast B D dynkuus u(z)
umena B Touke ¢ € K*(U) opuIUKINYECKOe TPaHUYHOE 3HAaUYeHHUE &, HEOO-
XO/IMMO ¥ JOCTaTOYHO, YTOOBI CYIIECTBOBAJI KOHEYHBIN MM OECKOHEUHBIH
npeaen A}_r{)lo u(z,) = a 10 HEKOTOPOU mocienoBareabHoCTH {Z,} € A(§),

n=12,.., tne A(§) — HEKOTOpPHI (PUKCUPOBAHHBIK OPHIIUKII,

lim 0(z,, Z,4+1) = 0 u HeT P'-nI0CIIEMOBATENHLHOCTEN B JIFOOOM OPHIIHKIIH-
Ne«oo

gyeckoM yrie OA(E).

HeoOxoaumocTh ycioBuil TeOpeMbl 2 0UeBUIHA.

JlocTaTOYHOCTh YCIIOBHM TEOPEMBI 2 HENOCPEICTBEHHO CIEAYET U3
YTBEPKACHUS TEOPEMBI 1.
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VYTBep:kIeHHE TeOPEMBbI 2 B cllyyae HeKacaTeIbHbIX IyTeH AJs Mepo-
MOpGHBIX QYHKLIUH g0Ka3aHO B padote [3 |, a g rapMOHUYECKUX (DyHK-
uuii B pabore [5].

PaccmoTpuM TEOpeMBbI O CBSA3M HEKOTOPBIX MPENEIbHBIX MHOXKECTB
BJIOJIb OPULUKINYECKUX ITyTeH.

Teopema 3. Ecnu nist rapmonunueckoit B D dynkuuu f(z) umeer
MECTO COOTHOLIECHUE

C(f,§,0A(8).) # R

1utst Hekotoporo yria OA(E) u & € K*(f), To paBeHCTBO

C(f,§, M) = C(f, €, 0A(S)).

crpaBeIuBO 1S J1r000ro opunukiaa A($) v 1000ro OpULUKINYECKOTO YT-
1a OA(S).

Jloka3aTejbcTBo. be3 Hapymienus oOuHocTH, OyJaeM paccMmarpH-
BaTh npasbie OpUnUKIbI A(E)T (aHaTOrMYHO MOYKHO PacCMATPUBATD JIEBBIE
opurmkisl A(§)7) u npasele opuiukandeckue yribl OAE™ (anamornyno
neBble opunukiaudeckue yribl OAE™). Bo3bMeM NPOU3BOIBHBIA OPUITUKIT
A(é)T u paccMOTpHM BIOKEHHYIO MOCIEI0BATENBHOCTh OPUIUKIMIECKHX
yrioB OA,&™, xotopas crsruBaetcs k opuiukity A(E)™. JlokazarenbcTBo
BEJIEM METOAOM OT MPOTHBHOTO. DTO 3HAYMT, YTO HAMJETCS 4HMCIO a €

C(f, & 0A,¢" ) nns no60oro paporo opunukaudeckoro yrma 0Apé™,
comepxamero opunukn A(6)* u monmycrum, uro a € C(f,§A(¢)T). U3
CJIEJIAHHBIX TIPEIIONOKEHHHI CIEAYET, YTO B KAXKIOM OPHIIUKIHNIECKOM yT-
ne OA,&™ 910l mOCIEI0BATENILHOCTH CYIIECTBYET TaKas MOCIeN0BaTE b-
HOCTh TOYEK {t} }r =1, /151 KOTOPOW lll_r)’glo u(ty) = a.Paccyxkmas Tak xe,

[ee]
KaK B TeopeMe |,IToJy4nM MOCIIe0BaTeIbHOCTD {t,’{:n} | — TaKyIo, 4To
m=

lim o(t*,q,) =0 n lim u(¢ ) = @, rae g — NocIeNoBaTENLHOCTD
n—oo m n—oo m

Touek Ha opunkie A($), crpemsimasics k £.B cuiny yTBepkIeHHs TEOPEMBI
B lim u(q,,) = a , 4ro mporuBOpeuuT mpeanoaokeHuto.Tak kak & €
n—-oo
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K*(f),T0 oTCcrona cneayeT yTBEepKIEHUE TEOPEeMbI 3 ISl TF000T0 MPaBOTo
opunukimdeckoro yriua 0AE™

AHAJIOTUYHO, TEOpEMa JIOKA3bIBACTCS JIs JICBBIX OPHIIUKIIOB H JIEBBIX
OPHIIMKIINYECKUX YTJIOB.

PaccmoTrpum Teopemy 4 06 opunkiInyeckux Toukax Jlnnaeneda.

Teopema 4. ITycts u(z)- npou3BoJIbHAS TapMOHHYCCKas (QYHKITHS,
onpezaenenHas B D u & € K*(u). Ecnu cymectByer takoi opuruki A(<),
U1l KOTOPOTO CIIPABEINBbI YCIOBHSL:

1. C(w,&A) #R

2. opunuka A(E) sBaseTcss HOpMaIbHBIM Ansd QyHkuuu u(z), TO

TouKa & SBISETCS OPUIMKINYECKON Toukoii Jlnnaeneda.

Jloka3zaTeJbCTBO BEJIEM, Kak M B MPEIBIIYIINX TEOpeMax, s mpa-
BeIX opuiukioB A* () (aHAJOrMUHO MPOBOAMTCS JUIS JIEBBIX OPHIMKIIOB
A~ (§). PaccmoTpuM nociie1oBaTeIbHOCTD MTPABBIX OPULIUKIMUECKUX YTITIOB
OA, &%, xoropas crsaruBaercs k opunukiay A*(E). OueBumno, uTO
C(u,& AT (&) € C(w,&,0A,&") npu mobom n. Tak kak & € K*(u), To
npu JIO00OM 7N MMEET MECTO COBIAJCHHE TMPEIEIbHBIX MHOMKECTB
C(u,é,0A,¢1). Ilokaxem, 4TO IIPH JIFOOOM N CIIPABEUIUBO COOTHOIIEHHE

C(w,§,A*(§)) = C(w,§,040,¢Y) 3)

JIeHCTBUTENBHO, JIOMyCKasi MMPOTUBHOE U PacCyXJas Tak ke, Kak B

Teopeme 3, MOJTy4nM, YTO MOKHO BEIOPATh TAKYIO MOCIEA0BATEIBHOCTH TO-

YeK {t,’c”m}::=1 JeKAIIYIO B MTOCIIEA0BATEILHOCTH OPUITUKIMYECKUX YTIIOB
0A,E™, uro lim o(tyr ,qm) =0 u lim u(ty! ) = a, a lim u(gy) =
m-—oo m-—oo m-—oo
B # a, rne q,, — HEKOTopasl MOCJIEIOBATEIBHOCTh TOUEK Ha OPHUIIMKIIC
A(§), crpemsmasics k €. Ho Tora BEITIOTHSIOTCS YCIIOBHSI TEOPEMBI A TSt
MOCTIeIOBATEIBHOCTH (y, M, 3HAYUT, MOKHO U3 HEE BBIICIUTD ITOIIOCIIEI0-
BaTEIBHOCTD (ry,, KOTOpas sBIAETCA 11 U(Z) P'-mocieioBaTenbHOCTHIO.
Ho 310 npotuBopednt tomy, 4ro oputukn At (&) seisercs HOpMaIbHBIM
opuukiom. Crenobarensro, @ € C(u, &, AT (§)) u, 3HaunT, COOTHOIIEHHE
(3) noxazano. Tak Kak 10 YCIOBHIO IIpeJIEIbHOE MHOKECTBO
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C(u,& A(E)) # Rué € K*(u), To u3 cootHouienue (3) clieyeT yTBepi-
JIEHHE TEOPEMBI 4.

3akjaro4eHue

Taxum 06pa3om, B HacTosLIeH paboTe N3ydyeHbl HEKOTOPbIE TPaHUY-
HbIE CBOWCTBA TAPMOHUYECKUX (PYHKIUI BIOJIb OPUIIUKINYECKHX IyTEH.
Panee ananoruyHele pe3ysbTaThl AT MEPOMOP(HBIX U TapMOHHYECKUX
(GyHKIUI OBbLIN MMOJIy4EeHbI U3BECTHBIMU MAaTEMAaTUKAMU B Cllyyae HeKaca-
TEJIBHBIX IMyTed. MHOro pe3yibTaToB, CBSI3aHHBIX C UCCIIEIOBAHUEM I'pa-
HUYHOTO MOBEIEHUSI MEPOMOP(HBIX U APYIHX KiIaccoB (QYHKIHMH, ompese-
JICHHBIX B €IMHUYHOM KpYTe, B Cllydae HEKAaCaTEJbHbIX ITyTeH, IPUBEICHBI
B MoHoTrpadwmsx [8], [9] u [10].
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ON SOME BOUNDARY PROPERTIES OF HARMONIC FUNCTIONS
AT POINTS OF THE SET K*(u)

S. Berberyan
Russian-Armenian (Slavonic) University
ABSTRACT

In this paper, we study some boundary properties of arbitrary harmonic functions
defined in a unit circle along orycyclic paths at points in the set K*(u). The study of
the boundary behavior of various classes of functions defined in a unit circle at points
in this set is justified by the fact that the set of points K*(u) is massive both in the
metric sense and in the topological sense.

Keywords: harmonic functions, tangent paths, sequences, set of points K*(u),
orycyclic angles.
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A. Drambyan
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ABSTRACT

A strong edge-coloring of a graph G is a mapping ¢: E(G) — N such
that the edges at distance 0 or 1 receive distinct colors. The minimum
number of colors required for such a coloring is called the strong
chromatic index of G and denoted by y:(G). In this paper, we study the
strong chromatic index of lexicographic product G - H of graphs G and H.
In particular, we give tight lower and upper bounds on y{(G - H).

Keywords: edge-coloring, strong edge-coloring, strong chromatic
index, lexicographic product.

Introduction

In this paper, we consider only simple and finite graphs. We use
West’s book [1] for terminologies and notations not defined here. We
denote by V(G) and E(G) the sets of vertices and edges of a graph G,
respectively. The degree of a vertex v € G is denoted by d(v) and the
maximum degree between the vertices in G by 4(G). The chromatic number
of a graph G is denoted by x(G). We use standard notations B,, C,,, K,, and
K, m for the path, cycle, complete graph with n vertices, and the complete
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bipartite graph one part of which has n vertices, and the other one has m
vertices, respectively. A strong edge-coloring of a graph G is a mapping
¢: E(G) — N such that the edges at distance 0 or 1 receive distinct colors.
The strong chromatic index of a graph G is the minimum number of colors
required for a strong edge coloring of the graph and is denoted by y<(G).
The concept of strong edge-coloring was introduced by Fouquet and Jolivet
in 1983 [2]. In 1985, during a seminar in Prague, Erd6s and NeSetril
proposed the following conjecture:

Conjecture 1. For every graph G with maximum degree A(G),

%A(G)Z, if A(G) is even,
xs(G) <
Z(SA(G)Z — 2A(G) + 1),if A(G) is odd.

The Conjecture 1 was proved to be true for graphs G with A(G) = 3
[3, 4], but it is still open for graphs G with A(G) = 4. In 2006, Cranston [5]
showed that y3(G) < 22 for graphs G with A(G) = 4, which was improved
to x5(G) < 21 in 2018 by Huang et al. [6]. In 1990, Chung, Gyarfas,
Trotter, and Tuza [7] showed that for graphs G, with significantly large
maximum degree A(G), the strong chromatic index is at most 1.998A(G)?.
The upper bound was improved to 1.93A(G)? [8] in 2018 and later to
1.772A(G)? in 2021 [9].

The lexicographic product of graphs was introduced by Hausdorff in
1914 in the context of ordered sets and topology [10]. The lexicographic
product of graphs found different implications in graph theory after and is
actively considered in the context of various colorings (See, for example,
[11], [12]).

Togni [13] was first to study strong-edge coloring of various graph
products. In particular, Togni showed that the following theorems hold true.

Theorem 1 (Togni). Let G and H be two graphs. For the Cartesian
product, we have

Xs(GOH) < xs(G)x(H) + xs(H)x(G).
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Theorem 2 (Togni). Let G and H be two graphs different from K.
For the Kronecker product G X H we have
Xs(G x H) < x5(G)xs(H).

Theorem 3 (Togni). Let G and H be two graphs. For the strong
product G XI H we have
Xs(G X H) < xs(G)x(H) + xs(H)x(G) + 2x5(G)xs(H).

It this paper we consider strong-edge colorings of lexicographic
products of graphs and provide tight lower and upper bounds on strong
chromatic index of lexicographic products.

Main Results
Definition 1. The lexicographic product of graphs G and H is a graph

G - H, where V(G- H) ={(v,x) : veEV(G), x € V(H)} and
E(G-H)={(v,x), (wy):(v,u) €EG)or,v=uand (x,y) € E(H)).

P3 ™

P4 L & & @

Figure 1. The lexicographical product of P4 and P3.
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Figure 2 illustrates the lexicographical product of P4 and P3.

Definition 2. For graphs H, G, and vertex v € V(G), denote by vH
the subgraph of G - H, such that, V(vH) = {(v,x) : (v,x) € V(G - H)} and
E@H) = {((v,, () : (0,5), (8,9)) € EG - H)},

Definition 3. For graphs H, G, and vertexes v,u € V(G), denote by
Ky the subgraph of G - H, such that,
V(K(v,u)) ={w,x):w=vorw=u,and (w,x) V(G- H)}and
E(Kww) = {((w,0), @ »): (v, x), @) € E@G - H)}.

It is easy to notice that for the lexicographic product G - H, where G
and H are arbitrary graphs, subgraph vH (v € V(G)) is isomorphic to H,
and subgraph K, (v,u € V(G)) is isomorphic to graph K, ,, where
n = |V(H)I.

We begin our considerations with strong edge-colorings of
lexicographic products of graphs in special cases.

Lemma 1. For any graphs B,(n = 4) and H, we have
Xs(Py - H) = 2x5(H) + 3|V (H)%.

Proof. Let V(P,) = {v4, Vs, ..., vp}and E(P,) = {(v4,Vv3), (v3,V3), ...,
(Vp—1, Vi) }. For strong edge-coloring of each subgraph v;H (1 < i < n) we
need at least x5 (H) colors, and |V (H)|? colors for strong edge-coloring of
each subgraph K (viv;) ((vi, vj) € P,). Consider subgraphs v,H, v3H,
K@, v))> Kw,wy)» and Ky, ). Bdges from K¢, 5.y, K, v,), and K, ,,) are
at distance 0 or 1 from each other and from edges in v,H and v3H. Also,
edges from v, H are at distance 1 from edges in v3H. Thus, it follows that
Xs(By - H) = 2xs(H) + 3|V (H)|?.

To complete the proof of the theorem, we construct a strong edge-
coloring for P, - H that uses 2ys(H) + 3|V (H)|? colors. Let ¢p be a strong
edge-coloring of P, with colors {1,2,3}.

We define edge-coloring ¢ as follows: For each i (1 <i < n), we
color v;H using colors {1,2,...,xs(H)} if i is odd, and using colors
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{xs(H) + 1, xs(H) + 2,...,2x;(H)}if i iseven; Foreachi(1 <i <n-—1),
we color Ky, ,, ) using colors
2xs () + (p (Wi virn)) = DIVEDI? + 1, 2x5(H) +
+(0p (Wi, vir1)) = DIV +2, ., 2x5(H) +
+ép (Wi, vir ) IV(H) Y.
Clearly, ¢ is a strong edge-coloring for graph P, - H and uses
2xs(H) + 3|V(H)|? colors. O

Lemma 2. For any graph H, we have
Xs(Cs - H) = 5|V(H)|%.

Proof. Let V(Cs) = {v,v,,V3, Vs, Vstand E(Cs) = {(vq, v3), (5, v3),
(v3,Vy), (Vy4,Vs), (s, v1)}.Consider subgraphs K(vi,vj) ((vi,vj) € E(Cs))
of graph Cs - H. Since edges from all subgraphs K (vv;) ((vi, vj) € E(Cy))
are at distance 0 or 1 from each other, it follows that y:(Cs-H) =
5|V (H)I%.

Constructing a strong edge-coloring for graph Cs - H with 5|V (H)|?
colors will complete the proof of the theorem. Let us define an edge-
coloring ¢ for graph Cs - H as follows: color subgraphs K (viv)) ((vi, vj) €
E(Cs)) using 5|V(H)|? colors; color subgraph v;H using colors of
subgraph K, ,,); color subgraph v,H using colors of subgraph K, ».);
color subgraph vz H using colors of subgraph K, ,,); color subgraph v, H
using colors of subgraph K, ,.y; color subgraph vsH using colors of
subgraph K, ».)-

It is easy to verify that ¢ is a strong edge-coloring for graph Cs - H
and uses 5|V (H)|? colors.

We continue our considerations with general bounds on strong
chromatic index of lexicographic products of graphs.

Theorem 1. For any graphs G and H, we have
Xs(@WVH)I? < x5(6 - H) < x(G)xs(H) + xs(G) |V (H)I?.
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Moreover, the bounds are sharp.

Proof. Let V(G) = {v, vy, ...,v,}. First of all let us note that
subgraphs K(w)) and Ky, v ((vi,vj), (v, v;) € E(G)) can be colored
with the same colors, only if there exists a strong edge-coloring ¢, for
graph G, such that ¢g ((vi,vj)) = ¢g((vp, v)). Thus, it follows that
Xs(G - H) = xs(@)V(H).

Constructing a strong edge-coloring for graph G - H that uses
X(@)x:(H) + x5 (G)|V(H)|? colors will prove the upper bound. Let f; be a
proper vertex coloring for graph G with colors {1,2, ..., x(G)} and ¢ be a
strong edge-coloring for graph G with colors {1,2, ..., x5(G)}. Let us note
that edges from subgraphs v;H and v;H (v;, v; € V(G)) can be assigned the
same colors if f; (v;) = f; (vj). Also, each subgraph v;H (v; € V(G)) can
be colored using x5 (H) colors and each subgraph K (v)) (vi,v;) € E(G))
requires |V (H)|? colors for strong edge-coloring.

Now we are able to define an edge-coloring ¢ as follows: For each
edge (vi, vj) € E(G), we color edges in subgraph K (viv)) using colors

{(Pe((viv)) = DIVIEDIE + 1,(de((w_i,v)) — 1) VIH)I* +
+ 2! R ch((v_i,v_j)) |V(H)|2 }
For each vertex v; € V(G), we color edges in subgraph v;H using
colors
D@D + (fe(w) — Dxs(H) + Lxs(OIVEDI? +
+(fe () — Dxs(H) + 2,x:(OIVIEDI* + fo(v)xs ()}
Clearly, ¢ 1is a strong edge-coloring for graph G -H with
X(Gxs(H) + x5(GV (H)|? colors.
The sharpness of lower and upper bounds follows from Lemma 2 and
Lemma 1.

Figure 2 illustrates the strong edge-coloring ¢ of P, - P; described in
the proof of Theorem 1.
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P53

{vq, uq) 1 . (vg, uq)

{va, ug)

(v, us) ) ¥ (v, u3)

Figure 2. The strong edge-coloring of P5*P3 with 31 colors.
Conclusion

Our study began with an analysis of the strong edge-colorings of the
lexicographic products of graphs in special cases. Lemmas 1 and 2
established the exact value of strong chromatic index of lexicographic
products of graphs, when first component of the product is a path, and cycle
of length 5, respectively. Next, Theorem 1 completed our study of
lexicographic products of graphs, by deriving sharp upper and lower bounds
in general cases.
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O CWJIBHOM XPOMATHUYECKOM NHAEKCE
JEKCUKOI'PA®UYECKHUX MPOU3BEJIEHUI T'PA®OB

A.K. /l[pamosan
Poccuticko-Apmanckuii (Cragsauckuil) ynusepcumem
AHHOTALOUSA

CunbHas peGepHas packpacka rpada G —sto otoopaxenue ¢: E(G) —» N, Takoe,
4To JIF00BIe ABa pedpa Ha pacctosHnu 0 unn 1 monydaroT pasHbie [BeTa. MUHUMAb-
HOE KOJIMYECTBO I[BETOB, HEOOXOIAWMOE IJIsi TAKOTO PACKPAIIUBAHMWS, HA3bIBAECTCS
CWJIBHBIM XPOMAaTHYECKMM MHIEKCOM rpada G u obo3nauaercs kak X;(G). B mannoi
paboTe MCCIenyeTcs CHTBHBIN XPOMAaTHYECKUH HHIEKC JIEKCHKOTPA(QUIECKOro mpo-
n3BeieHus rpagos G - H. B gacTHOCTH, MBI NOJTlyyaeM TOYHBIE HIDKHHE U BEpXHUE
rpauuust st yo(G - H).

KioueBble cioBa: pebepHasi packpacka, CHIbHas peGepHas packpacka, CHilb-
HBI XpOMAaTHYECKHI UHAEKC, JIEKCUKOTpapruecKoe MPOru3BeIeHHE.
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ABSTRACT

A proper edge coloring of a graph G is a mapping f: E(G) — Zs, such
that f(e) # f(e") for every pair of adjacent edges e, e’ € E(G). A
proper edge coloring f of a graph G is called vertex distinguishing if for
any different vertices u,v € V(G), S, f) # S(v,f), where
Sw,f) = {f(e)|e = vw € E(G)}. The minimum number of colors
required for a vertex distinguishing proper coloring of a graph G is
denoted by x,,4(G) and called the vertex distinguishing chromatic index
of G. In this work, we provide an upper bound on the vertex
distinguishing chromatic index of the Cartesian sum of graphs.

Keywords: edge-coloring, vertex distinguishing edge-coloring,
vertex distinguishing chromatic index, cartesian sum of graphs.

Introduction

All graphs discussed in this paper are finite, undirected, and contain
neither loops nor multiple edges. For terminologies and notations not
defined here, we primarily refer to West’s book [1]. Let V(G) and E(G)
denote the sets of vertices and edges of a graph G, respectively. The degree
ofavertex v € V(G) is denoted by d; (v) and the maximum degree of G by
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A(G). A proper edge coloring of a graph G is a mapping f: E(G) = Zs,
such that f(e) # f(e') for every pair of adjacent edges e, e’ € E(G).If f
is a proper edge coloring of a graph G and v € V(G), then the spectrum of
a vertex v, denoted by S(v, f), is the set of all colors appearing on edges
incident to v. We use the standard notations P, K;, and K, ,, for the simple
path, the complete graph on n vertices and the complete bipartite graph with
m vertices in one part and n vertices in the other part of the bipartition,
respectively.

The proper edge coloring f of a graph G is a vertex distinguishing
proper coloring (abbreviated VDP-coloring) of G if S(u, f) # S(v, f) for
any two distinct vertices u and v in G. The minimum number of colors
required for a VDP-coloring of a graph G without isolated edges and with
at most one isolated vertex is called the vertex distinguishing chromatic
index (abbreviated VDP-chromatic index) and denoted by x,,(G). The
concept of vertex distinguishing proper edge colorings of graphs was
introduced by Burris and Schelp in [2] and, independently, as observability
of a graph, by Cerny, Horndk and Sotdk [3]. In [2-6], the vertex
distinguishing proper edge colorings of paths, cycles, complete, complete
bipartite and multipartite graphs were investigated. In particular, the authors
determined the vertex distinguishing chromatic index of some families of
graphs. The following results have been proved by Burris and Schelp [2].

Theorem 1. If n = 3, then
, n,if nis odd,
de(Kn) = {

n+1,if nis even.

Theorem 2. Let m and n be any natural numbers. Then
, n+1l,eciun>m= 2,
Xva(Kmn) = {n + 2,eciun =m > 2.
The classical theorem by Konig [7] on proper edge coloring of
bipartite graphs states
the following.

Theorem 3. For any bipartite graph G, we have
x'(G) = 4(6)
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For any graphs G and H, let G o H be the lexicographic product of
G and H. The vertex set of G o H is V(G) X V(H) and the edge set is
defined below:

E(G o H) = {(x,x)y,¥) |xy € E(G)orx = yandx'y' € E(H)}

In [8], Baril, Kheddouci and Togni investigated vertex distinguishing
proper edge colorings of Cartesian, direct, strong and lexicographic
products of graphs. They derived upper bounds on the vertex distinguishing
chromatic index of these products of graphs in terms of the vertex
distinguishing chromatic indices of the factors. The following result has
been proved by Baril, Kheddouci and Togni in [8].

Theorem 4. For any two connected graphs G and H different from
K,, we have
Xoa(G ° H) < xpa(G) + xpa(H) + (IVH)| — 1) x'(6)
For any graphs G and H, the Cartesian sum of G and H, denoted by
G @ H, has the vertex set V(G) X V(H) and edge set
E(G®H) = {(x,x),y) |xy € E(G) orx'y" € E(H)}

Figure 1. The Cartesian sum of P; and P,,.
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This notion of graph product was introduced by Ore [9] in 1962.
In this work, we give an upper bound on the vertex distinguishing
chromatic index of the Cartesian sum of graphs.

Main Result

Theorem 5. For any simple graphs G and H without isolated edges
and with at most one isolated vertex, we have

Xoa(G®H) < xpa(G) + xpa(H) + (V)| = D X'(G) +

+x'(G) - A(H)

Proof. Let G and H be graphs with vertex sets V(G) =
{vy,vy, ..., v }and V(H) = {uq,u,, ..., u, } respectively, such that they are
not isomorphic to K,. Note that for any vertex v; € V(G) (1 < i < n),
the subgraph of the graph G@H induced by the vertices
(v, uq), (vi,uz), o, (Ui, Uyy) 1s isomorphic to graph H. We denote this
subgraph by H; (1 < i < n). Since H; is isomorphic to H, there exists a
vertex distinguishing edge coloring f, with colors 1,2, ..., x,q(H) (1 <
I < n).

Let us now define the colors of edges between different subgraphs H;
and H; of G @ H. The subgraphs H; and H; are called neighboring
subgraphs if v;v; € E(G) (1 < i < j < n). Let us denote by W;; the
subgraph of G @ H formed by the vertex set V(H;) U V(H;) and the edge
set {uv : u € V(H;) and v € V(H;)}.

When H; and H; are neighboring subgraphs, W ; is isomorphic to the
complete bipartite graph K,;, ,,. The edge set of K, ,,, can be partitioned into
m perfect matchings. For each subgraph W ;, let us choose one of the m
perfect matchings and apply the subgraph contraction operation. The
resulting subgraph is isomorphic to graph G, hence there exists a vertex
distinguishing edge coloring f; with colors y,,(H) + 1, x,q(H) +
2, i, Xpa(H) + x,q(G) for the subgraph. For the edges of the perfect
matching, we use the colors resulting from their contraction. For each of the
remaining m — 1 perfect matchings, we also apply the contraction
operation. The resulting subgraph is isomorphic to G, meaning that there
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exists a proper edge coloring with y'(G) colors. Therefore, the edges of the
remaining m — 1 perfect matchings can be colored with colors y,,;(H) +
+xva(G) + 1, xpa(H) + X3a(G) + 2, .., Xpa(H) + xpa(G) + (m —1) -
- ¥'(H) in such a way that all the edges incident to the same vertex of
matchings are colored differently.

Finally, let us consider the pairs of subgraphs H; and H; in G @ H,
which are not neighbors. Note that W ; is a bipartite graph whose maximum
degree is A(H), so by Konig’s famous theorem, there exists a proper edge
coloring of W; ; which uses exactly A(H) colors. Since H; and H; are not
neighboring graphs, we have v;v; € E(G), or equivalently, v;v; € E (@).
Let fz be a proper edge coloring of graph G with colors 1,2, ..., x'(G).
Denote M = y,4(H) + x,q(G) + (m —1) - ¥'(H). For the bipartite
graph W, j, we use a proper edge coloring with colors M + (fg(e) — 1) -
AH)+ 1L, M+ (fge)—1)- A(H)+ 2,...,M+fsz(e) - A(H) + 1.

Since fz is a proper edge coloring, we have the coloring of the
subgraph W; ; is also a proper edge coloring.

Note that the described coloring uses the colors 1, 2,..., x,4(G) +
+x0g(H) + (m — D) ¥'(G) + x'(G)-A(H). Let us denote the
described coloring by f; ¢y and show that for any different vertices w,z €
V(G @ H), we have

SW, feon) #5@ foon)

Consider the following two cases:

Casel.w,z€ H;(1<i<n)
According to the definition of the coloring f; ¢ 5, we have
SW, feon) N{L2, .., xpa(H)} = S(w, fy,) and
S feen) N{L12, ..., xpa(H)} = S(z, fu,)-
Since fy, is a vertex distinguishing edge coloring, we have
Sw, fu,) # S(z fu,), hence SW, feon) # S(Z feon)-

Case2.w € H,z € Hj(1<i<j<n)
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By the definition of f; gy, we have S(W, fz o) N {xpa(H) +
+1, xpa(H) + 2, ., Xpa (H) + x34(G)} = S(v;, f¢) and
S@ feon) N va(H) + Lxpa(H) + 2, ..., xpa(H) + xpq(G)} =
S(Vj’fa)-

Since f; is a vertex distinguishing edge coloring and v; # v; € V(G),
we have S(v;, fg) # S(v}, ), therefore S(W, feon) # S(Z feon)-

Conclusion

In our study, we established an upper bound for vertex distinguishing
chromatic index of a cartesian sum of graphs, using the chromatic
parameters of the individual graphs.

REFERENCES

1. West D.B. Introduction to Graph Theory, Prentice-Hall, New Jersey (2001).

2. Burris, A.C. Vertex-distinguishing edge-colorings. Ph.D. Dissertation, Memphis
State University (1993).

3. Burris, A.C., Schelp, R.H. Vertex-distinguishing proper edge-colorings. J. Graph
Theory 26. PP. 73-82 (1997).

4. Cerny J., Horndk M., Sotdk R. Observability of a graph. Math. Slovaca 46. PP. 21—
31 (1996).

5. Horndk, M., Sotdik, R. Observability of complete multipartite graphs with
equipotent parts. Ars Comb. 41. PP. 289-301 (1995).

6. Horndk, M., Sotak, R. Asymptotic behavior of the observability of Q,. Discrete
Math. 176. PP. 139-148 (1997).

7. Konig Dénes, Grafok és alkalmazasuk a determinansok és a halmazok elméletére,
Matematikai és Természettudomanyi Ertesitd, vol. 34. PP. 104-119 (1916).

8. J-L. Baril, H. Kheddouci, O. Togni, Vertex distinguishing edge- and total-
colorings of Cartesian and other product graphs, Ars Combinatoria, vol. 107. PP.
109-127 (2012).

9. Ore, Oystein. Theory of graphs, Colloquium Publications. American Mathematical
Society (1962).



32 On vertex distinguishing proper edge colorings of the cartesian sum of graphs

BEPHIMHHO-PA3/IMYAIOIIIUE PEBEPHBIE PACKPACKH
JEKAPTOBBIX CYMM I'PA®OB

T.K. Ilempocan
Poccuiicko-Apmanckuii (Crassanckuil) yHusepcumem
AHHOTALNUA

Hns rpada G dyukius f: E(G) — N HassiBaetcs pébepHOi packpackoil rpada
G. Pé6epnas packpacka f rpada G Ha3bIBaeTCsI MPABUILHOMN, €CITU TS JTFOOBIX CMEXK-
HbBIX pébep e,e’ € E(G),f(e) # f(€). Ecnu f — npaBunbHas packpacka rpada G u
v € V(G), To ob6o3naunm depe3 S(v, f) MHOKECTBO IBETOB pEOEpP, MHIMICHTHBIX
BepnH v. [IpaBiiibHas packpacka f rpada G Ha3pIBAETCS BEPUIMHHO-PA3INYAIOICH,
eciu Ui JTI00bIX pasnuusbix BepmuH U, v € V(G),S(u, f) # S(v, f). Haumensmee
YHCIIO 1IBETOB, HEOOXOMMMOE UTS BEPIIMHHO-pa3Inyarorieii pébepHoi pacKkpacku
rpada G, Ha3bIBACTCS BEPIIMHHO-PA3IHYAIONIAM XPOMATUIECKUM HHIEKCOM U 0003-
HavaeTcs y,,4(G). B naHHOM paboTe HaliieHa BEpXHASA OLEHKA BEPIIMHHO-PA3IHIAIO-
IIEr0 XPOMATHYECKOTO HH/IEKCA JICKAPTOBBIX CyMM rpadoB.

KunaroueBnie ciioBa: pebepHas packpacka, CHIIbHas peGepHast pacKpacka, CHlb-
HBII XpOMATHIECKUI HHIIEKC, IEKApPTOBa CyMMa TpadoB.
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AHHOTANUA

CunbHol pebepHoil packpackoii Tpada G Ha3piBaeTCsi 0TOOpaKEeHUE
¢: E(G) - N, npu KoTopoM Jt00bIe 1Ba pedpa, HaXOAIINeCs Ha pacc-
TOSIHUHM MEHBIIIE IBYX, MMOJYYAIOT Pa3IMyHbIe [[BeTa. MUHHMAIBHOE KO-
JMYECTBO IIBETOB, HEOOXOIMMOE [UISl TAKOTO PACKPAIIIMBAHUS, HA3bIBACT-
Cs1 «CHJIBHBIM XPOMATHYECKUM HHIIEKCOM rpada G» u 0003HaAYaeTCs KaK
X5(G). 1993 rony Bproanbau 1 MaccH BBIIBUHYJIH THITOTE3Y O TOM, YTO
IUIst TI000T0 JIBY10IbHOTO Tpada G cripaBemnBo HepaBeHCTBO yg(G) <
ab, rme a — MakcUMalbHasl CTEIICHb BEPIIMHBI B OJHOM J0Je, a b — Mak-
cUMallbHas CTeTIeHb BEPLIMHEI B Apyroi aose. B manHoii pabore moxa-
3BIBACTCS CIPABEIUIMBOCTh ATOM THIOTE3Bl U PETYISPHBIX JBYAOIb-
HBIX TpadoB G mpu A(G) < 5, a Takxke st psjia OU-PETYISPHBIX BY-
JOTBHBIX TpadoB, 00JaIAIONIHX 0CO00M (haKTOPU3AITUCH.

KiroueBblie cioBa: pedepHas pacKkpacka, CHIbHAs pedepHas pack-
packa, CHIBHBIA XpOMAaTHIECKUI HHIEKC, IBYIOIBHBIC TPaQBL.

BBenenue

B nannoii paboTe paccMaTpuBarOTCA TOJNBKO KOHEUHbIe Tpadbl. s
HE ONPEJICIICHHBIX B 3TOW pab0Te MOHATHN 1 0003HAYCHHIA MBI HCIIOTH3yEeM
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kHUTy Yecra [1]. MHOXKeCTBO BEpIIIMH U MHOXKECTBO pebep rpada G obo-
snavaercs 4yepes V(G) u E(G), coorBerctBeHHO. CTEIEHb BEPIIMHBI
v € V(G) obo3nauaetcs yepes d;(v), a MaKCUMasIbHAS U3 CTCIIEHEH Bep-
mnH rpada G — kak A(G). Xpomaruueckoe uucio rpada G 06o3HagaeTcs
uyepe3 y(G). Ioarpad rpada G, nopoxaenusiii Bepumnamu V' S V(G),
obo3nauaetcs yepe3 G[V']. I'pad HasbIBacTCs pecynsaphvim, €CIIA CTEIICHH
Bcex BepuInH paBHbL ['pad G Ha3zbIiBaeTcs 08yodoabHuiM, ecniu V (G) MOXKHO
pa30uTh HA JIBE YACTHU TaK, YTO KAKI0C peOPO COSAUHSICT BEPIIUHY U3 O/I-
HOM YacTu ¢ BepUIMHON Apyroil yactu (monu). B nanbHeiimem mbl Oyaem
ucnonbp3oBath ob6o3nauenue (X,Y, E) nns neynonbHoro rpada G, rae X u
Y nomu rpada G, a E — mHOXecTBO pedbep G. CkaxxkeM, 4TO JBYIOJIbHBIN
rpadh G = (X, Y, E) sBnsercs (a, b)-08y0onbhbim, eCu MaKCUMalbHas CTe-
[ICHb BEPIIMHBI U3 X PaBHICTCS 4, a MAKCUMAJIbHAS CTCIICHb BEPIIUHBI U3
Y paBusiercs b. (a, b)-nBynonensiid rpad G = (X,Y, E) Ha3biBaeTcs 6upe-
2YIAPHBIM, €CITU BCE CTETICHH BepiivuH u3 X paBHBI @, U BCE CTENICHU Bep-
mvH u3 Y paBuel b. (a, b)-aBynonsHsiii rpad G = (X, Y, E) Ha3wiBaeTcs
noumu bupe2yispHuiM, €CIIA BCE CTETICHH BEPIIUH U3 X PaBHEI 4, a CTCTICHA
BepwmuH U3 Y paBHbl a win b. Oneparus Hax rpadom G, ipu KOTOPOM ya-
asiercst pedpo (v, u) € E(G), v OTOKIECTBIISIOTCS BEPIINHBI V U U, HA3bI-
Baetcs cmazueanue peopa (v, u). Ckaxem, uro rpad H sasasercs munopom
rpada G, ecnu u3 rpada G MoxxHO monyuuTh rpad H ynaiseHuem pebep,
BEpIIUH U cTAruBaHueM pebep. Cunvroli pebeprnoii packpackoi rpada G
HasbIBaeTCs «otobpaxenue ¢: E(G) — N», mpu KOTOPOM JIF00bIE /1Ba peod-
pa, HaxXOJsAIIMEeCs Ha PACCTOSHUHM MCHBIIE JBYX, MOJYYAIOT Pa3jIMdHbIC
1BeTa. MUHMMAaIbHOE KOJIMYECTBO I[BETOB, HEOOXOAUMOE ISl TAKOTO PaCcK-
paluBaHus, HA3bIBACTCS CUTbHbIM Xpomamuyeckum unoexcom rpada G u
obo3Hauaetcs kak X5(G). CunbHble peGepHble packpacku BBenn Dyke u
Konusbe B 1983 rony [2]. B 1985, Bo Bpemst cemunapa B IIpare, Opuemib
1 HemreTpriib BBIIBEHYIIH CIICAYIONIYIO THIIOTE3Y.

I'mnoresa 1. [{na nro6020 epagha G cnpasednuso HepageHcmeo:

5

ZA(G)Z, ecau A(G) 4eTHOe,
xs(G) <
1 (5A(G)? — 2A(G) + 1), ecnu A(G) HeueTHoe.
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B 1992 u 1993 ronax AnaepceH u Xopak, He3aBUCUMO JIpYT OT JIpyra,
J0Ka3aiM, 4To runote3a BepHa it rpados G ¢ A(G) = 3 [3, 4]. B 2006
roxy Kpancron [5] mokasai, uro y¢(G) < 22 st rpadoB G ¢ A(G) = 4, a
B 2018 roay omenka Obuta yinyurieHa 10 X;(G) < 21 [6]. Ha ceroausiinuii
nens I'umoresa 1 ocraercst oTkpbIiToit st rpadoB G ¢ A(G) = 4. Takke
u3BecTHO, uTo X45(G) < 1.772A(G)? nns rpados G ¢ 10CTATOUHO GOBIINM
A(G) [7]. B 1993 roxy Bproasibiu 1 Maccu BBIIBEHYIIH CIICTYFOIIYIO THITO-
TE3y O CHIIBHBIX PEOEPHBIX PACKPACKAX JBYI0JIbHBIX IpadoB.

T'unoresa 2. /[ns 106020 (a, b)-08ydorvhoco epagpa G cnpasedruso
HepaBeHCMEB0:
x+(G) < ab.
l'unotesy 2 yaanock J0Ka3aTh TOJBKO B CICAYIONIMX YaCTHBIX CIIY-
qasx [8, 9].

Teopema 1 (Haknpacur). /s 1106020 (2,1)-08y0orvnoeo epaga G
CNpageoIugo HEPaABeHCmeo:
x<(G) < 2r.

Teopema 2 (Xyanr, YO, Koy). /[ 06020 (3,1)-08y001bH020 epa-
¢a G cnpasedruso Hepagencmao:
x(G) < 3r.

OcHoBHBIE pe3yJIbTaThI
Bragane Mbl paccMOTpHUM CHIIBHBIE peOepHbIE PaCKpaCKU PEryJsip-
HBIX IBYAOJIbHBIX I‘pa(l)OB, MaKCUMaJIbHasg CTCIICHb KOTOPBIX HC ITPEBOCXO-

T 5.

Onpenenenne 1. [loomroocecmeo pebep M epagha G naszvieaemcs na-
pocouemaruem, eciu 1obvie 08a peopa uz M ne umerom obuetl 6epuluHbl.

Omnpenenenne 2. [lapocouemanue M epagpa G nazvieaemcs cogep-
weHnbIM, ecau peopa uz M nokpwisaiom éce sepuiunbi G.
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Teopema 3. /[na 1106020 pezynaprozo 08ydonvrozo epaga G, 0ns Ko-
mopozo Ky(gy41 He saenaemesa munopom u A(G) < 5, umeem mecmo cnedy-
1owee HepageHCcmeo:

xs(G) < A(G).

Joka3zarenbcerBo. [lockonbky G SBISETCS PETYJSPHBIM JIBYAOJb-
HBIM TpaoM, CymecTByT My, My, ..., Mp(s) COBEpPIIEHHBIE MAPOCOYETa-
HHE — TaKue, 4To 1y mobdoii mape 1 < i # j < A(G),M; N M; = @uM; U
M; U ..U Mpy = E. Paccmorpum rpader G; (1 < i < A(G)), koTopble
nosydaroTcs u3 rpada G — craruBanueM pebep us M;. Jlis pedpa (x,y) €
M; (1 <i < A(G)), 0603HaUMM YEPE3 V(x5 BepuMHy rpada G;, KoTopoe
oOpasyercs crarupanueM pebpa (x,y). Tak kak Kj(g)4q1 HE ABIAETCA MU-
HOPOM G, K4 (gy+1, TaKKe He sBseTcs MUHOpoM 11 G; (1 < @ < A(G)). U3
pE3yJIbTATOB O IPABWIIbHBIX BEPIIMHHBIX packpackax [10, 11] cnexyer, uro
i moboro rpada G; (1 < i < A(G)) cymecTByeT npaBuiIbHas BEpIINH-
Has packpacka f; ugerami 1, 2, ..., A(G).

Omnpenenum pebepHyIo packpacky ¢ rpada G cienyronmm oopazom:
pedpo (x,y) € M; (1 < i < A(G)) kpacum BeToM A(G) (i — 1) + fi(V(x,y))-

PaccmotpuM mpousBoibHbIE pedpa (x,y), (x',y") € E — takue, uro
d((x,y)) = ¢((x',¥")). Oueuano, uro pebpa (x,y) u (x',y") npunan-
nexar ogHoMy napocoueranuto My, (k € [1, A(G)]). 3 moctpoenus ¢ cre-

JIyeT, uTO f}, (v(x_y)) = fr(V(xryn)- Homyqaem, uro d;, (v(x_y), v(x/'yr)) > 2.
CnenosatennHo, pedpa (x,y) u (x',y") Takke HaXOIATCA HA PACCTOSHHUU
He MeHee 2 B rpade G. Tak kak Bi6op pebep (x,y) u (x',y") Obu1 mpous-
BOJIBHBIM, ) SIBJISIETCS CUIIBHOU peOepHOl packpackoii rpada G ¥ UCTOb-
syer A(G)? 1peTos.

Jlanee, pacCMOTPUM CHJIbHBIC peOCpPHBIC PACKPACKH JIBYIOJIBHBIX
rpacdoB, koTopble 007amal0T ocobol QakTopuzauuen. [ns crenyromei
JIEMMBbI HaM TTOHAI00UTHCS KJIACCHUECKUN PE3yNIbTaT U3 TeOpuH PakTopu-
3alUi.

Onpenenenue 3. [ pagh G nazvieaemces «ncegdozpaghomy, eciu 6 Hem
00NycKaromcst KpamHule pebpa u nemau (pebpa coedunsiowue 8epuumy ¢
coboti).
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Teopema 4 (Ilerepcen). Jlroboii 2r-pezynapusiii ncegdocpagh G pasz-
Jla2aemcsi Ha T Henepecekarnuuxcs 2-akmopos.

Jlemma 1. /[na no6ozco (2,2r)-noumu 6upe2yniapHo2o 08y001bHO20
epaga G = (X,Y, E) cywecmsyem paznoxcenue na F;, F,, ..., F. nooepaghot
— makoe, ymo:

a) E(F,))UE(F,)VU..UE(F.) = E(G),

b) s mobotinapwr 1 < i+ j<r, E(F)N E(Fj) =0,
c) nanoboeo 1 < i <, F; agnaemces 2-pecynsapuuim,
d) Huanoboeol <i<r F, =G[V(F)]

Jloka3aTeabeTBO. PaccMoTpuM 27-peryiapHblii icesgorpad G', xo-
TOpBINA ToNTydaeTcst u3 G — nodasnenuem mereib. [lo Teopeme 4, rpad G’
pasnaraercsa Ha F'y, F',, ..., F',. 2-¢axTopsl. JIerko 3aMeTUTh, UTO IS JIFO-
0oii Bepimubl v € V(G"), rae d;(v) = 2 — cMexHbIe pedpa v, OTIHIHbIC
OT MeTellb, IPUHAJUIeKAT OAHOMY U TOMY ke 2-hakTopy, U OoJjiee TOro —
OJIHOW W TOM K€ KOMITOHEHTE CBSI3HOCTH M3 3TOr0 2-(hakTopa.

[Moctpoum moxarpadst F; (1 < i < r) rpada G u3 2-pakropos F; — ynamnsst
METJIM Y TIOSIBUBIINECS W30JIMPOBAHHBIC BEPIIUHEI.

OueBunHO, uTo TIoArpadsl Fy, F,, ..., F. yIOBICTBOPSIOT YCIOBUSM JICMMBI
a), b), u ¢). O6ocuyem, uro ycnoBue d) Taxxke BoimonHsercs. [lycts F; =
(X;, Y, E;), 1 < i < r. Tak xak Bce cMexHbIe pedpa 11000 BepIIMHbL X €
X; (1 £i < r) npunagnexart noarpady F;, noarpad, nopoxxaeHHbIN Bep-
muHamu X; U Y;, coBnazer ¢ F;.

Jlemma 2. /[na moboeo (2,2r)-noumu bupezynsaproco epagha G =
(X,Y,E) cnpaseonruso nepagerncmao:

Xs(G) < 4r.
Joxa3aTtenabcTBo. /s rpada G cymecTByeT pasiioKeHHe Ha moarpadsbl
F,, F,, ..., F., ynoBnerBopsitomue ycioBusim Jlemmsl 1. Tak kak F; (1 < i <
) 2-peryJsipeH, JUisl Hero CyIeCcTBYeT CHIIbHAsI pebepHas packpacka 4 1Be-
TaMH.
Omnpenennm pedbepHyro packpacky ¢ rpada G ciexyrommM oopazom: Ais
kaxaoro uucna i (1 <i <r), kpacum F; ucnons3ys usera 4(i —1) +
1,4 -1+ 2,4 — 1) + 3,4i.
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PaccmoTpum mpousBonbHbie pedpa (x,y), (x',y") € E(G) - Takue, uTO
d((x,9)) = ¢((x',y")). Mo nocrpoennuto ¢, >ti pebpa NpUHALIEKAT OJ-
HOMY U ToMy ke nonarpady Fp (k € [1,7]). Ecim B rpade G cymectByer
pedpo (x,y") wiu pebpo (x',y), To, mo ycnosuio d) Jlemmsr 1, 310 pedpo
TaKXe MPUHAMISKUT noarpady Fj, 4TO MPOTUBOPEUHT MOCTPOCHHUIO pac-
Kpacku s jaHHoro noarpada. CieoBarenbHo, ¢ SBISIETCS CUIIBHOU pe-
OepHo# packpackoi rpada G u ucnosb3yer 41 1BeTA.

Pesynbrar Jlemmel 2 Taxoke cneayer u3 Teopemsl 1, oqHako, B OTJIIMYUE OT
nokazatenbctBa Teopemsl 1, mokaszarenscTBo JlemMMbl 2 npeaiaraer Hou-
HOMUAJIbHBIH aJTOPUTM ISl IOCTPOCHHS CHIBHBIX PEOCPHBIX PACKPACOK
(2, 2r)-noutu OuperysipHbIX rpados.

Teopema 5. /[na no6ozco (21, 2r)-6upecynapnozo epagha G, komopwiii paz-
naeaemes nHa v (21, 2)-0upecynapnvix noocpagos, cnpasediuso Hepa-
BEHCMBO.

x<(G) < 4lr.
Joka3zatenabcTBo. Ilycts Gy, Gy, ..., G, (21, 2)-Ouperynsaphsie noarpadsl
ABISIIOTCS pasznoxenueM G. [To Jlemme 2, st kaxaoro noarpada G; (1 <
i < 1) cylecTByeT cuibHas pedepHas packpacka B 2[ nBera.
Onpenenum pedepHyr0 packpacky ¢ rpada G cneayromuM o0pa3oM: Kax-
et moarpad G; (1 <i<r) kpacum wucmnoiab3ys usera 2l(i —1) +
+1,20i—-1)+ 2,..,2L.
Tak kak 151 Kax10ro nmoArpada ucnoab3yercs CUilbHas peOepHas packpac-
Ka HeMEePeCeKaIOIMMUCS [[BETAMH, U JIFOOOH MyTh, COSTUHSIOIINI pedpa u3
oJiHOTO noarpada u NpoxXoasAUIHii yepes pedpa Apyrux noarpagos, UMeeT
JUIMHY HE MeHee 2, ¢ sIBIIeTCs CUIIbHOM pebepHOi packpackoit rpada G u
UCToJb3yeT 4lr 1BETOB.

3akjaoyeHue
BHaanIe MBI ITOKa3aJIn BerHIOIO OIICHKy JIA CUJIBHOT O XpOMaTI/I‘-ICC-

KOro HMHJACKCa PEryJIsApHBIX IABYIOJIbHBIX Fpa(i)OB, Koraa MaKCHMaJIbHas
CTeIeHb He TpeBocxoauT 5. [lanee, Mbl paccMoTpenu pasioxkenue (2, 2r)
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MOYTH OMperyJIIpHbIX TpadoB Ha noArpadsl U MOCTPOUIH CHIIbHBIE pedep-
HbIE pacKkpacku A (2, 21)-1mouTH OUpEryJsipHbIX IpadoB, UCHOIB3YS M10-
JIy4eHHOE CBOMCTBO. B KOHIIE MBI yCTaHOBMIIN BEPXHIOIO OLICHKY ISl CHJTb-
HOT'O XpoMaTHYeCKoro uHekca (21, 2r)-ouperynsapHbeix rpadoB, 00J1a1aro-
mmx ocoboit pakropuzanueit. IloaydeHnslie B 1aHHON paboTe pe3yIbTaThl
MOJTBEPXKAAIOT TUNoTe3y bproansan-Maccu B psijie YaCTHBIX CITy4aeB.
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ON STRONG EDGE-COLORINGS OF BIPARTITE GRAPHS
P. Petrosyan'~, A. Drambyan’

!Yerevan State University
Russian-Armenian (Slavonic) University

ABSTRACT

A strong edge coloring of a graph G is a mapping ¢: E(G) — N such that any
two edges at distance less than two receive distinct colors. The minimum number of
colors required for such a coloring is called the strong chromatic index of G and
denoted by y¢(G). In 1993, Brualdi and Massey conjectured that for any bipartite graph
G holds y.(G) < ab, where a is the maximum vertex degree in one partition, and b
is the maximum vertex degree in the other partition. In this paper we prove the validity
of the conjecture for regular bipartite graphs G with A(G) <5 and for biregular
bipartite graphs with special factorizations.

Keywords: edge-coloring, strong edge-coloring, strong chromatic index,
bipartite graphs.
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AHHOTALIUA

Hns rpada G dyukuus f: E(G) = Z», Ha3pBaeTcs «pebepHO pac-
Kpackoii Tpada G». PebepHas packpacka f rpada G HaswsIBaeTCs «Ipa-
BIJIBHOM», ecnu Juis JOOBIX cMexHBIX pebep e, e’ € E(G), f(e) #
f(e). Ecmu f —npaBunbHast pyoepHast packpacka rpadga G uv € V(G),
To uepe3 S(v, f) 0003HaYaeTCs MHOKECTBO IIBETOB pedep, MHIIMICHTHBIX
BepiuuHe v. [IpaBunbHas packpacka f rpada G Ha3bIBaeTCs «BEPIUIMHHO-
pasnuyaromieit», ecinu Ui MOOBIX pasiugHeiX BepumwH U, v € V(G),
S, f) # S(v, f). Hanmensee uncino BeToB, HEOOXOAUMOE [UIS BEp-
IIMHHO-Pa3nyaroiiell pedepHoil packpacku rpada G, Ha3bIBaeTCs «BEP-
IIMHHO-PA3TMYAIONIMM XPOMAaTHUYECKUM WHIEKCOM» M 0003HavaeTcs
Xvq(G). B nanHO# paGoTe HalieHB TOUHBIC 3HAYEHUS BEPIIMHHO-PA3-
JMYAOIIUX MHAEKCOB JUISl OMHOTO Kitacca rpados.

KuaroueBble ciioBa: pedepHasi packpacka, BEpIIHHHO-pa3IHYaoIias
pebepHast packpacka, BEPIIMHHO-PA3IMYAIONIUNA XpPOMATHYECKHH HH-
JeKC.

BBenenune

Bce rpadbl, paccmarpuBaeMbie B TaHHON padoTe, SBISTIOTCS KOHEY-
HBIMH HEOPHCHTUPOBAHHBIMU TpadamMu 0e3 KpaTHBIX pedep W TeTelb.
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Heomnpenenenusie moustust u 0003HadeHust MOKHO Haiitu B [1]. [lycts G —
HEOPHEHTUPOBAHHBIN rpad 6e3 KpaTHBIX pedep u nerenb, V (G) — MHOXKeCT-
BO BepuuH rpada G, E(G) — mHOokecTBO pedbep rpada G. Iusa rpada G
¢yukuus f: E(G) = Zs, Ha3bIBACTCS MPABIIBHON peOEPHON pacKpacKoi
rpada G, ecnm a8 MHOOBIX CMEKHBIX pedep e, e’ € E(G), f(e) # f(e).
MuHHMMaNbHOE KOJMYECTBO LBETOB, HEOOXOAMMOE JUIsl TIPAaBHUIIBHOM pac-
Kpacku rpada G, Ha3bIBACTCS XPOMAMUYECKUM UHOeKcom U 0003HaYaeTCs
uepe3 x'(G). Eciu f sBisercs mpaBUIbHOM packpackoil rpada G u v €
V(G), To uepe3 S(v, f) obo3HAUaeTCs] MHOXKECTBO LIBETOB pedep, MHIIM-
JICHTHBIX BEpIIMHE V, KOTOPasi HA3bIBACTCS CHEKMPOM GEPUIUHDBL V.

[IpaBunbHas pebepHas packpacka f rpada G Ha3bIBACTCS GEPUIUHHO-
pasnudarouei pebeproli packpackou (cokpaimueHHo: VDP-packpackotl)
rpada G, eciau uis JIFOOBIX IBYX PA3IMYHBIX BEPIIMH U U U BBIOITHICTCS
yenoBue S(u, f) # S(v, f). MuHuManbHOE KOJIMYECTBO I[BETOB, HEOOXO-
numoe 1t VDP —packpacku rpada G, He CoeprKalllero n30JIupOBaHHbIX
pebep unu Gosiee OAHON M30JUPOBAHHOM BEPIINHBI, HA3bIBACTCS 8epUULH-
HO-Pasiuyaowum xpomamuyeckum MHAEKCOM (cokpamenno VDP —xpo-
MaTHYECKHM HHIEKCOM) U 0003HaYaeTcs 4epes Yyp,q (G).

Omnpenernenne BEpIIMHHO-pA3IMYAloONIe pedepHOi packpacku rpada
ObLTO BBE/ICHO B [2,3] 1, HE3aBUCHMO, KaK «Ha0IIo1aeMocThy rpada B [4—6].

Ecmu ans nanHoro rpada G CymecTBYeT BEPHIMHHO-PA3IAYArONIast
pebepHast k —packpacka, Torna ais moooro uncna 1 < d < A(G), umeer
MECTO HEPaBEHCTBO (Z) > Ny, TIE Ny — 3TO KOJMYECTBO BEPUIMH CO CTE-

nenbo d. Crenaem creyroee 0003HauCHHE
n
m(G) = min {k : (k) >ny pasmoborol < d < A(G)}.

[TOHATHO, YTO IS BEPIIMHHO-PA3IHYAOIICH peOEpHON pacKpacKu
rpada G HY)KHO HCIIONIB30BaTh, KaK MHHUMYM, TT(G) uBeToB. B padore [3]
Bbappuc n Hlenn npeanoxxuim cieayrouyo FUnoTe3y.

I'mnore3a 1. Ecnu nns rpada G cymecTByeT BEpIIMHHO-pA3INYaio-
miast pebepHasi packpacka, TOr/Ia UIMEeT MECTO CIIeyIolee HepaBeHCTBO
(G) < xpa(G) < w(G) + 1.
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l'umoTe3a OpuTa AOKa3aHa JUISL TIOJHBIX M MOJIHBIX JABYJOJBHBIX I'pa-
¢oB, s 0OBEAMHEHUS MyTEH, a TAaKXKe I HEKOTOPBIX JAPYTUX KIacCOB

rpados.
OcHOBHBbIE pe3yJIbTaThl

B paGote [7] Obut paccMOTPEHBI TPH THUIIA OOOOIICHUS IS CIIe-
UajIbHOTO Kiacca rpadoB. s moObIX HaTypalbHBIX yucen k,n = 2 u [
o6o3naunm uepes W' (k,n, 1) pad, cocrosumii u3 n Komnui moaHoro rpapa
K., BEpIIMHBI KOTOPBIX COCIUHEHBI C BEPIIMHAMU IOJTHOTO rpada K;, Ha-
3bIBAEMBIMU yenmpanvivimu eepuiunamvu. I'pap W' (k,n, 1) npunsro o6o-
3Hayath kak W (k,n).

I[Ipesxie Bcero, HAMU HaiiieHO TouHOe 3HadeHue X, g (W (k,n)) mwis
MIPOU3BOJILHBIX HATYpalIbHBIX uncen k, n > 2.

Teopema 1. J[ist m0OBIX HATYpaIBHBIX YnceN k, N = 2 UMEET MECTO
Clle/TyroIIee:

> xa(W(2,2)) =5,

> xoa(W(k,n)) =k n,ectuk >2wmn > 2,

Joxka3aTeabcTBo. [Ipexne Bcero gokaxem, uTo J1r00asi BEpIIMHHO-
pasnuyaromas pedepHas packpacka rpada W (k, n), ucnonszyer He MeHee
gyeMm n - k uBetoB. [1o onpeaenenuio W (k, n), neHTpalibHast BepIIMHA Tpa-
¢a coequnena c¢ n - k BepumHamu rpada. 1o onpenenennto npaBHIBHOM
packpacku, Bce pedpa WHIMCHTHBIC ATOM BEPIIMHE JTOJDKHBI OBITH PacKpa-
WeHbl B pasiHuHble IBETa, OTKyda cienyer, uto xpq(W(k,n)) =
x'(Wk,n)) =n-k.

O6o3naunm uepes K\ i-yio xommo rpada K, B rpade G = W (k,n),
a uepes V(KL) = (v§, vl, ..., vi_1,} — MHOKecTBO Bepumn rpada K, (1 <
i < n). MuoxectBo BepiuH rpada G — 310 Mmuoxectso V(G) = V(K1) U
V(KZ) U ..UV (KM U {w}, rie w — enMHCTBEHHAs IIEHTPAIbHAS BEPIITNHA
rpada G. PaccMoTpuM Ba ciyyasi.

Caywaii 1. k=2un=2.
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Hnst rpada W (2,2) onpenenum pebepHyO packpacky ¢y oz ciie-
TYFOIIAM 00pa3oMm:
Pwz2) (vow) = 0, ¢W(2,2)(V11W) =1, ¢W(2,2)(VSW) =2,
dwz2)(ViW) = 3, e (Vovi) = 2, dw(z2) (W5vi) = 4.
ITo onpeneneHuto Py (3 2), IMEEM
S(V&' ¢W(2,2)) = {0’2}’5(7711' ¢W(2,2)) = {1:2}’5(775' ¢W(2,2)) = {24},

S(V12’ ¢W(2,2)) = {3:4}’5(W: ¢W(2,2)) ={0,1,2,3}.
Pw(z,2) ABIACTCA BEPIIMHHO-pasnMyaromedl peOGepHO# S-packpac-

ko#. Jlerko mokasatb, uto juist rpada W (2,2) He cyliecTByeT BEPIIUHHO-
paznuyaronieii pedbepHol pacKpacKku, UCIOJb3YIOIIeH MEHbIee KOJINYecT-
BO LIBETOB.

Cayuwaii 2. k > 2 wmn > 2.
Jnsa moboro yucna 1 < p < n onpenenum packpacky f KP A rpada

K,? cienyromumM o0pa3om: I 1oboro pedpa vlp v]p €EE (K,ﬁ7 ),tne 0 <i<
j<k-1
fK’f(va]p) =(p-1)-k+({+j)modk.

ITo onmpexnenenuto f kP> A4 MIPOU3BOJIBHON BEPUINHBI vlp € V(K,f ),

rme0<i<k-1
S frp) =@ =D k-1 k+1,..p-k—1)
\{(p —1)-k+ (2i) mod k}.
[TonsitHO, uTO f kP ABIACTCH MpaBUJILHOM packpackor rpada K,f .

Janee onpenenum packpacky f ans rpada G cieayrommm o0pa3om: s
pon3BoJIbHOTO e € E(G) w s mobdorouncial <p <n

fk,f (e),ecnue € E(K,é)
(p-k+i)mod(n-k) ecmme =va 0<i<k-1)
[To onpenenenwuio f;, mMeeM
>S@ﬁﬁ)=50fj¢)um-k+ﬂmwm0SiSk—lnls

p<n-—1,

fe(e) =
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> SO fe) =S (vl lef) U{i},korma0<i<k-—1,

» Sw,fg) ={01,..,n-k—1}.

CHauvana mokaxkeM, 4To f; ABISETCS MPaBHIBHON packpackoit. [lo-
CKOJIbKY f kP —TIPABUITbHAS PACKPACKA, TO JOCTATOMHO MOKA3aTh, HTO
{(p-k+Dmod(n -k)} &S, fx,) 0<i<k-1,1<p<n).

JlefiCTBUTENBHO, COIVIACHO OIIPENEICHUIO pacKpacku, S (vlp , ka) c
{p—-1D-kk(p—1D-k+1,...,p-k—1}. Ectu p<n, 10 (p-k+1)
mod (n-k)=p-k+iwurtak kak { = 0, nonyvaeM p-k+i>p-k—1,
oTkyna cienyet, uto {(p -k +i) mod (n-k)} ¢ S(vf,ka). Ecmu p = n,
0 (p-k+i)mod(n-k)=1i, u mockonbky 0<i<k<(p-—1)-k,
Takke umeeM, uto {(p - k + i) mod (n- k)} ¢ S(vip,ka).

Temneps mokaXkeM, YTO JAJIsI JIFOOBIX IBYX Pa3IMYHBIX BEPIIMH U,Z €
V(G) BeImonHsIeTCS

S, f¢) # S, f6)

Jlormuecku BO3MOKHBI CJICAYOIHUC MoaAcCIydau:

Cayuwaii 21u=w,z€ K. (1 <i<n).

He cinoxuo ybemurcs, uto |S(w, fg)| = n-k, a |S(z f;)| = k.
Iockonbky n = 2, muoxectBa S(u, fg) u S(z, fg) comepxaT pa3nudHOe
KOJIMYECTBO IIBETOB, CJIEJIOBATEIILHO, OHU HE COBIIAIAIOT.

Cayuaii 2.2 u=vip,z=vjq(0Si,jSk—1,1Squ<n,i¢

junmap # q).
CorylacHO ~ ompejielieHHI0  packpacku f;, wumeem S(u, fg) =

S(Uip»fx,f) Ufp-k+i3nS(zfe) = S(vf,f,(lg) uf{q-k+j}.
IMockoneky p -k + i # q -k + j, To muoxectsa S(u, f;) u S(z, f;)

MOTYT COBIIACTh TOJBKO B TOM Cllydae, eciii q "k +j € S (vlp f K,f)’ OJIHa-

KO M3 TOTO, YTO S(vlp,fK,f) c{p—-D-k(pp—-1-k+1,.,p-k—1}

Hq-k+j>p-k—1cne11yeT,qToq-k+j$5(Uip,f,<}f)-
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Pucynox 1. VDP-packpacka epagpa W (4, 3) ¢ ucnonvzoganuem 12 ysemos.

Caywaii 23u=v],z=v (0<i,j<k-11<p<n).

i

ITo onpenenenuto fz, S(u,fg;) =S (vlp,fK’z?) U{p-k+i} =un
Sz fc) = S(v]n,f,(lr(l) U {j}. To onpenenenuo lez; u fyn, S (vip'fK};) c
(p-1) -k@®-1)-k+1,.,p- k—1} u S(vj”,f,(,?) c{n-1)-k
m—1)-k+1,..,n-k—1}. TlockonsKky p < n, MHOXeCTBa S (vf’,fK’f)
u S(v]n, le?) HE [IEPECEKAIOTCSI, TO €CTh S (vip,lef) n S(vjn, fK;(z) =0.C
Jpyroil cTopoHsl, p -k + i # j, cienosarenabHo, MHOKecTBA S(U, fz) U
S(z, fz) MoryT coBmagarh TOJBKO B TOM Cilydae, Korjaa S (vf f K,f) =ju
S(vj”, fK:?) = {p - k + i}, 9T0 BO3MOXHO TONBKO Ipu kK = 2 un = 2. Ox-

HAKO 10 YCIIOBHIO pacCMAaTPUBAEMOTo ciiydasi n > 2 wia k > 2, cinenio-
BarensHo, S(u, fg) # S(z, fg).

Caywaii 24u=v',z=v' (0<i<j<k-1).

CornacHo onpe/eNeHU0, PacKpacky f;, IMeeM:

SCu, fo) = S(vP fip) U 3,5 fo) = S(v]' fip ) U G



I1.A. Ilempocan, T.K. Ilempocan 47

IMockoneky i # j, muoxkectBa S(u, f;) u S(z, fz) Moryt coBmnaaaTh

TOJILKO B TOM CIIy4ae, eciu j € S (vi", f K,';)- OnHaKo 3TO HEBO3MOXKHO, TaK
Kak S(vl-",fK]r(z) c{n—-1)-kk(n—-1)-k+1,..,n-k—1} B TO Bpems

Kak j < k < (n— 1) - k. CienoBarensHo, j & S(vi”, fK,?).

Packpacka f; ucnonsdyer ngera 0,1,..,n -k — 1, cienoBareiabHO
)(,’,d(W(k, n)) = )(’(W(k, n)) =n-k.

Teneps HaliIEM TOYHOE 3HAYECHHUE BEPIINHHO-PA3JIMYAIOLLIETO XpOMa-
tryeckoro uuzekca s rpada W' (k,n, 1) B uactHoMm ciryyae.

Teopema 2. [Ins moObIX HaTypalbHBIX 4ucen k,n,l, Takux 4To
2 <1< k-n,cnpaBeanuBo cieaymllee paBeHCTBO:

)({,d(W'(k, n, l)) =k-n+l

Joka3zareabcTBo. CriepBa MOKa)XeM, 4TO HE CYLIECTBYET BEPIINHHO-
pasnuyaromieii packpacku rpada W' (k,n, ), ucnons3syromeii MeHee yeM
k - n + [ useros. ITockosbky | > 2, neHTpaabHblii rpad K; cOmEpK UT KakK
MUHHMYM JIB€ BEPIIUHBI, KOKJasi U3 KOTOPBIX coenuHeHa ¢ k-n+[1—1
BepmimHaMu. [lo ompeneneHno BepIIMHHO-pazInyaronieid pedepHoi pac-
KpacKH, CIIEKTPbI ATUX BEPIINH HE JOJDKHBI COBIA/ATh, IOATOMY HEOOXO-
JIMMO KCII0JIb30BaTh HE MEeHEe K - n + | pa3IMYHbIX IIBETOB.

Hycts panm rpap G = W'(k,n,l), nna xoroporo V(G) = Vi, U
Vi UVyz U ..U Vi, trie V(K;) = {vy, V1, ---, Vj_1} — MHOXKECTBO BEPILIUH
rpada K;, a V(K,f) = {U(p-1)-k» U(p—1)-k+1s =+ » Up.k—1, } — MHOXKECTBO BEP-
IIMH P-0i Konuu moJHoro rpada K, 06o3Hauaemoi uepes K, ,f 1<p<n).

Jliist kaskoro motHoOTO Tpada K,f (1 < p < n) onpenenum MpaBUITb-
HYIO peOEpHYIO paCKpacky f kP CTIETYIONIIM 00pa3oM: JIst IPOU3BOJIBLHOTO
pebpa w;u; € E(G), tne 0 < i <j <n-k— 1, nonoxum:

fKE(uiu,-) =(i+j+3]lmodk+p-k+1—1)mod (n-k+ ).
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CornacHo oOmpeeNeHuI0 pacKkpacku f kP> A 000U BEPIIMHBI
w €VKY),tme(p — 1) k< i< p - k — 1, BRIIONHAIOTCSA CIEYHO-
IMe YCIOBUS:
» S(ui,fKI;g) c{l+p-k—11+p-k.,l+@+1) k-2,
kormal <p<n-1,
> S (ui,lef) c{l+n-k—101,..,k— 2}, xormap = n.
O6o3naunm M; = imod (n -k + 1) u omnpenenum pebepHylO pac-
Kpacky f; s rpada G cneayronmm o0pasoM: Uit Kaxaoro pedpa e € E(G)
i+j,eecme=vu(0<i<l-10<j<n-k-1),
fs(e) = Miijiniecmme =vv; (0<i<j<Il-1),
P <p<
fKE(e), ecim e € E(Kk) 1<p<n).
[To onpenenenuro f;, umMeeM
> S fe)=[0,n-k+1—1]\ {Myjsni}, korma0 <i<l—1,
> S fa) =S (. fip) UG + 1, j 41— 1}, xorma (p = 1) -
k<j<p-k—101<p<n).
[Tokaxxem, 9To JyIsl JIIOOBIX Pa3IMIHBIX BepIUH W, Z € V (G) BBINOII-
HSCTCS

Sw, fe) # S(z, fe).

PaccMoTtpum crenyromue Tpu ciyvast:

Cayuaii .w €K,z € K (1<p <n).
Herpyano mnposeputrb, utro |S(u,fg)l =n-k+1 -1, a
|S(z, fe)| = k + . Ilockonmbky n = 2 u k = 2, mHoxecTBa S(u, fg) U

S(z, fg) conepxkaT pa3nuyHOE KOJMYECTBO I[BETOB, CIEAOBATEIBHO, ATH
MHOECTBA HE COBNAAIOT.

Caywaii 2. w=v;,z=v;(0<i<j<I[-1).

CoryiacHO OTPEIEIICHHIIO PACKPACKH f;, UMEEM:
Sw,fe) =[0,n-k+1—1]\ {Mpi1ni},
Sz, fg)=[00n-k+1—-1]\ {M2j+n-k}-
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Mmuosxecta S(w, f;) u S(z, f;) coBmaaarT TOrAa U TOJLKO TOT/A,
Koraa My yp. = Myjyn.k, TO €CTb 20 = 2j (mod [n - k + 1]).

IMockombky 0 < j—i<l<n-k,umeem0< 2 -(j—i)<n-k+1,
OTKyJa cienyet, uro 2i # 2j (mod [n - k + 1]).

Pucynox 2. VDP-packpacka epagpa W'(2,3,2) ¢ ucnonvzosanuem 8 yeemoe.

Caywaii 3. w=y;,z=uw; (0<i<j<n-k-—1).
Ilycts w € K,f uze K,g npu 1 < p < g < n. CornacHo onpe-
JICIICHUIO PACKPACKH f;, IMEEM:

Sw, f;) = S(ui,lez;) U{,i+1,.,i+l—1u
S(z,f;) = s(uj,ng) UGj+1,.,j+1—1}

Bo3MmoxHBI crietyromme noaciayyau:

Caywaiidlw=u,z=w €K, 1<p<n(p-1)-k<i<j<
p-k—1).

CoryacHo OnpeIeNICHUIO pacKpacku f KD S (uj, f K}f) c{l+p-k-
Li+p-k ..,l+(p+1)-k—2} Iockombky i <l+p-k—1,T0 i €&
S (uf’fK,f)‘ C npyroii ctoponsl, Tak Kak i < j, T0 i € {j,j+ 1,...,j + 1 —

1}. OueBuaHO, YTO IBET [ COAEPXKHUTCA B MHOXecTBe S(W,f;), HO He
coepxutcs B S(z, f;), Clle1oBaTENbHO, 5TH MHOXKECTBA HE COBIIAIAIOT.
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Cayuvaii 3.2 W=ui,Z=quK,g(1Sp<q<n,(p—1)-k£
i<p-k—-1),(@-1)k<j<q-k-1).

CornacHo OMpeeNIeHNI0 pacKpacku f K% S (Z, f K,‘j) c{l+q- k-

LI+q K ..,l+(q+1) k= 2}. Hockomsky |$ (z,ng)| =k—1, 10
1o KpaitHeir mepe ojHO u3 aByx uncen (@ +1)-k+1—-3u(q+1) -k +
[ — 2 npuHaasiexuT MHOXKECTBY S (Z, f K,‘j)' Tak kak S (z, f K,‘j) c S(z, fe),
TO IO KpaHEH Mepe OJHO M3 ITHX YHCEN Takke mpuHamiexut S(z, fz).
Cornacuo onpenenennio fz, S(w, fg) € {i,i+1,...,i+1l—-1,l+p -k -1,
l+p -k ..,l+(@+1)-k—2} Ilockombky q>p u k=2, 10 |+
(q+1)-k—=3>1+(@p+1) k-2, a3vaunt Hu ogHO U3 umucen (q +
D:-k+1-3u(q+1)-k+1—2Hne npunagnexur MHOKeCTBY S (W, f¢).
Takum obpazom S(w, f;) # S(z, fz).

Cayuaii 33 w=y, €K, z=u €K (1<p<n(p-1)-k<
i<p-k—-1),(n—1)-k<j<n-k-1).

CornacHo omnpezaenenuto packpacku fg, S(w, fg) c {i,i+1,...,i +
-1} us(w,fK]f) no Sz f) Ui+, j+1-130S(z frp).
[Tockonbky S(Z, fK,?) c{l+n-k-101,..,k—2}u |S(z,le?) =k —

1, To, Mo KpaitHel Mepe, oaHO U3 AByX umcen 0 u n - k + | — 1 npunan-

JICKUT MHOXKECTBY S (Z, f K]?). OueBuIHO, UTO S (Z, f K,?) c S(z, fg), cne-
JIOBATEILHO, XOTS OBl OJHO U3 ATHX YHCEN TAaKKe MPUHAICKUT S(Z, f;).
Ecmun-k+1—1€S5(zf;), o SW,f;) # S(z, f;), nockonbky n - k +

Ipemrosoxum teneps, uton - k + 1 — 1 & S(z, f;). Torma S(z, f;) =
={01,..,k—2,j,j+1,.,j + 1 — 1}. Tlockomsky S (w,ng) c{l+p-
k—1,1l+q k, ...l +(q+1)-k— 2}, o paerctBo S(w, f;) = S(z, fz)
BO3MOYKHO TOJBKO B TOM ciydae ,ecimu i =0u {j,j+1,...,j+1—1} =
S(W'fk,’f) C{k+l—-1,k+1, .., 2k+1—2}. Tak kax |S(W,fK£)| =
k — 1, to monmyvaem, uto | = k-1 u j € {2k — 2,2k — 1}, uro
BO3MOXHO TOJIBKO B ciiy4ae, korgan = 2. Torna, coriacHO ONpeiesICHUI0
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packpacku f 2, umeem fuap_1Uzk_p) = 2k + 1 — 1. Tak kak 2k + [ —
1¢S(zf;), 0] € {2k — 2,2k — 1}.

Caywail 34w =u,z=w €K (k-(n—1)<i<j<n-k—-1).
CornacHo ompeaeneHuto packpacku fg, S(w, fg) ={i,i+1,...,i +
L—=13uSw, fyn) n S(zfe) =0, j+ 1., +1—1}US(z fgr), tne
S(Z,fKIZl) c{n-k+1-10,1,..,k—2}. Tlockomeky k—2<i<n-
k+1—1, 0 i & S(Z,fK;(%). bonee Toro, tak kak i <j, To [ € {j,j +
1,..,j +1—1}. Jlerko 3aMeTHTh, YTO IBET i NMPUHAJICKHUT MHOKECTBY

S(w, f¢), HO He uUpHHALICKUT MHOXKECTBY S(Z,f;), clemoBaTenbHO,

Sw, fg) # S(z f5).
3aKjIo4YeHue

B nanHOIl pabore ObUIM MONTY4YEHbI TOYHBIE 3HAYEHUS BEPILIUHHO-
Pa3INyaIoIIero XpOMaTHYECKOTO HHEK A Ul OJJHOTO Kiiacca rpados.
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ON VERTEX DISTINGUISHING PROPER EDGE COLORINGS
OF A CLASS OF GRAPHS

P. Petrosyan'~, T. Petrosyan’

Yerevan State University’
Russian-Armenian (Slavonic) University’

ABSTRACT

A proper edge coloring of a graph G is a mapping f: E(G) — Zs, such that
f(e) # f(e') for every pair of adjacent edges e, e’ € E(G). A proper edge coloring
f of a graph G is called vertex distinguishing if for any two distinct vertices u,v €
V(G), S, f) # S(v,f), where S(v,f) = {f(e)|e = vw € E(G)}. The
minimum number of colors required for a vertex distinguishing proper coloring of a
graph G is denoted by y,,(G) and called vertex distinguishing chromatic index of G.
In this work we provide an upper bound on the vertex distinguishing chromatic index
of windmill graphs and some generalized windmill graphs.

Keywords: edge-coloring, vertex distinguishing edge-coloring, vertex
distinguishing chromatic index, windmill graphs, generalized windmill graphs.
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BO3MOXHOCTBH UCITOJIB3OABAHUA
HNHBEPTOPOB HAITPAKEHHUSA B COJTHEUYHBIX
IJEKTPOCTAHIUAX ITO KPUTEPUIO
NCKAKEHUSA @OPMbI HAIIPA)KEHUA
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AHHOTANMUA

[TapameTpsl aeKTpHUUECKOH SHEPIUN, TCHEPUPOBAHHON COTHEUHBIMU
MaHEeIIMU, U TapaMeTPhl AIEKTPOIHEPTUH, TOTPEOIISIEMO CEThI0, MPUH-
IIUITHAAIEHO HE COBMECTHMBI IO POy TOKA, OTKIIOHEHHUIO (POPMBI HAIpsI-
XKEHHUS OT CHHYCOMIAIbHOW, BEJIMYMHE W OTKIOHEHHIO HAlPSDKCHHS.
CornacoBaHue IapaMeTpOB FeHePalui NEKTPUUECKON SHEPTUHU COTHEY-
HBIMH TAHEISAMHU U TIapaMETPOB IOTPEOICHUS AIIEKTPOIHEPTUH CETHIO
JIOJDKHO BBIMTOJHATHCS MHBEPTOPOM. DTO SBISETCS BAXHON (YHKIMEH
UHBEPTOpA U OIpeseNnseT BEIOOp ero Tuma. B HacTodmiee BpeMs Ha CoOI-
HEYHBIX 3JICKTPOCTAHIHUAX MPEANOYTECHUE OTAACTCSA MHBEPTOPAM HaIlpsi-
JKEHUS, a HE UHBEPTOPaM TOKA, YTO HEA0CTaTOUHO 000CHOBaHO. C LieNbIo
000CHOBaHMS BBIOOpA THIIA WHBEPTOPAa HA OCHOBAHUH pPa3pabOTaHHOU
IPOrpaMMBI TIOCPEACTBOM CHEKTPAIbHOTO aHaIH3a HCCIenytoTes (op-
MBI TEHEPUPOBAHHOT'O HANPSIKEHUS, X UCKAKCHUSI OTHOCUTEIIBHO CHHY-
COUJAJIBHOM, ¥ YaCTOTHBIE CIIEKTPbI CPAaBHUTEIBHO AJIS MHBEPTOPA Ha-
MPsDKEHNS ¥ KHBEPTOPA TOKA.

KiroueBble c10Ba: MHBEPTOPbl HANpPsDKEHMS, TOKA, YaCTOTHBIH
CIIEKTD.

B Hacrosiiiee Bpemst COJHEUHbIE IEKTPOCTAHIIMU MTOIYYHIH IHPO-
KO€ pacipocTpaHeHHe BO BCEM MUpE, B TOM uncie 1 B Apmenuu. Hanbonee
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pacrpocTpaHeHbl (OTOIIEKTpUUECKUEe (MM BOJIBTAWYECKHUE) COJHEUHBIC
AJIEKTPOCTAHLIMU HETMOCPEICTBEHHOTO MPeoOpa30BaHMs COJHEYHOH >HEp-
T'MU B JJIEKTPUYECKYI0. Y CTAHOBJICHHAS! MOIHOCTh COOPY’KAE€MBIX COJIHEY-
HBIX 3JIEKTPOCTAHIUI U BbhIpabaTbiBaeMasi UMH 3JIEKTPOIHEPI sl SKCIIOHEH-
nuanbHo yBenuuuBaroTcs [1]. [lomaBstroniee GOJBIIMHCTBO COTHEYHBIX
JIEKTPOCTAHLUI PabOTaeT B peKUME MapajliebHON paboThl C CETHIO, OT-
JlaBasi BCIO BbIPAOOTaHHYIO 3JIEKTPOIHEPIHIO B MIPOMBILIUIEHHYIO 3JIEKTPU-
YECKYHO CETb.

ConHeuHble MaHeNn MPeoOpa3yroT SHEPTUI0 COTHEUHOIO U3ITyUeHHUS
B JJICKTPUYECKYIO SHEPTUIO IIOCTOSHHOIO TOKA. Bemynna HanpsKeHus Ha
BBIXO/IC MaHeNell 3aBUCUT OT MHTEHCHUBHOCTH COJHEYHOI'O OOJyueHHs ma-
HEJIEH U, B 3aBUCHUMOCTHU OT IIPUPOJHBIX YCIOBHM, U3MEHSETCS OT HYJIS J10
HOMMHAJILHOW. DTO HEpEryJsipHOE HAINpPSKEHHE MMOCTOSHHOIO TOKA C BbI-
X0/Jl1a aHeJel MOCPeICTBOM MHBEPTOpa Mpeodpa3yeTcs B IepeMEeHHOE Ha-
NPsKEHNE CUHYCOMJAIbHOM (DOPMBI C HAIIPSDKEHUEM U YacTOTOM ceTH. BoI-
XOJ] UHBEPTOPA COEUHEH C DIIEKTPUYECKOU CceThl0. [ eHepupoBanHas coi-
HEYHBIMU MAHESIMU JIEKTPUUECKasi MOIIHOCTh MEpeAacTcs B AIEKTpUYeC-
KYIO CETb.

[TapaMeTpsl reHEpUPOBAHHON IIEKTPUYECKON SIHEPTUU COJIHEUHBIMU
MAHEJSIMA M MapaMeTpbl JIEKTPOIHEPTHH B CETHU — TaKHe, KaK poJ TOKa,
HanpspKeHne (BeJIMYMHA W OTKIOHEHHE HampspKeHus), opma KpUBOH Ha-
MPSKEHUS, 4aCTOTa, XapaKTEPUCTUKH PETYJIMPOBAHMS, IPUHLIUIIHAIIBHO HE
COBMECTHUMBHI [2].

CornacoBaHue napaMeTpoB JIEKTPOIHEPIUU, FTEHEPUPOBAHHOM COJI-
HEYHBIMU MAHEISIMHU, U NIaPAMETPOB IEKTPOIHEPTUU B CETH JOJIKHO BbI-
MOJIHATHCS UHBEPTOPOM. DTO SIBIISETCS BaKHOU (DYyHKIIMEH HHBEPTOPA.

Ilocmanoeka 3a0auu u o6ocnosanue MemoouKu

B HaCTOAIIEC BPEMA B COJTHCUHBIX DJICKTPOCTAHIUAX MPEAITIOUYTEHUC OT-
JacTCA MHBEPTOPaAM HAIIPSIKCHUA. 3arem HCCIIEAYETCA CXEMa UHBEPTOpA Hall-
PAKEHUA IO YCJIOBUIO COBMECTHMMOCTHU YKAa3aHHBIX ITApaMETpPOB C LECIIbIO
000CHOBaHHS U BH60pa TUIIa KHBECPTOPOB JIA (bOTOSJIeKTpI/I‘{eCKI/IX COJIHCY-
HBIX 3HeKTpOCTaHHHﬁ.
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Hneepmop nanpasicenusn

WHBepTop HampsikeHUs! NMpeAcTaBisieT co00i KoMMyTarop (mepek-
JFOYATEIh TOJSIPHOCTH) B LU TOCTOSIHHOTO TOKA, KOTOPBIH Mpeodpasyer
OJIHOTOJISIPHOE HANPSKEHUE MOCTOSHHOTO TOKA B IIEPEMEHHOE Harpsike-
HUE TiepeMeHHoro ToKa [3, 4], (Puc. 1, 2, 3). KommyTtatop BbIoTHIETCS Ha
MOJIyIPOBOIHUKOBBIX KIIFOUaX — THPUCTOPAX UM Ha OUITOJISIPHBIX TPaH3HUC-
TOpax ¢ M30JIMPOBAHHBIM 3aTBOpoM Insulated gate bipolar transistor (Tak
Ha3bIBaeMbIX TpaH3uctopax /GBT). IHBepTOp HANpPSKEHUS SIBISETCS MC-
TOYHUKOM HaIIpSDKEHUS C MajlbIM BHYTPEHHHUM COIIpOTHBIEHHEM. Cxema
0JHO()a3HOTO WHBEPTOpA HAIMPSDKEHHS, BBIMOJHEHHOTO HAa THUPHCTOpAx,
npuBesieHa Ha Puc.1, nuarpaMMa HanpsbkeHus M Toka — Ha Puc. 2.

—4— __T_ _______ ~—— ___“l
T I C1 ngm Vst o e 'ZSVDZ
| o5 4L /S_ T T
pud ¥ = 4> __)_____)J'
| VD2
l I R1 zg: /SZ\,S3 L /3sz4 A o4

Puc.2. Juacpamma moxa u nanpsidicenus u moxa.

WNHBepTOp COCTOUT U3 IBYX Iap KOMMYTallMOHHBIX TUPUCTOPOB VS1,
VS4 u VS2, VS3, nByx map obpatusix nuoaos VD1, VD4 u VD2, VD3,
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PE30HAHCHOI'O KOHTYPA UCKYCCTBEHHON KOMMYTAIMH, COCTOSIIETO U3 KOH-
nescaropa Cl, ungykrtusHoctu L1 u perynupoBounoro pesucrtopa R1; un-
BEPTOpP COENMHEH ¢ Harpy3koil R—-L mepemenHoro Toka (B obuiem ciydae
aKTHBHO-MHIYKTUBHOW Harpy3kou cern). OOpatubie auoasl VD1, VD2,
VD3, VD4 co3parot uenb Mg NpOTEKaHUs OTCTAIOMIEH OT HANpPsSHKEHUS
YaCTH aKTUBHO-MHAYKTHBHOI'O TOKa Harpys3ku (Ha Puc. 2 3Ta yacTh TOka
3alITPUXOBAaHA, MyTh MPOTEKAHUS TOKA YKa3aH MYHKTUPHOU JTMHHEH).

[Tpuniun paboThl HHBEPTOPA HANPSHKEHMS M3J10KeH B [3, 4]. Hampsi-
KEHHE Ha BBIXOJIE MHBEpPTOpa HMMEeT NpAMOyroibHyi ¢opmy (Puc.
2), aMIUIMTYJ1a BBIXOJHOTO HANPSDKEHUS HE 3aBUCUT OT BEJIMYMHBI U (a3bl
Harpy3ku. BenndnHa nepeMeHHOro Toka U ero opma onpenensioTcs Be-
JMYUHOM M XapakTepoM Harpys3ku (aKTUBHAs, MHIYKTUBHAs, EMKOCTHasl) B
LIENU [IEPEMEHHOT0 TOKa.

Oco0eHHOCThIO HHBEPTOpA HANPSKEHUS, BHITOJHEHHOTO Ha TUPUC-
TOpax, sIBJISIETCSI HEOOXOAMMOCTh MIPUHYAUTEIBLHOTO 3aIUPAHNS KOMMYTa-
LIMOHHBIX TUPUCTOPOB MPEAbIAYIIEH MOJSIPHOCTH IIPH MEPEX0/I€ BHIXOIHO-
IO HANPSKEHUS C OJTHOM MOJIIPHOCTH HA MPOTHBOINOJIOKHY0. DTO BBINOJ-
HSIETCS TIOCPEICTBOM KOHTYPA UCKYCCTBEHHOW KOMMYTAIlUU TUPUCTOPOB.

WHuBepTOop HANpspKEHUS MOXKET ObITh BBINOJIHEH Ha OUMOJSIPHBIX
TPaH3UCTOPaXxX C U30JIMPOBAHHBIM 3aTBOPOM — TaK HAa3bIBAEMbIX TPAH3HCTO-
pax IGBT (Insulate gate bipolar transistor). JJocTOMHCTBAMHU TPAH3UCTO-
poB /GBT OTHOCUTENBHO TUPUCTOPOB SIBIIFOTCS: YIPABICHUE HAIIPSKEHU-
€M, a He TOKOM, BO3MOXKHOCTb 3allMpaHusl IeNH M0/l TOKOM MOCPEACTBOM
CHATUS CUTHaJa yIpaBJ€HUS, Mallble MOTEPH, BBICOKAS TEPMOYCTOWYH-
BOCTh. B Hacrosimiee Bpemsi co3aaHbl TpaH3ucTopbl /GBT HanpshkeHHeM
HECKOJIBKO KMJIOBOJIBT U TOKOM HECKOJIBKO KHJIOAMIIED.

jo
VD2
] X
+ ud ::C L
l N VD4
&

Puc.3. Cxema unsepmopa nanpssicenus na mpau3ucmopax.
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Pe3yabTaThl HCC/1e10BAHNS
Dopma nanpadxceHus Ha bIX00e UHBEPMOPA

OaHUM U3 OCHOBHBIX MapaMEeTPOB 3JIEKTPOIHEPTUU B SHEPTOCUCTEME
sBisieTcst popma HanpspkeHus1. Dopma HanpsoKeHUsT OlieHuBaeTcst Ko du-
LIMEHTOM UCKaXXEHHsI OTHOCUTENIBHO CUHYcoUaanbHoN Gpopmbl. Koaddumu-
€HT UCKaXCHUS HapsDKEHUs Ha IMHax notpedurens Hopmupyercs: [OCTom
[2] Ha ypoBHE 8%. BrixogHOE HanpsKEHHE NHBEPTOPOB HAIPSKEHUs, KakK
ObUIO NOKA3aHO BBINIE, 3aMETHO OTKJIOHSETCS OT CHHYCOHJbI COIJIACHO
MIPUHIIMITY pa0OThl HHBEPTOPA: HANPSHKEHUE MHBEPTOPA HATIPSDKEHUS UMe-
eT npsimoyrosibHyI0 hopmy (Puc. 2). [Ipruem yka3anHbie GOpPMBI HAPsIKE-
HUW HE 3aBUCSAT OT BEJIMUMH HAIPSHKEHUN U HATPY3KH.

OtkioHeHre GOopMBbl HAPSKEHUSI OT CUHYCOMJIaTbHON HAHOCUT 3Ha-
YUTEIHHBIA KAaUECTBEHHBIN M SKOHOMUYECKHUH yIiepo.

Koadpduiuent nckaxenuss GopmMbl KpUBONH HANPSDKEHUS aHATUTH-
YECKHU OMpeeNsieTcs MOCPEACTBOM pa3ioKeHUs! (PyHKIUU BBIXOJHOTO Ha-
NpsiKeHUs: ”HBEpTOopa B psig Pypbe U MOCAEAYIOMINX BIUUCICHUHN CIIETYTO-
MM 00pa3om.

OYHKIMA BBIXOTHOTO HAMPSKEHUSI THBEPTOPA MPECTABISETCS B BU-
JIe pasyioxeHus B psag Dypbe:

Ut=fx=a02+n=1ancos nx+ bn sin nx=a02 +n=1An (1)
n=1,3,5...,

rzie 71 — KO3 QUIUESHTHI Pa3I0KEHHUS TOCTOSHHOW COCTABIISIOIICH:
a0=1-nf(x)dx=0; 2)

B pacCMaTpUBaeMoOM citydae ao = 0,
COS-HBIX COCTaBJISIOLINX:

an=1-nf(x)cos nx dx 3)
(n=1,3,5...);
SIN-HBIX COCTaBJISIOIIUX:
bn=1-nf(x)sin nx dx (4)

(n=1,3,5...);
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KOA(PUITUEHTHI (AMILTUTYIbI) YACTOTHBIX COCTABJISIFOIIMX:
An=ancos nx+bnsin nx; ®))
K03 puIMeHT nckaxenus GopMbl KPUBOK HAMIPSKEHUS:
Kf=A3+A5+A7+--A1 100%. (6).

Koadduuuent uckaxxeHust GopmMbl KpUBOW HAINPSHKEHHS TPEACTaB-
JsieT cOO0M OTHOIIEHUE CPEHEKBAIPATUYECKON CyMMBI BCEX BBICIIMX rap-
MOHMYECKHMX COCTaBJISAIOLIMX HAIPSKEHUS K OCHOBHOM COCTABJIAIOIICH Ha-
MIPSDKEHUS], UMEIOIIEeH CHHYCOMAATBbHYI0 (hOpMY 1 OCHOBHYIO "actoty 50 [y.

Bericiiye rapMoHndeckue HanpsKEeHUs MPEICTaBISIOT COO0M MoMexXu
B OTHOILIEHUHU F'€HEPaLlMi OCHOBHOT'O HANPSKEHUS! CUHYCOUJAIbHOMN (op-
MBI 4acTOThI 50, T.€. IBISAIOTCS Napa3suTHBIMHU.

VYkazaHHbIe (DYHKLMU BBIXOJHOTO HANpsDKEHUs MHBEPTOpPA pasiara-
1otcs B pan Oypoe mo (1...6) 1o 25-i rapMOHUYECKOM COCTABIISIONIEH COT-
JacHO pa3paboTaHHOH mporpaMMme. Pe3ynbTaThl IpeacTaBICHbI HUXKE.

Ha puc. 4 nmpuBeneHsl pe3yabTaThl pa3nokeHust GyHKIUN (a30BOro
HanpsbkeHus f1 TpexdazHoro nHBepTOpa HaNpsHKEHUS (MO0 OAHO(pA3HOTO
MHBepTOpa HanpsokeHus), f1 (puc.4 a) peKOHCTPYKIIMM HANPSKEHUs C MC-
M0JIb30BaHUEM TapMOHUK JI0 25-i1 BKJIIOUUTENBHO (puc.4 0) U YaCTOTHBIH
cnektp (puc. 4 B). B uncnennoit Tabn. (Puc. 4 6, B) yacTOTHOTO criekTpa
yKa3aHbl aMILIUTY/1bl FADMOHUK 1O (4); B HIKHEH CTpOKE yKa3aHa BeJIHYH-
Ha ko3 urmenTa uckaxxenus mo (5).

Ha puc. 5 npuBeneHs! pe3ynbTaThbl pa3iiokeHus (PyHKIIMU JTHHEHHO-
ro HarnpspkeHus f4 ¢ ykopoueHHOH JuTesbHOCThIO uMityiibea 4 (Puc. 5 6,
a) Tpex(a3zHOro UHBEPTOpA HANPSIKEHUS, PEKOHCTPYKIIMU HAIPSDKEHUS C©
UCIIOJIb30BaHUEM rapMOHUK A0 25-i1 (Puc. 5 6, B) U 4acTOTHBIN CHEKTP
(Puc. 5 6, B). Ilpu nanHo# popme HanpsKEHUS B YACTOTHOM CIIEKTPE OT-
CYTCTBYIOT TapMOHMKH, KPATHBIE TPEM.

Ha ocHOBaHMH BBIIIEU3T0KEHHOTO BBINOJIHAETCA aHAINU3 (OPMBbI
HaNpsKEHUs, PACCUUTHIBAIOTCS YACTOTHBIE CIIEKTPhI, YPOBEHb UCKAKEHUS
HaNpsOKEHUH HMHBEPTOPOB HAIPSDKEHUS M MHBEPTOPOB TOKA COJIHEYHBIX
AJEKTPOCTAHLIUH.
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W Phase imverior IU Phase invertor U (rovoastrction Furicr Series)

' ! . } | pr— |‘p~,‘ H
3 . " * ¢ ' 4 04

o w Wiy 0 ol
4% . s H : } | £% - . . . :

4 ! 1 " L..J u

Uiy 4

13 4
] | ] & L] w n L] 1] 2 4 L 3 o 1”2 4
Specter phase invertor 1U
An 14 —r—1—T1 p . -
12F
1.—
08+
06+
04+
02+ I T
; | | | Ll
1 3 T 11 13 15 17 19 21 23 25
B)
Coafficils Funar Series for | Phass mveror 1U
1 ) § ! L " 4] ] L " n n il
o 0 0 0 0 0 0 0 0 0 0 0 0 0

EA 12732 04244 02546 01819 01415 01157 0.0679 00849 0.0749 00670 00606 00554 0.0509
A 12732 04244 02546 01818 01415 0.1157 00979 00849 00749 00670 00606 00554 00509
ook 0 ] 0 0 ] 0 0 0 (] 0 0 0 463118

Puc.4. @azoeoe nanpsoicenue uHGepMOPa HANPANCEHUSL.
a) ynxyus, 6) pekoHcmpyKyusl, 8) HacmMoOmMHbLIL CNEKmp.
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Unie 25 Liner voltiage Invertor 4U
h | I (} I Liner voltiage Invertor 4U (reconstruction Furies Series)
s ) 2.3 .
1.5
| S
05
LU O by Ly
05 =
-l
«1.5 -
-5
] 1 2 3 4 5 6 7
8 Specter liner voltiage Invertor 4U
1'8. ‘ . + + * + . . + ’ -«
16 F ! | ! i ! ! ! | ! ! ! —d
1'4> 4 $ ‘ ‘ + ‘ 4 4 “
12} 1
1 4
08. + : + + + + + : + + + + P
06+ 4
04 b 1
02+ ! | | d ! 4 ! ! ! d 4 —
N RN NENTEE
1 3 65 7 9 11 13 16 17 19 21 23 25
B)
Coeficiets Furier Series for | Liner voiage Invencr 4U
1 ) H ! ' " (M) * 7w " n n »
" 0 0 0 0 0 0 0 0 0 0 0 0 0
bA 1.9099 0 03820 02728 0 01736 0.1469 0 0.1123 0.1005 0 0.0830 00764
A 1.9099 0 03820 02728 0 0.1736 0.1469 0 0.1123 0.1005 0 0.0830 0.0764
Coot 0 0 0 0 0 0 0 0 0 0 0 0 29.0363

Puc.5. Jluneiinoe nanpsocenue unsepmopa:

a — Qynxyus, 6 — peKoOHCMpPYKYusl, 8 — YACMOMHbIU CHEKMP.
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Ha ocHOBaHMU W3JI0KEHHBIX BBIIIE PE3yJIbTaTOB MCCIECIOBAHUN B
TabJuIIe IPUBEICHBI TapaMEeTPbl HHBEPTOPA HAIPSKEHUS 110 K03 uiineH-
TaM MCKaXCHHSI BBIXOJHOTO HampsbkeHus Puc. 4-5, dopmyna (7).

Tabauya 1.
Bug BBIXOIHOE Koadduuunent ncka- | CHuxeHue
epropa anpsHKCHUE JKeHust HOopMbI Ha- KIIJ1
WHBEPT HAIIDSOKEHH
PP P npsokenus Kf, % A, %
H -
HBCPTOP ¢azoBoe Hanps 4631 oy
HaIpsOKEHUsT | )KCHUE
JUHEWHOE Ham- 2003 2003
psKEHUE

Beicive rapMOHMYECKHE COCTAaBIISIFOIINE HAIIPSHKEHUS TAK)Ke IeHe-
PUPYIOTCSI COJIHEYHBIMU MTAHEJIIMM, HA UX T€HEPALUIO 3aTPaYuBaECTCs COJI-
HEYHasi PHEPIUsl, BBIIEISIOTCS TEIUIOBbIE MOTEPH, PACCUUTHIBAETCS yCTa-
HOBJICHHAsE MOIIHOCTb O0OpYAOBaHHUA. DJIEKTpUYECKasi SHEPIUs BBICIIHUX
TapMOHUK HaNpsHKEHUS SIBISIETCA Mapa3suTHOM, 10 3TOM MPUYMHE OHA I0-
nasisiercst GuiIbTpaMu. DIIEKTpUUecKasi SHEPTUS BHICIIMX FAPMOHUK B CETh
HE MOCTYTaeT U He UCI0JIb3yeTcs. ICXOqHYI0 MCKaKeHHOCTh ()OpMBbI IeHe-
PUPOBAHHOI'O HAIIPSKEHUSI OTHOCUTEIIBHO CUHYCOMJIAIbHOM CIIEYET pacc-
MaTpuBaTh Kak (akrop cHkeHus KIIJ| nHBepTOpa M COTHEYHOM HIEKT-
pocranuuu. KonmndyecrsenHo ykazanHoe cHuxkenue KIIJ[ paBHo

An = Kf ucx / Kf oon, (7)

rae Kf ucx — ucxoanbiii KOAGGUIUEHT UCKAXKEHUsI HANPSKEHUS] OTHOCH-
TEJILHO CHHYCOUJAIBHOM Ha BBIX0J1e MHBepTOpa (6) (Tadmn.1);

Kf oon — nonmyctumslii k03(pPUIMEHT UCKaKEHUS HAMIPSDKEHUS Ha BBIXOJIE
¢bunbTpa (8%).

Cumwxenue KII/[ nmpeoOpa3oBHHMS NPOMOPLHUOHATIBHO HMCKAKEHHS
HaIpsHKEHNS OTHOCUTENIBHO CUHYCOMIaIbHOM Ha BbIxoJie uHBepTopa (7).
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BuiBOaBI

1. ®@opMa BBIXOHOTO HANPSKEHUSI MHBEPTOPOB HAIIPSKEHUSI UMEET
3HAYUTENIbHbIE UCKA)KEHUS U BBICOKUN YpOBEHb HU3KOYACTOTHBIX I'apMoO-
HUYECKUX COCTABJIAIOIIUX MOTEPh. DTO OOCTOSTEIHCTBO TPEOYET YCTaHOB-
KU CIIEUAIbHBIX BHICOKOYACTOTHBIX (PUIIBTPOB.

2. VHBepTOpHI HANpsOKEHHUsI 00Iaaf0T MPOCTOM CXEMOM, MKECTKOH
O/IHO3HAYHOM CBS3bI0 ICUCTBYIOIINX HAIPSHKEHUI Ha BXOJIE U BBIXOJIE, UTO
oOecrieyrBaeT O OJBIIYI0 YCTOWYMBOCTD U BO3MOXKHOCTh MOJYJISLIUUA OT-
HOCHUTEJIbHO MHBIX TUIIOB HHBEPTOPOB.

3. IlepeMeHHOE HaIpsKEHHE, CO34ABAEMOE Ha BBIXOJE MHBEPTOPOB
HaNpsOKCHUS, IMEET 3HAUNTENIbHbIE UCKaKEHUS! ()OPMBI OTHOCUTEIBHO CH-
HyconanbHoi. [Tokazano, uto B TpexdazHoi cxeme k0d(pPuuneHT ucka-
KEHHsI IEPEMEHHOT0 0/IHO(a3HOTO HaNpsbKeHs cocTtasisieT 46,31%, a au-
HelHoro HanpskeHus 29,03%.

4. Yka3zaHHbIC MCKAXEHUS HANPSKCHUS] NPUBOASIT TaKKe K YMEHb-
menuto KII/ npeobpazoBanus Hanpspkerus u KI1J[ anekrpocTanium — Ha
Ty K€ BEJIMUUHY.

5. Yka3aHHbIC BEJIMYMHBI UCKAKEHUU JOCTATOYHO BEJIMKH, IIPEBBI-
matoT gonyctumbie CtaHgaptoM TpeOOBaHMs, W BBI3BIBAIOT HEOOXOU-
MOCTh IPHHSTHS MEP TI0 YIYUIICHUIO (POPMBI BBIXOTHOTO HATIPSKCHUS MH-
BepTopa 10 TpeboBanmii Ctanaapra. [Ipu 3ToM B TOH K€ CTETIEHH MOXKET
ob1Th noBbIeH KIIJ] mHBepTOpa M 351€KTpOCTaHIIUY.

6. Mcnonp30BHME B CXEME MHBEPTOPOB 3alIMPAEMBbIX TPAH3UCTOPOB
IGBT (BMecTO TUPUCTOPOB) YMEHBIIIAET MaTepUano3aTpaTHOCTh HHBEPTO-
POB HaNPSHKEHUS U PEKOMEHAYETCS JIJIs1 UCIIOJIb30BaHUSI.

7. V3noxxeHHasi KOMOMHAIIMS TaPaMETPOB MHBEPTOPOB HANIPSIKEHUS
ABJISIETCS IIPEAIIOYTUTEIILHOM ISl UCIIOIb30BAHMS B COJIHEYHBIX JIEKTPOC-
TaHIUSAX OTHOCUTEIBHO UHBEPTOPOB APYTUX TUIIOB.
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STUDY OF VOLTAGE INVERTERS BY MEASURING THE VOLTAGE
CURVE OF SOLAR POWER PLANTS

L. Harutyunyan
National Polytechnic University of Armenia
ABSTRACT

The parameters of electrical energy generated by solar panels and the parameters
of electricity consumed by the network are fundamentally incompatible in terms of the
type of current, the deviation of the voltage form from a sinusoidal, the magnitude and
deviation of the voltage. Coordination of the parameters of electricity generation by
solar panels and the parameters of electricity consumption by the network must be
carried out by the inverter. This is an important function of the inverter and determines
the choice of its type. Currently, in solar power plants, preference is given to voltage
inverters, rather than current inverters, which is not sufficiently justified. In order to
justify the choice of the type of inverter based on the developed program, by means of
spectral analysis, the forms of the generated voltage, their distortion relative to the
sinusoidal and the frequency spectra are studied comparatively for the voltage inverter
and the current inverter.

Keywords: voltage and current inverters, frequency spectrum.
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ACCURACY IMPROVEMENT TECHNIQUE
FOR ON-CHIP CURRENT SOURCES
WITH NO EXTERNAL COMPONENTS

V. Sahakyan

National Academy of Sciences of Armenia
Institute of Radiophysics and Electronics
vahans@synopsys.com

ABSTRACT

A new design technique for accuracy improvement of on-chip
reference current sources is proposed in this paper. A mathematical
model has been developed describing the operation of the proposed
technique. Based on the obtained equations the variation of the reference
current resulted by the operating conditions’ changes and process
deviations should reach to 5%. The proposed technique has been
implemented in the design of on-chip reference current source circuit in
l4nm FinFet technology. Spice simulations performed for the developed
circuit shown less than + 7% variation of the reference current in the
-40..125°C temperature range considering the process variations in +3
sigma range. Circuit keeps that accuracy for the supply voltage drop up
to 0.66V.

Keywords: on-chip current source, current generators, reference
current sources, aging.

Introduction

In modern electronic systems, the demand for accurate and stable
current sources has become increasingly critical, particularly in applications
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such as sensor interfacing, analog signal processing, and precision
measurement systems [1],[2]. High precision current sources are essential
components that provide a constant current output with minimal variation,
ensuring reliable performance in sensitive electronic circuits. One of the
technical specifications to modern complementary metal-oxide-
semiconductor (CMOS) ICs is to ensure high stability of the main
parameters, regardless of ambient temperature, supply voltage, and
technology deviations [3],[4]. Main parameters of the elements in relation
to the typical characteristics may deviate from values reaching tens of
percent to multiple [5]. These current sources are designed to maintain a
consistent output despite fluctuations in load resistance or supply voltage,
thereby enhancing the overall accuracy of the system. High precision
current sources are characterized by their low noise, high stability, and
excellent temperature coefficients, making them suitable for applications in
instrumentation, telecommunications, and industrial automation. With the
advent of portable devices, the energy consumption and requirements for
the IC surface have also tightened, limiting the use of circuits with a large
surface area and high energy consumption [2],[3]. The design of high
precision current sources can be achieved through various methods,
including the use of operational amplifiers, transistor-based configurations,
and integrated circuit solutions. Each approach offers unique advantages
and challenges, depending on the specific requirements of the application
[5],[6]. The availability of precision voltage source doesn’t ensure the
design of stable current sources. Since the combination of resistance and a
reference voltage source in the MOS structure depends on resistance
variation [6],[7]. As technology advances, the integration of high precision
current sources into compact and efficient designs continues to evolve,
enabling new possibilities in the fields of electronics and instrumentation.
This introduction sets the stage for a deeper exploration of the principles,
designs, and applications of high precision current sources, highlighting
their significance in achieving high-performance electronic systems. In the
realm of electronic circuit design, achieving high precision in current
sourcing remains a significant challenge. Many applications, such as
precision measurement systems, sensor interfaces, and analog signal
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processing, require current sources that can deliver stable and accurate
output currents under varying conditions. However, several factors
contribute to the difficulties in designing high precision current sources:

1. Load Variability: Fluctuations in load resistance can lead to
significant deviations in output current, affecting the accuracy of
measurements and the performance of connected devices.

2. Supply Voltage Fluctuations: Variations in supply voltage can
introduce errors in current output, necessitating robust designs
that can maintain stability across a range of operating conditions.

3. Temperature Sensitivity: Many electronic components exhibit
temperature-dependent characteristics, which can lead to drift in
output current as environmental conditions change.

4. Noise and Interference: External electromagnetic interference
and inherent noise in electronic components can compromise the
precision of current sources, particularly in sensitive applications.

5. Integration Challenges: As the trend toward miniaturization
continues, integrating high precision current sources into
compact designs without sacrificing performance poses
additional engineering challenges.

Addressing these issues is critical for the development of reliable high
precision current sources that meet the stringent requirements of modern
electronic systems. This problem statement underscores the need for
innovative design approaches and technologies that can enhance the
accuracy, stability, and overall performance of current sources in various
applications.

Architecture and Operation Principle

The block diagram of the current source consists of the following
blocks: Start-up circuit, voltage generator which generates voltage with
positive temperature coefficient and reference current generator (Fig. 1).
The start-up circuit is responsible for initializing the current source upon
power-up. It ensures that the system transitions from a non-operational state
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to a fully functional state in a controlled manner. The voltage generator is
designed to produce a voltage output with a positive temperature coefficient
(PTC). This characteristic is crucial for compensating for temperature
variations that can affect the performance of the current source. As the
temperature increases, the output voltage from this generator will also
increase, which helps to counteract the effects of temperature-induced drift
in the reference current.

It is known that the current flowing through a N-MOS transistor in a
linear mode is determined by the:

Ig = B[(Vss = Ven)Vas — 0.5V4s?]

where

WL n-=ox
,;=</ti

current flowing through a N-MOS transistor in a saturation mode is
determined by the:

1 2
Iy = Eﬂ[(Vgs - Vth) ]

Hence, it is obvious that if the transistor dimensions are large, then
changes in the remaining parameters under the above influences can be
ignored. If the temperature is constant, mobility is a fixed parameter.

Start-up Vb voltage with positive temperature coefficent Reference current generator

| JT . j_E L lm

> vdd

Fig. 1. The block diagram of a high-precision DC current source.
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In cases of all possible processes, the thickness of the oxide layer ¢,
varies approximately within +4.5..5 %. If assume the temperature is stable,
then the change in B will be approximately within 5%. Imagine that the
currents flowing through that two N-MOS transistors are the same.

Igy = Igz
1 2
B[(Vgsl - Vth)Vdsl - O-SVdslz] = Eﬁ[(vgsz - Vth) ]

Imagine that Vg1 = Viso.

I; + 0.58V,>

V.—-V.,)=
( gs th) ﬁVds
2
1 (I +0.58V;>
1, = L piffat90>hVas) |
2 .BVds
2V 4
Idz + ﬁVdSZId(l - 2[1) + ﬁ 4d$ = O
where
m
n= w,
W _
Ifn= o 1, then
i Z.B)Vds2
d 2
g = (W /L) pn€ox
tOX
W T _1.5
B = TuTy) (7))  =bT7

The drain source voltage was designated as Vg = V,,: V), 1s directly
proportional to temperature
Vb (T) = cT
To understand how the resulting expression depends on the
temperature change, it is necessary to derive it in time and get the following

expression:
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a1, (T
g; ) _ —1.5aT~25hT? + 2bTaT 15

From the graphical representation of the resulting expression, it can
be seen that the current is in depended on the temperature variation (Fig. 2).

Fig.2. Graphical display of the obtained equality.

The graphical display likely includes a temperature axis alongside the
reference current output, allowing for a direct visual correlation between
temperature changes and the corresponding reference current values. The
minimal deviation observed in the reference current across a wide
temperature range underscores the effectiveness of the design in
maintaining performance consistency.

Simulation Results

The dependency of the reference current on various stabilization
factors has been thoroughly analyzed and evaluated. This investigation
encompasses a detailed examination of the key parameters that influence
the stability and accuracy of the reference current within the circuit design.
Based on the simulation results it is possible to reach less than + 4% current
change from the temperature variation in range — 40..125°C (Fig. 3).
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Fig. 3. The dependency of the reference current on the ambient
temperature variation.

The results show that the reference current variation for the -40..125°C
temperature range considering the process variations in +3 sigma range and
supply voltage variation in £10% range is less than + 7% (Fig. 4).

Grapho
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Fig. 4. The dependence of the output current on temperature,
as well as supply voltage and technological changes.
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This finding underscores the effectiveness of the proposed current
source design in achieving a high level of stability and accuracy under
challenging operating conditions. The ability to limit the reference current
variation to within 7% is particularly significant, as it demonstrates the
circuit's robustness against both environmental factors and manufacturing
inconsistencies.

{dBVY) : f{H2)
vabineti13)

(@Bv)
~

T T T T
1.0k 10.0k 100.0k 1meg 10meg 100meg 1g 10g
1{Hz)

Fig. 5. The results of the frequency analysis.

The subsequent analysis focuses on evaluating the impact of power
supply noise on the performance of the designed circuit. Power supply noise
can significantly affect the stability and accuracy of electronic circuits,
particularly in sensitive applications such as analog signal processing,
precision measurement systems, and current sources. The PSRR analysis
performed in 100..101°Hz ensure more than -10dB noise rejection and more
than -35dB rejection in low frequencies range (Fig. 5).

Conclusion

In this paper, we present a novel design technique for on-chip current
sources that has been proposed, meticulously designed, and rigorously
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simulated. This innovative approach aims to enhance the performance,
accuracy, and stability of current sources used in integrated circuits,
addressing common challenges associated with traditional designs.
According to the simulation results, the newly developed circuit
demonstrates the capability to deliver accurate reference currents while
operating effectively within a temperature range of -40°C to 125°C and
accommodating supply voltage variations of £10%. Notably, the circuit
maintains a variation in the reference current of approximately +7% under
these conditions. The main limitation of said techniques is the usage of
biasing circuits as well as the estimated area increase by 25%. Both
requirements are deemed acceptable, particularly in light of the critical need
for high-precision current sources and the importance of mitigating
performance degradation in various applications.

REFERENCES

1. Razavi B. Design of Analog CMOS Integrated Circuits // International Edition,
2001.

2. Chen Zhao, Randall Geiger, Degang Chen. A Compact Low-Power Supply-
Insensitive CMOS Current Reference // IEEE International Symposium on
Circuits and Systems, Seoul, Korea. 2012. PP. 2825-2828.

3. Yoo C. and Park J. CMOS current reference with supply and temperature
compensation // Electronics Letters 6th December. 2007. Vol. 43 No. 25. PP.
1422-1424.

4.  llkka Nissinen, Juha Kostamovaara. A Low Voltage CMOS Constant Current.
Voltage Reference Circuit // International Symposium on Volume: 1 Circuits and
Systems. 2004. PP. 381-384.

5. Azcona B., Calvo S., Celma N., Medrano M. Sanz Precision CMOS Current
Reference with Process and Temperature Compensation // IEEE International
Symposium on Circuits and Systems. 2014. PP. 910-913.

6. Dehghani R. and Atarodi S. A New Low Voltage Precision CMOS Current
Reference With No External Components // Engineering 10th IEEE International
Conference on Electronics, Circuits and Systems. 2003. Vol.1. PP. 156-159.

7. Yu Peng Yanchao, Xia Shaojun Wang. Design of a High Precision Current Source
// 9th International Conference on Electronic Measurement & Instruments. 2009.
Vol.1. PP. 1065-10609.



V. Sahakyan 73

CIIOCOB HOBBIINEHUSA TOYHOCTH
BHYTPUKPUCTAJJIMYECKUX HCTOYHUKOB TOKA
BE3 BHEIIIHUX KOMIIOHEHTOB

B.A. Caakan

Hayuonanvnas akademus nayk Pecnyonuxu Apmenus
Huemumym paouoghuzuxu u 21eKmpoHuKu

AHHOTALNMUA

B craTbe nmpeioxKeH HOBBII CIIOCO0O MOBBIMIEHHS TOUHOCTH BHYTPHKPUCTAIIIH-
YEeCKUX UCTOYHMKOB Toka. [Ipemmaraemblii METO OCHOBAaH Ha pa3paboTaHHOIl Mare-
MaTH4ecKoi Moaenu. B pe3ynbTaTe NoMy4eHHbIX ypaBHEHUI J0Ka3aHO, YTO OTKJIOHE-
HUE TOKa, BbI3BAHHOE U3MEHEHHEM yCIOBUI pabOThl U HETOUHOCTSMU T€XHOJIOIHYec-
KOT0 TIpoliecca, He JOIDKHO mpeBbImath 4%. [Ipennaraemsiii MmeTo ObUT peann3oBaH
¢ Hcroib30BaHueM 14-HM TexHomorngeckoro npounecca FinFet nmst paspabotku BHY-
TPUKPHUCTAIUINIESCKOTO 3TAIOHHOT'O HCTOYHHKA TOKa. B pe3yipTaTe sKCIIepuMeHTalb-
HOI'0 MOJEJINPOBaHus B fuanasone remunepatyp -40...125°C npu OTKIOHEHHUIX TEXHO-
JIOTUYECKOTO Tpoliecca +3 curma pazpabotaHHas cxeMa obecrnieurBaia £7% OTKIIOHe-
HUI 0T 3TaNoHHOrO ToKa. CxeMa crocoOHa MOJAePKHUBATh YKA3aHHYI0 TOYHOCTh IIPU
TaJieHu HanpspDKeHust nutanws 10 0.66 B.

KuroueBble €10Ba: BHyTPUKPUCTAIIMYECKUI HCTOUHHK TOKA, TEHEPATOPHI TOKA,
OTIOpHBIE NCTOYHHUKH TOKA.
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OIITUMMBALIUA AJITOPUTMOB IIEJIEHTI'ALIUU
JJIA ITIOBBIINEHUA TOYHOCTH B PY-CUCTEMAX
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AHHOTAIMS

CurcTeMBl TIEJICHT ALY UTPAIOT BAXKHYIO POJIb B PA3JIMYHBIX 00JaCTX,
BKJTIOYAsl TEJIEKOMMYHHKAIIMHM, HAaBUTAIMI0O U oOopoHy. OmHaKo TOY-
HOCTb 3THUX CUCTEM MOXET CHUKATHCS B CIOKHBIX YCIOBUAX C BHICOKUM
YpOBHEM MOMEX WJIM NIPY HAJTMYMU MHOTOITy4eBbIX 3 dexroB. B nanuoit
cTaThe MPEACTABIICH YCOBEPIICHCTBOBAHHBIN alITOPUTM TIEJICHT AU, UC-
MOJIB3YIOIIUI aJalTUBHBIE METOABI 7151 TOBBIIIEHUSI TOYHOCTH U YCTOM-
yuBocTH. [Ipeanaraemplii aropuT™ ycTpaHseT KII04YeBble OTpaHUYEHUS
CYIIECTBYIONINX METOJIOB, TMHAMUYECKN aaNTHPYSICh K YCIOBHIM OK-
pyXarolliel cpelibl U XapaKTepUCTUKaM CUTHana. Pe3ynbTaTel MOJAEIUPO-
BAaHMSI IEMOHCTPUPYIOT 3HAYUTENBHOE YJIyUIIEHUE TOYHOCTH IIEJICHTa-
1IUU, 0COOCHHO B CIIOKHBIX CIICHAPHSX, YTO JIeTAeT JAaHHBIH TOAXOT KH3-
HECITOCOOHBIM PEIICHUEM JUISI COBPEMEHHBIX PaHMOYaCTOTHBIX CUCTEM.
Pe3ynbTaThl 3TOr0 UCCIIeIOBaHUS CIIOCOOCTBYIOT Pa3BUTHIO TEXHOIOTHUI
TIeJICHT a1, Mesl 3HAYeHHE KaK JIJIsl TEOPETHUECKHUX UCCIIeI0BAaHNM, TaK
U JJIs1 TPaKTUYECKON peanu3aiuu.

Kirouebie cioBa: PU nenenrarop, IQ-curnan, yactora, aMInTyaa.

BBeaenue

[enenranusi, siBISTIOMIAsICS KIIFOYEBON (YHKIMEH B paHOYaCTOTHBIX
CHCTEMaXx, BKIIFOYAET ONPEICIICHNE HAIIPaBICHUS BXOISIINX CUTHAJIOB JUIS
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o0ecreyeHns TOYHOT'O OTCIICKUBAHHSI MECTOIIOJIOKEHHSI U IIePEeXBaTa CUT-
HasoB. [llupoko ncnosnp3yemple TpaULIMOHHBIE AITOPUTMBI, TAKUE KaK Me-
Toa Kinaccudukanuu Heckonbkux curaasioB (MUSIC) u MeTos o1ieHKH ma-
paMeTpOB CHUTHAJOB C MCIHOJIb30BAHUEM POTALMOHHOW WMHBAPUAHTHOCTHU
(ESPRIT), nensTcs 3a X BBICOKYIO TOYHOCTb B OIIPE/ICIICHUH HAIIPABICHUN
curHasuos [1]. OqHako 3T METO/IbI YACTO CTAIKUBAIOTCS C TPYAHOCTSAMU B
CJIOKHBIX YCJIOBHSIX, IJIe Takue (PakToOphl, KaK MHOT'OJIy4€BOE paclpocTpa-
HEHHUE, TOMEXH U LIyM, MOTYT OTPULATEIBHO CKa3aThCsl HA UX MPOU3BOIU-
TEIBHOCTH [2].

B nocnennue roapl ObLIO NMPOBEICHO MHOXKECTBO HCCIEIOBAHUH,
HaNpaBJICHHBIX HA MOBBIIEHUE YPPEKTUBHOCTH cucTeM neneHranuu. Of-
HUM U3 MEPCHEKTUBHBIX HAIIPABJICHUH SIBJISETCS BHEIPEHUE aJalTHUBHBIX
QJITOPUTMOB, CIIOCOOHBIX MOJCTPAaWBATHCA IMOJ HU3MEHSIIOIIMECS YCIOBUS
OKpYKaIoIIe Cpelibl U XapaKTepUCTUKU CUTHAJOB [3, 4]. Takue anroput-
MBI 00€CIIEYNBAIOT THOKOCTh B ONTUMM3AIMH PabOTHI B PealbHOM BpeMe-
HU, YTO JIeJIaeT UX 0COOCHHO (PPEKTUBHBIMH B JUHAMUYHBIX U HEMPE/C-
Ka3yeMbIX ycioBusx [1, 5].

B naHHOM cTaTbe npeaiaraeTcst HOBbIM AJITOPUTM IIEJICHT ALK, OCHO-
BaHHBIM Ha CYILECTBYIOLIMX METOAAX, C J00aBJIEHUEM aJlallTUBHBIX 3Jie-
MEHTOB, HAIIPABJICHHBIX Ha IMOBBIIICHUE TOYHOCTH U HAJIEKHOCTH. D dek-
TUBHOCTb MPEJIaracMoro aJirOpUTMa OLIEHUBAETCS C TOMOIIBIO MOJIEIUPO-
BaHHUA B Pa3IMUHBIX CIIEHAPHUAX, YTO JEMOHCTPHUPYET €ro MPeBOCXOJCTBO
Ha/l TPAAUIIMOHHBIMUA METO/IaMU, OCOOEHHO B YCIIOBUSAX BBICOKOT'O YPOBHS
MOMEX WJIM MHOTOJy4eBbIX d(dektoB [2, 6]. Llens 3Toro uccienoBanus —
BHECTH BKJIaJ] B Pa3BUTHE TEXHOJIOTHI MeJIEeHralluu, MPeIokKuB Ooee yc-
TOWYHMBOE PELIeHHE, CIOCOOHOE yI0BJIETBOPUTH TPEOOBAHUS COBPEMEHHBIX
PaarovYacTOTHBIX CUCTEM.

MeToaoJiorust M pa3padoTKa aJropurmMa

ONTUMH3MPOBAaHHBIA ANTOPUTM CHUCTEMBI MEJICHTalliy BKJIIOYAeT
OJI0K MHUIIMATIM3alMH 1 OJOKM caMoro ajaropuTMa nesneHrauu. [IpaBuib-
Hasl MHULMAJIM3AIMs CUCTEMBI IMEET pelaroliee 3HaueHue i odecreye-
Hus ee 3¢ dexTrBHOM paboTH BO BpeMs nu3Mepenuit. s cuctemsl nojas-



76 Onmumu3auuﬂ anecopummos nenenzauuu ona nosvlutenus mounocmu ¢ P4-cucmemax

JIEHUS IOMEX C MHTEJUIEKTyaJIbHBIMM HACTPOMKaMu, HA OCHOBE ITPOBEIEH-
HBIX UCCJIEI0BAaHUN U SKCIIEPUMEHTOB, NPEJlaracTcs CIEeyOIINN IPoLece
MHUIMAJIN3alU1, KOTOPBIM HACTpAauBaeT CUCTEMY IE€pEJl IPOBEACHUEM U3-
MepeHui. biok-cxeMa npouecca MHULMAIU3alu CUCTEMBI IIPUBEICHA Ha

Puc. 1.

HHuymanmsaums

KoHgurypawmxa

v

Bnok
YNPaENEHHA

Tpurrep
.

Crapt
MpuodpeTeHHA
LUSRP

v

1Q daHHbIe

Enox
I -
neperAmYaTENR
= Cecutens
- USRP
MNepeknwoyarens,
ATTeHwaTop, Bpema
MocnenosaTensHOCT
. LeHTpanbHan
o=
YacToTa
10, Ycunenne,
R
Tun MpuobpeTeHHa

PucyHOK 1. Bnox-cxema ajeopumma UHUyuaaiuzayuu cCucniemal.

[Tocne BkIrOYEHUSI MTUTAHUS AITOPUTM TIEPEXOIUT B OJIOK MHULIMAIIN-
3alMu, TJI€ HACTPAUBAIOTCS PAINOYaCTOTHBIE KOMITIOHEHTHI, TAKHE KaK KOM-
MyTaTOp, CMECHUTENIM U OJIOK YHUBEPCAIHHOW MPOrpaMMUPYEMON pasinio-
cucrembl (USRP). Ilocne nHMImManu3anum 3TUX KOMIIOHEHTOB aJITOPUTM
MPOJI0IHKAET paboTy U epexouT K 010Ky KoHpuryparuu. Ha nannom sta-
[I€ aJIrOPUTM YCTaHABIIUBAET MMAPAMETPhI JUJISl YK€ MHULUATM3UPOBAHHBIX

OJIOKOB.
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ChHauana B 6;10Ke KOH(DUTYpaLUH 337a10TCs TAPaMETPhI 1151 KOMMY-
TaTOpa, BKJIKOYasl MOCJIEI0BATEIbHOCTD EPEKIIOYEHHM, BpeMsl, 3HaUCHHE
ocnabJieHus: U BpeMsl OKHJaHMs. 3aTeM HACTPauBalOTCS MapameTphl AJis
0JlI0Ka cMecUTeNel, Takue Kak LeHTpajbHas 4acToTa U ypoBeHb ocialie-
Hus. B 3axmodenue, st USRP ycranaBnuBaroTcsi mapaMeTpbl: CKOPOCTh
[Q-curnanos, k03P GUIUEHT YCUIICHHUS, THI cOOpa JAHHBIX M KOJUYECTBO
BBIOOpPOK. DTa MOCJIE0BATEIBHOCTh COOTBETCTBYET JIOTMKE arapaTHON
KOH(Urypalu, Ie CUrHaj cHayajia MpoXoAMT Yyepe3 KOMMYTaTop, 3aTeM
4yepe3 CMeCUTelb U, HakoHel, noctynaetr B USRP ans onudposku.

ITocne 3aBepiieHHs KOH(QUIYpaLUH CHCTEMa MEPEXOAUT B PEKUM
cbopa naHHbIX, B KoTopoM oT USRP k ympapnsiomiel 4yacTu CUCTEMBI OT-
MIpaBJIsIeT TPUITEPHBIA CUTHAJ, CUTHAIM3UPYIOLIUM 0 Hayale N3MEepeHui.
B npouiecce m3mepennii coopaHHble TaHHBIE COXpaHSIOTCs B Oydepe, pas-
Mep KOTOPOI0 ONpeesieTcs aJroOpuTMOM Ha OCHOBE HACTPOEK, 3aJJaHHbIX
Ha 3Tarne KoHdUrypanuu. AJIropuT™M pacCuuThiBaeT pasmep Oydepa Takum
00pa3oM, 4TOObI JaHHBIE CUUTHIBAINCH U3 HETO C TOH K€ CKOPOCTBIO, C
KOTOpOi#l 010K M3MepeHuil 3anuchiBaeT ux B Oydep. ITo mpeaoTBpamaer
nepenojHeHrue Oydepa UM nepe3anuch JaHHbIX, YTO MOXKET MPUBECTH K
norepe BaXHOI HH(OpMAIHH.

B Gnoke anropurma nenenranuu (Puc. 2) onTuMu3MpoBaHHBIN anro-
pUTM OLIM(POBBIBAET U3MEPEHHBIN CUTHAJI M aHAJM3UPYET €T0 JIJIs OTpeie-
JIeHUs HalpaBlieHUs] 0OHapy>keHHoro curHana. CHavasia anropuTM U3BJe-
KaeT JlaHHbIe 3 Oydepa u nepeaaet ux B 0siok [Q-curnana. lanee 1Q-cur-
HaJl HaIlpaBJIsieTcs B JENUTENb, TJI€ CUTHAI pa3/iesieTcsl Ha KOJIMYEeCTBO aH-
TEHH, 4TO MO3BOJISIET Cy3UTh 00J1aCTh MOUCKA.

3areM JaHHbBIE MPOXOIAT 4epe3 OJIOK, KOTOPbI B 3aBUCUMOCTU OT
KOH(Urypamuu 1m60 Bo3BoauT [-komnonenty 1Q-curnana B kBazapar, 1100
npuUMeHsieT MenuaHHbIi GuibTp. [lociie sToro curuan moasepraercs mnpe-
o0pa30BaHMIO C UCIOJb30BaHUEM ObICTpOro mnpeodpasoBanus Dypbe
(BI1®) nns kaxka0ro KaHaia ¥ nepeaaeTcs B 070K, KOTOPbIN UIIET TUKOBBIE
3HauYeHUs Ha OCHOBE pe3ysbTaToB BIID. Bee 06HapykeHHbIE TUKOBBIE CUT-
HaJIbl CPaBHUBAIOTCS B OJIOKE CPaBHEHMS, © MaKCUMAaJIbHbIE TMKOBBIE 3HA-
YeHHUs MepelatoTcs Ha (GUHANBHBIN 3Tall, I1e cucTeMa ONpeessieT Halpas-
JIeHHe OOHAPYKEHHOTO CUTHAJIA.
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MNeneHratop

[IpennoxeHHas TOTMKa aJIrOpUTMa YCKOPSAET MPOIecC U3MEPEHHS U
o0ecreyrBaeT COXpaHEeHNE KPUTHUYECKH BAaXKHBIX JaHHBIX, KOTOPbIE MOTYT
OBbITh MOJIE3HBI ISl OOHAPYKEHUS PalMO4acTOTHBIX curHanos. [locnie 3a-
BEpUICHUSI U3MEPEHUN JJI1 BCEX aHTEHH CHCTEMa 3allyCKaeT HOBBIN IUKII,

Pucynok 2. Brok-cxema ancopumma oopabomxku cueHana.

oOecrieunBasi HEMPEPHIBHBI MOHUTOPHHT B uana3oHe 360 rpaaycos.

3akjauyeHue

B nanHoO# craThe paccmaTpuBaeTcs ONTUMHU3ALUS aJTOPUTMOB Iie-
JICHTaluu JJis MOBBIIIEHUS TOYHOCTU PaJIMOYacTOTHBIX cucteM. IIpemio-
’KEHBI TMPUHIUI pabOThl CUCTEMBI U TMOCJIEI0BATEIBHOCTH 3TANoB HUppo-

BOM 00pabOTKH CUTHAJIA.
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OPTIMIZATION OF DIRECTION-FINDING ALGORITHMS FOR
IMPROVED ACCURACY IN RF SYSTEMS

H. Hambardzumyan, T. Manukyan, G. Sugyan, H. Stepanyan
Russian-Armenian (Slavonic) University,

ABSTRACT

Direction-finding systems are essential in various domains, such as
telecommunications, navigation, and defense. However, their accuracy can be
compromised in complex environments with significant interference or multipath
effects. This paper introduces an enhanced direction-finding algorithm that leverages
adaptive techniques to improve precision and reliability. By dynamically adjusting to
environmental conditions and signal properties, the proposed approach addresses key
shortcomings of existing methods. Simulation results indicate a notable enhancement
in accuracy, particularly in challenging scenarios, making this method a promising
solution for modern radio-frequency applications. The study’s outcomes contribute to
the evolution of direction-finding technology, offering value for both theoretical
advancements and practical deployment.

Keywords: RF direction finder, IQ signal, frequency, amplitude.
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MACRO PLACEMENT OPTIMIZATION
USING DIFFUSION MODELS

A. Ghazaryan

Russian-Armenian (Slavonic) University
National Polytechnic University of Armenia
gartur(@synopsys.com

ABSTRACT

The component count in integrated circuits increases dramatically,
which forces engineers to find new solutions for new issues. In digital
methodology, placement is one of the important processes. there are
many algorithms integrated in electronic design automation tools to fix
placement-related issues. The most frequently faced issues are
wirelength, negative slack. For solving the mentioned issues, EDA tools
perform placement optimization in a multi-cycle way, which affects
runtime. To fix the mentioned issue, diffusion models of machine
learning have been used. With the proposed algorithm runtime has been
decreased by ~15%, and the wire length has been decreased by ~6% while
total negative slack has been increased by ~5%.

Keywords: Placement, diffusion models, wirelength, negative slack.

Introduction

The field of integrated circuit (IC) design has made significant
progress, fostering advancements in electronics and computing. Nevertheless,
the industry faces numerous challenges, with several prominent issues
including design complexity, power consumption, and fabrication
limitations. As the number of transistors escalates significantly, as illustrated
in Figure 1, the management of design complexity emerges as a vital concern.
Contemporary integrated circuits incorporate billions of transistors,
necessitating the use of sophisticated design methodologies and tools [1].
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Transistor Count Over Time in Integrated Circuits (IC)

Transistor Count (Log Scale)

1970 1980 1990 2000 2010 2020
Year

Fig 1. Transistor count over the years.

One of the methodologies used in the field is the digital methodology,
also referred to as the digital design flow. This approach encompasses a
variety of phases, tools, and techniques that are specifically designed to
effectively convert high-level specifications into silicon [2]. A critical phase
within the digital design flow is placement, which entails the strategic
arrangement of circuit components on a chip layout to enhance
performance, minimize power consumption, and optimize area utilization.
The design incorporates macros and standard cells that must be positioned
within a floorplan; an illustration of placement is provided in Figure 2.

Standard eells

Macros

Fig. 2. Placement example.
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This process addresses several challenges, including timing
violations, power density, area limitations, crosstalk, and noise [3, 4].

To solve placement-related issues, many methodologies have been
developed, which are used in EDA tools, some of them are:

» Analytical techniques, particularly analytical placement
methods, frequently utilize mathematical models to reduce
specified cost functions associated with wire length, area, and
timing. The primary benefits of these analytical methods include
their speed and straightforwardness, while a notable drawback is
their limited flexibility [5].

» Simulated annealing is a probabilistic method. This technique
enables the algorithm to avoid being trapped in local minima by
permitting the acceptance of inferior solutions, with the
likelihood of such acceptance diminishing over time. The
primary benefits of this approach include global optimization and
adaptability, while its drawbacks consist of extended execution
times and sensitivity to parameters [6].

» Partitioning methods involve algorithms that segment the circuit
into smaller sections, optimizing the placement within these areas
to reduce interconnect lengths and improve overall performance.
The benefits of this approach include scalability and decreased
complexity; however, its effectiveness is contingent upon the
quality of the initial partitioning [7].

Most of the electronic design automation placement tools used the
above-described algorithms for the placement implementation. each of the
algorithms (already stated as a classical approach) has negative and positive
sides, but one negative side can be common, which is runtime, which affects
on time to results. To decrease runtime and make issue issue-solving
process more automated in recent years, machine learning has been widely
used. Diffusion models have surfaced as a significant category of generative
models within the field of machine learning. These models function by
progressively converting random noise into structured data samples via a
denoising process, drawing inspiration from thermodynamic concepts.
Originally developed to simulate the diffusion of particles, diffusion models
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have become increasingly popular due to their ability to represent intricate
data distributions, overcoming the constraints often associated with
traditional generative adversarial networks (GANs) [8]. An overview
comparing GANs and diffusion models is illustrated in Figure 3.

Discriminator

4. E} Generator | ,
Gl(2) x

1
Diffusion I
models . X0 XX ... %
! |

Fig 3. Overview of GAN and diffusion models.

While traditionally used in generative Al tasks, the principles behind
diffusion models can be creatively adapted for macro placement
optimization in VLSI design, which has been researched in the article.

Proposed method

A new method has been developed to have multi-objective
optimization, optimization via wirelength and delay minimization, with a
short run time. To achieve the mentioned goal, the diffusion models of
machine learning have been used. The workflow can be separated in four
main stages:

1. Initial placement and DEF file creation

2. Input DEF reading

3. Diffusion models-based placement optimization

4. Output DEF generation

Graphical implementation proposed method shown in Figure 4.

As mentioned, the first stage is initial placement and Design
Exchange Format (DEF) file generation. The developed flow requires
having input power ground mesh created NDM database, where the
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electronic design automation tool (in this case IC Compiler 2) can do
placement, which means: initial placement without any optimization, in not
optimized we will have overlaps, and big timing violations.

PG mesh created

Initial placement

!
DEF generation from
initial placed design

1

1

1

1

1

1

1

1

1

:

1

! I
1
' Input DEF parsing
1
1
1
1
1
1
1
1
1
1
1
1
1
1

1

Al based optimization

]
DEF generation for
optimized design

Optimized designs
DEF file

Fig. 4. Graphical approach of the proposed algorithm.

To pass the initial placed design to Al based tool, DEF file has been
used. A DEF file serves as a standard format file that operate to exchange
design information between different EDA tools. In the next step flow
parsed the initial placed design’s DEF file, which means that:

» Design size extraction

» Macro names and location extraction

DEF parser has been developed with the use of Python, the function
part, and the algorithm shown in Figure 5.

While the initially placed design’s DEF file is parsed, in the next
stages Al optimizer starts to work. Optimization targeted to have less
wirelength, less delay, and not to have overlaps and out-of-boundary cells.
The optimization scripting part and algorithm are shown in Figure 6.
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def parse_def_file(def_file):
“""parse a DEF file to extract macro placements and design size."""
macros = [] -
dieidth = die height = o
with open(def_file, 'r') as file:
il Extract macro and
match = re.match(r'\s*- (\S+)\s+(\d+)\s+(\d+)\s+(\d+)\s+(\d+)", line) location
if match:
name = match.group(1)
X1 = int(match.group(2
yl = int(match.group(3
x2 = int(match.group(4
y2 = int(match.group(5
macros.append(
‘name’: name,
X' x1,
ytioyl,
‘width': x2 - x1,
‘height': y2 - y1

Extract die area
Report results

# Extract die size
die_match = re.match(r'\s*DIEAREA\s+\(\s*(\d+)\s+(\d+)\s*\)\s+\(\s*(\d+)\s+(\d+)\s*\)', line)
if die_match:
die_width = int(die_match.group(3)) - int(die_match.group(1))
die_height = int(die_match.group(4)) - int(die_match.group(2))
return macros, die_width, die_height

Fig. 5 DEF parser and working algorithm.

Macros initialization

Initial wire length computing
(compute_wirelength(macros)) and constraint

g (check_ , die_width,
die_height))
l Perturb macros position |
l Ensures that macros in design boundary |

Evaluate
current
placement

Updated best score &
placement

Figure 6. Optimization implementation and algorithm.

Due to optimization total wirelength for each pair has been calculated,
after which the macro placement in terms of in boundary and overlap has
been checked. After which, the optimize placement function aims to
optimize the placement of macros on a die area using a diffusion-like
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process. The goal of the function is to minimize the wire length and ensure
that the macros do not overlap and that within the die boundaries.

While the optimized design has been ready, from the optimized
database as an output file, DEF file is generated. The output DEF file has
been generated with the write def file function, where optimized macros
locations have been required. The write def function is shown in Figure 7.

def write_def_file(macros, output_file):
"""Write updated macro placements to a new DEF file."""
with open(output_file, * s file:
file.write("VERSION 5.8 ;\n")
file.write("DE zed_design ;\n")
file.write("COMPONENTS " + str(len(macros)) + " ;\n"
for macro in macros:
file.write(f" - {macro['name']} {macro['x']} {macro['y']} {macro['x'] + macro[ 'width']} {macro['y'] + macro[ height']}\n")
file.write("END COMPONENTS\n"
file.write("END DESIGN\n")

Fig 7. Write def function implementation.
Results

To prove the proposed algorithm useless, test designs have been
created; results are shown in table 1.

Classical approach Proposed algorithm

Design Gate

name count Runtime Wirelength n:g;:‘\,e Runtime Wirelength n:::i:/e
(minutes) {um) Sk bial (minutes) (um) slack (ne)
Design 1 15384 32 13681 -10.396 29.7 12974 -10.425
Design 2 16876 37 14752 -10.102 31 13794 -10.532
Design 3 17952 46 16947 -12.421 34 16712 -13.021
Conclusion

Placement is one of the most important stages in the digital design
flow. During placement, engineers faced issues related to long runtimes and
big wirelength. Last year's machine learning has been widely used to fix
issues where humans need to act manually. To fix the above-described
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issues, diffusion models have been used for placement optimization. With
the proposed algorithm runtime has been decreased by ~15%, and the wire
length has been decreased by ~6% while the total negative slack has been
increased by ~5%.

REFERENCES

1. Tabeck P., Jain V. and Sharma A. Technology a Sustainable Disrupter for Indian
Unorganised Retail, 2022 International Mobile and Embedded Technology
Conference (MECON), Noida, India, 2022, PP. 51-521, DOI: 10.1109/MECON
53876.2022.9752374.

2. Neil H. Weste, David M. Harris, CMOS VLSI Design, A circuits and systems
perspective, fourth edition, Addison-Wesley, 2010

3. Kahng A. et al. Designing Low-Power Digital Systems, Wiley-IEEE Press, 2009.

4. Brayton R. et al. Design Automation of Digital Circuits, Kluwer Academic
Publishers, 2005.

5. Goel A. & Hu J. (2021). Analytical Methods for Standard Cell Placement. IEEE
Transactions on Computer-Aided Design of Integrated Circuits and Systems.

6. Liu D. & Wong H.-S.P. (2019). Simulated Annealing for Mixed-Size
Placement. IEEE Transactions on Very Large Scale Integration (VLSI) Systems.

7. Karypis G. & Han E. (2020). Partitioning and Mapping of VLSI Designs. IEEE
Transactions on Computer-Aided Design of Integrated Circuits and Systems.

8. Ho J., Jain A., & Abbeel P. (2020). Denoising Diffusion Probabilistic Models.
Advances in Neural Information Processing Systems, 34.

ONITUMU3BALIUA PASMEINIEHUA MAKPOCOB
C UCIIOJIb30BAHUEM MOJIEJIEA IU®®Y3UHN
A.A. Kazapan

Poccuiicko-Apmanckui (Cnasanckuil) yHueepcumem
Hayuonanvnwsiii nonumexuuueckuti ynusepcumem Apmenuu

AHHOTANUA

KonnuecTBoO KOMITOHEHTOB B HHTeraﬂLHOﬁ CXEME PE3KO YBCIMYHBACTCA, YTO
3aCTaBJIICT MHKCHEPOB MCKATh HOBBIC PCIICHUS OJIA HOBBIX np06neM. B L[I/I(l)pOBOI‘/'I
METOHOJIOTUU PasMCHICHUC SABJICTCA OAHHUM M3 BaXHBIX IPOLCCCOB, CYHICCTBYET
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MHOKECTBO aJITOPUTMOB, HHTETPHPOBAHHBIX B HHCTPYMEHTHI aBTOMATU3AIIH JJICKT-
POHHOTO MPOEKTUPOBAHUS IJIs1 yCTPAHEHUS IPOOIIEM, CBSI3aHHBIX C pa3MellleHueM, Ha-
nboJiee 9acTo BCTPEUAIOIIUMHUCS MPOOIeMaMy SBILSIFOTCS [UTHHA IIPOBOJOB, OTPHIIA-
TEeNbHBIA TpoBHUC. [y penenus yka3aHHbIX mpobieM UHCTpyMeHTHl EDA BBIONHS-
0T ONTUMHU3AIUI0 PASMEIICHHUA MHOTOIIUMKIIOBBIM CHOCO6OM, YTO BJIMACT HA BPEMs
BBEITIONTHEHUS. [IJI1 ycTpaHEeHUs yKa3aHHOW MpoOIeMbl ObLTH HCIONB30BaHbl U dy-
3MOHHBIC MOJIEITU MAITHHHOTO 00ydeHus. C mpeangaraeMbiM ajJrOPUTMOM BpEeMs BbI-
MOJTHEHHS OBUIO COKpaIleHO MpuMepHO Ha ~15%, a ArHa IpoBOOB ObLIa YMEHBIIIE-
Ha IPUMEPHO Ha ~6%, B TO BpeMsT KaK 00Nl OTPHUIIATEIBHBIN IPOBUC OBLT YBEIHMUCH
npuMepHo Ha ~5%.

KumioueBble ciioBa: pasmerienue, Mojenu 1 Gy3un, JUIMHA IPOBOAA, OTPHIa-
TEJbHBII POBHUC.
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AHHOTAIUA

B naHHOil paboTe uccieayeTcss HCIOJb30BaHUE TEXHOJOTHH IIPO-
rpamMMHo-onpeneisiemoro paauo (TIIP) B cucremax nenenranuu (CII) ¢
NPUMEHEHHEM CpEIbl MPOTPaMMHPOBAHHS C OTKPBITHIM MCXOIHBIM KO-
JIOM JUTSI TIOBBIIICHUS TOCTYITHOCTH U aJalTHBHOCTU. B mccnenoBanum
MpeJICTaBlIeHa MOIPOOHAs cXeMa pa3padOTKU IKOHOMHYECKH I (HEKTUB-
Horo  ruOKoro pemenus DF, xoropoe mcnonp3yer kKak ammapaTHBIE
cpeactBa SDR, Tak 1 mporpaMMHbIE HHCTPYMEHTBI C OTKPBITBIM UCXO[-
HBIM KozioM. braronmapst nHTErpanuu anropuTMoB 0OpabOTKH CHTHAJIOB
1 cO0pa JaHHBIX B peaIbHOM BpEeMEHH MpeAiaraeMasi cucreMa ooJierdyaeT
TOYHOE HaIpaBlICHHE HCTOYHUKOB paguodacTtoT (PU). Pasmiansie meto-
el DF, BITIO9ast MEeTOABI pa3HOCTH (a3 U pa3sHOCTH BPEMEHHU IPUXO/a,
OBUTH OIICHEHBI W MPOBEPEHBI C OMOIIBI0 MOJIEIMPOBAHUS U MTOJIEBBIX
9KCTIepUMEHTOB. [loydeHHbIe pe3ybTaThl CBUAETEIBCTBYIOT O 3HAUH-
TEJIFHOM TOBBIIICHUN TOYHOCTH UM ONEPAaTHMBHOCTH OLIEHKH HalpasJie-
HUS, AeMOHCTpUPYS noTeHuuan SDR-maatdopm ¢ OTKPBITHIM HCXOAHBIM
KOJIOM JJISl pa3BUTHUSI BO3MOXKHOCTEH MEJIEHT alluy.

Kumouessble cioBa: nenenranus, SDR, GNURadio, o6paboTka cur-
HaJa.
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BBenenue

B coBpeMeHHOI paguoTeXHUKE OJHUMH M3 HanOoJiee 3HAYUMBIX 3a-
Jlad SIBIISTIOTCS Pa3pabOTKa KOMITAKTHBIX U JOCTYITHBIX IO [IEHE TIeJICHTaTo-
poB. PyuHble neneHraTopbl — 3TO yCTPOWCTBA AJIs ONpeiesieHUs] HanpasJie-
HUS HA UCTOYHMK paguocurHana. OHU UCHOIb3YIOT HalpaBieHHbIC aHTECH-
HBI, YTOOBI HAXOJUTh UCTOUYHUK CUTHAJA, U OHU OOBIYHO OCHAIICHBI KOM-
MacOM WJIM MHJIMKATOPOM HarlpaBiieHus. Takue nejeHraTopbl HCIOIb3yHOT-
Csl B paJOCBSI3M, ClacaTeIbHBIX OMepaIsaX, a TAKKe B BOCHHBIX U pa3Be-
JBIBATEILHBIX LEJISAX JIJIS TIOMCKA UCTOYHUKOB CUTHAJIOB UJTH PAIMOMAsKOB.
OHU KOMIAKTHBI, MOOMJIBHBI U TIPOCTHI B UCTIOJIB30BAaHUH, HO UMEIOT OTpa-
HUYCHHYIO JAJIbHOCTh U TOYHOCTh. C MOSBICHUEM TEXHOJIOTHH MPOrpaMm-
Ho-ompezaensemoro paano (SDR) cTano Bo3MOXHBIM pa3padaThiBaTh Tu0-
KHE ¥ HACTpauBaeMbIe CUCTEMBI JUIsl IIIMPOKOTO KPyra PaJHOTEXHUICCKUX
MpWIOKEHUW. B MaHHOW cTaThe MpeCTaBIEHBI: pa3paboTKa U MOJCIHPO-
BaHHWE MOPTATHBHOIO IEJIEHraTopa C HCIOJIb30BAaHUEM MPOTPaAMMHOIO
obecnieuennst GNU-Radio.

ITocTaHoBKa 3aga4uu

Jlia peanuzauuu neneHratopa Ha ocHoBe SDR Hy»HO OblIO pemuTh
HECKOJIbKO 3a1a4. CHavaia npeicTosIo pa3padoTaTh CUMYJISIIIHOHHYTO MO-
JIeNib cucTeMnl nennenranuu Ha 0aze GNU-Radio. 3aTteM co3maTh CUHTETH-
YECKUE CUTHAJIBI C ONpPEACNICHHBIMUA YaCTOTaMH, aMIUTUTYAaMH U (a30BbI-
MU CABUTAMHU, KOTOPbIE UMUTUPYIOT MIPUEM OT JBYX aHTEHH. BaxkHo ObLI0
06€CHG‘-II/ITB (bI/IHLTpaI_[I/IIO IIOJIC3HOI'O CUI'Hajia, a TaAaKKEC IIO4aBJICHHUC myMa,
I-ITOGI:I CMO,[[GJII/IpOBaTL yCJIOBI/ISI, MaKCHUMAJIbBHO 6HI/I3KI/IC K peaJ'IBHLIM.
Kpome Toro, TpeboBanoch peann3oBaTh aITOPUTM JJIsl BBIYUCICHUS pa3HU-
bl (1)33 MC)KI[y CUT'HaJlIaMH, I-ITO6I>I OHpGIIeJII/ITI) HaHpaBJIeHI/Ie Ha NUCTOYHUK.
Jlst ipoBepKU KOPPEKTHOCTH PabOThl CUCTEMbI HYXKHO OBIJIO BHU3YalH3H-
pOBaTh BPEMEHHBIE U CHIEKTpaJibHbIE JaHHbIE. VM, HaKOHel, MPeaCTOsII0
HpOaHaJ'II/ISI/IPOBaTI) pe3y.]'II)TaTBI CI/IMYJ'IHHI/II/I 1 OICHUTH TOYHOCTH CUCTEMBI
B YCIIOBUSIX, MAKCUMAJIbHO MPHUOIMKEHHBIX K PealbHbIM.
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OTu 3a1aun JEMOHCTPUPYIOT, Kak SDR MoskeT ucnonb3oBatbes Aiis
CO3JIaHMsI [IEJIEHTaTOPOB, KOTOPBIE PUTOAATCS B CAMBIX Pa3HBIX 00JIACTSIX:
OT cliacaTelbHbIX ONEpalvil 10 HAyYHBIX UCCIIEI0BAaHUN U IIPOMBIIIIIEH-

HOCTH.
IIporpammupyeMoe paguo Kak 0OCHOBA /ISl NeJIeHT AU

SDR (Software-Defined Radio) — 3T0 TexXHOJIOTHS, MO3BOJISAIOIIAS
BBIMOJIHATH 00paOOTKY CUTHAJIOB MPOTPAMMHO, UYTO CHHUXKAET HEOOXOIH-
MOCTb HUCIIOJIb30BAHUS CIOXKHOW aHAIOTOBOM anmnapaTtypbl. BOT HeCKOIbKO
U3 HUX.

USRP (Universal Software Radio Peripheral) — 310 ouens xopomas
nporpaMMHO-onpenensemMas paauoruiathopma, co3laHHas KOMIaHHUEH
Ettus Research. E€ ucnons3yroT B UCClIeIOBaHMSIX, pa3pad0TKE U TECTHPO-
BaHUU OecrnipoBOIHBIX cucTeM. ['maBHoe mpeumyinectBo USRP — 3710 rut6-
KOCTb, IIMPOKHUI JMana3oH MOJACPKUBAEMBIX YacTOT U BO3MOXKHOCTH
MacIITaOUpOBaHUS O] pa3INnYHbIC 3aJa4H.

HackRF (Hackable Radio Frequency) — xommnaktHoe SDR-yc-
TpoicTBO oT Great Scott Gadgets, npenHa3HaueHHOE 711 aHAIHM3a U IFeHe-
paiuu paguocurHanoB. OHO BBLAENSETCS MPOCTOTOM, JOCTYITHON LIEHOW U
noaaepkkor yactot or 1 MI'n no 6 I'T'1, yTo AenaeT ero OTJIMYHBIM Ba-
PUAHTOM JJIs SHTY3HACTOB M UCCIIEI0BATENCH.

RTL-SDR 310 camblii 01015KETHBIA BapHaHT, U3HAYAIBHO 33 lyMaH-
HbII Kak TB-TioHEep, HO CO BpeMEHEM CTaBIIUN MOJHOLIEHHBIM HHCTPYMEH-
TOM JJIsl IpreMa paguocurHanoB. OH noanepkuBaeT 4actoThl oT 500 k'
1o 1,7 I'T'u, paboraer Tosbko Ha puéM (RX) 1 coBMECTHM ¢ MHOKECTBOM
nporpamm, Takux kak SDR u GNU Radio.

OcHoBHOe paznuuue Mexay 3TuMu SDR — 3T0 11eHa, 1uana3oH Jac-
TOT, BO3MOkHOCTh niepenaun (TX) miu Toasko npuema (RX), a Taxxe ypo-
BEHb CIIO)KHOCTH 3aJ1a4, KOTopble oHM MoryT pemats. USRP nmogxoaut ans
0ojiee CIOXHBIX U TPOGECCHOHATBHBIX MPUMEHEHHUH, B TO BpeMs Kak
HackRF — 3T0 yHHBepcanbHOE U OIOKETHOE pellieHue Juisi MeHee Tpebo-
BaTeJIbHBIX 3a7a4 [2].
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B xonrekcre nenenraropa, SDR npuHUMaeT curaa, oTUIbTPOBbI-
BAET €r0 BBIACIIAS II0JIE3HEN CUTHA U3 CIIEKTPA IOJABIISAA LIYM U IIPUCTY-
IaeT K KJIIF0YEBOMY JTally JaHHOM OIEpalliy, & UMEHHO OIPEICIICHUIO pas3-
HUIIBI (a3, MOCIe Yero BU3YyalbHO MOKA3bIBAET PE3YJIbTAThI ISl KOHTPOJIS
[1apaMeTpoB U U1 aHAJIM3a.

APpXHTEKTYypa CHCTEeMbI

Variable
10: samp,_rate
Value: 32«

Complex to Arg [outh QT GUI Number Sink

Options Multiply Conjugate 102 ctgui_rumber_sink 0
Title: Not titled yet | Autoscale: o
Author: ringo Signal Source Average: 0
Output Language: Python Sample Rate: 32« Graph Type: Horizontal
Generate Options: QT GUI Waveform: Sine

[cod| Frequency: 2.4k
Amplitude: 1

Offset: 0

Initial Phase (Radlans): 0

QT GUI Time Sink
Number of Points: 2 048«
Sample Rate: 32«

Autoscale: No

High Pass Filter
Decimation: |

Galn: 1

Sample Rate: 32k
Cutoff Freq: 100
Transition Width: 500
Window: Hamming
Beta: 676

QT GUI Frequency Sink
FFY Size: 409

Center Frequency (Hz): 0
Bandwidth (Hz): 32¢

Signal Source
Sample Rate: 32
Waveform: Sine

[cma| Frequency: 2.4
Amplitude: 1

Offset: 0

Initial Phase (Radians): 785m

Nolse Source
Noise Type: Gaussian
Amplitude: S0m

Seed: 0

Pucynox 1. Cucmema cumynsyuu 6 GNU Radio.

Ha ocnose npemnoxennoit cumyssiiinu B GNU Radio 6s11a peanuzo-
BaHa CHCTEMa, MOJICIMPYIOIIas MPOIecC MeJEHTallluy ¢ UCIOIb30BaHUEM
JIByX NpUEMHBIX aHTeHH. (cM. Puc. 1).

I'enepanusi cUrHaJloB OCYILECTBJISUIACh C IMOMOIIBIO JBYX OJIOKOB
Signal Source, 06a HacTpoeHHbIe Ha YacToTy 2.4 KI'Il (1IeHTpasibHAs yac-
TOTa TMOJIE3HOT0 CUTHAJA) U 4acToTy auckperusanuu 32 kI (cooTBerct-
ByeT TeopeMe KotenbHMKOBa /17151 BBIOpaHHOT O inana3oHa). [1epBblii ncrou-
HUK CUTHaJIa MOZAEIUPOBAJI PSAMON NPUEM OT pajuonepeiaTuuka, UMes Ha-
qanpHy0 (azy 0 pag, B TO Bpems Kak BTopoil umen (azosblii casur 0.785
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paa (m/4), UMUTHPYS IPUEM TOT'O XKe CUT'HaJIa Ha BTOPOW aHTEHHE, pacIioJio-
KEHHOM Ha pacCTOSHUM, KPAaTHOM A/8 /17151 3alaHHON YaCTOTHI.

Jis ydera moMex, MPUCYIIMX PEaJbHBIM YCIOBUSAM PaJUOCBS3H, B
cxeMy Obul 1o06aBieH 610k Noise Source, reHepupyrOIUii rayCCOBCKHUNA
mryM ¢ amriutyaoi 50 MB (cootHomenue curnan/mym ~34 1b nis cuny-
cousbl 1 B), 94TO MO3BOJISIIO TPUOIU3UTH MOIETUPOBAHUE K MPAKTUIECKO-
My cleHapHio. Bee curnansl — npsiMoi, co ¢IBUroM (hasbl U IIyM — CyMMHU-
poBanuck B 61oke Add (JiuHEelHass cyMMa ¢ €IMHUYHBIMUA BecaMmHu), oOec-
ne4rBas OPMHUPOBAHUE UTOTOBOI'O CUI'HAJIA, B KOTOPOM I0JI€3Hast UHPOp-
MalMs UCKaXKaeTcsl BO3JCHCTBHEM IIyMOB OKpY Karollel cpeibl.

s nocnenytomieit punbrpanuu ucrnoias3zoaics High Pass Filter ¢

napameTpamu:
» UYacrora cpe3a: 100 I' (mogaBneHne HU3KOYACTOTHBIX HABO-
JI0K);

» Illupuna nepexoaa: 500 I'u (mmaBHBI Mepexox MEXIy MOJO-
COM 3aJIep’)KUBaHUS U TPOIYCKaHMUS);

» Oxno XammuHnra (=6.76 1 koMrpoMucca Mex, 1y 00KOBBIMU

nernectkamu -43 nb ¥ MUPUHON TIIaBHOTO JICTIECTKA).

OtoT ¢punbTp 3¢p(HEeKTUBHO MOAABIT HU3KOYACTOTHBIE KOMIIOHEHTBI
(urym, HaBOJKHM), COXpaHss XapaKTEPUCTUKU MOJIE3HOIO CUTHANIA B pallOHe
2.4 xI'u. KputnuneiM OblI0 OTCyTCTBUE (hAa30BBIX UCKaXEHUH B paboueii
0JI0CE.

Ornpenenenne pazHullbl a3 MEXy IByMs CUTHAJIAMU OCYIIECTBIIS-
nock depe3 010k Multiply Conjugate (nepemuoxxenne Buaa y(t)=xi(t):
‘X2*(t)), /1€ OAMH CUTHAJI IEPEMHOXKAJICS C CONPSKEHHON Bepcuelt Apyro-
ro. DTO0 MO3BOJISIIO MOJYYUTh KOMIUIEKCHOE 3HaU€HHE, apI'yMEHT KOTOPOTro
coziepxan uHpopmaruio o ¢pazoBoM paznuuuu. [locaenyromee mpeodpaszo-
Banue uepe3 Complex to Arg (Bbruucienue angle (y(t)) AaBajgo MrHOBEH-
HOE 3HaYCHHE Pa3HOCTH (a3 B pauaHax — KIIIOUEBOU MapaMeTp Ui OLICHKH
YTJI0BOIO MOJIOKEHUS NCTOYHUKA.

Busyanu3zanusa Bxiarovana:

1. QT GUI Time Sink (2048 Touek, 32 kS/s) — koHTposb HOpMEI

CUTHAJIOB U KOPPEKTHOCTH BPEMEHHBIX COOTHOLICHHI.
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2. QT GUI Frequency Sink (BII® 1024 touku, RBW=31.25 ') —

aHaJIU3 CIIEKTPAIbHON YUCTOTBHI.

3. QT GUI Number Sink — mmudpoBoii BbIBOJ (a30BOro ciBura ¢

touHocTbio ~0.01 pan.

YacToTa AMCKpETU3alMU BCeH CHCTEMBI 3aaBasiach II00ATLHOM TIe-
peMmeHHoM argo_role=32k, oOecnieunBasi CHHXPOHHU3ALUIO BCEX OJIOKOB.
Takast cTpyKTypa ¢ TOYHO MOAOOpPAaHHBIMH MapaMeTpaMu M03BOJIsIa BOC-
IIPOU3BECTU KIIIOYEBBIE ACIEKTHI MEJIEHIallui C NOTPEIHOCThI0 <5° B yC-
JIOBUSX, MPUOIMKCHHBIX K PeaIbHBIM [ 1].

TEOPETI/I‘IGCKaH OCHOBA M€TOda

HpI/IHI_II/Il'I pa6OTBI MeJCHraTopa OCHOBAaH Ha MCIIOJIb30BAHUHU PA3HU-
ObI (ba3 MCXKAY CUTHaJIaMU, IPUHUMACMBIMU IBYMS dHTCHHAMU. Ecau an-
TCHHBI PACIIOJIOKCHBI Ha (1)I/IKCI/IpOBaHHOM pacCTosdHruu Apyr OT Apyra, TO
Pa3HOCTb (1)8.3 MMO3BOJIACT ONPCACIUTD YI'OJI IIPpUXoJa CUTHAJIA, UCIIOJIb3YyA

cnenytomryto hopmyiny [3,Error! Reference source not found.]:

A = w (1)

rue:

> A — pa3HocTb (as;

> d — paccrosiHHE MEX/y aHTEeHHaMH;

» 0 — yron npuxoja cUrHania;

> A — IUIMHA BOJHEL

B ycrnoBusix cuMynsiiuy aHTEHHBI 3aMEHSITUCh CHHTETHUECKUMHE CHT -
HaJIaM¥ C 33aHHOM (pa30¥, 4TO MO3BOJIMIIO IPOTECTUPOBATH TAHHBIN METO/T
0€3 UCIOoJIb30BaHUs PEATHLHOTO 000pY0BaHUSI.

Pe3yabTaThbl M NX HHTEPNIPEeTALMA

PesynbTarel MmogenupoBanus cuctemsl nenenrauu B GNU Radio
JEMOHCTPHUPYIOT BBICOKYIO 3 ()EKTUBHOCTH MPEIOKEHHOTO aJITOPUTMA.
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Pucynok 2. Pezynemamul cumynsayuu.

1. Bpemennas 3aBucumoctb (QT GUI Time Sink)

AHanu3 BpeMeHHbIX 3aBucumocteit curiainoB (QT GUI Time Sink)
MOATBEPK/IaET KOPPEKTHYIO paboTy TeHepaTopoB — (Da3oBbIM CIBUT /4
MEXJy CHTHAJIaMH OCTAaéTcs CTAOMIBHBIM, HECMOTPS Ha J100aBIEHHBIN
rayccoB UIyM aMruTy1oi 50 MB, KoTOpbIit UMUTHpPYET peanbHbIe YCIOBUS
panuonpuéma. BaxxHo OTMETHUTb, UTO CTAOMIBHOCTD AMIUTUTY/Ibl CUTHAJIOB
yKa3bIBa€T Ha KOPPEKTHYIO paboTy MOJI0COBOrO (PUIIBTPA C YACTOTOM cpe3a
100 I'm.

2. ®a3osbiii anaau3 (QT GUI Number Sink)

KitroueBbIM 3TaroM BCero mporecca MejeHray cTaino mpeodpaso-
BaHue curHayoB B 0;110ke Multiply Conjugate ¢ mocneayrommum BEIYUCICHHU-
em ¢a3sl B Complex to Arg. IMeHHO 3Ta 1ernodka onepamuii mo3Boyimia ¢
BBICOKOM TOYHOCTBIO OTIPEIeIUTh (Pa30BbIi CIBUT MEXy CUTHAJIAMH, TIPH-
HUMAaeMbIMH pa3HECEHHBIMU aHTeHHaMU. CTaOMIIBHOCTD PE3yJIbTATOB JIaXe
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B YCJIOBHUAX MOJCIUPYCMBIX TIOMEX NOATBCPIKAACT IICPCIICKTUBHOCTD IPC/I-
JIO)KCHHOT'O aJITOpUTMaA.

3. Yacrornslii ciektp (QT GUI Frequency Sink)

Crnexrpanbubiii anam3 (QT GUI Frequency Sink) BbIsiBHIT 4éTKHi
MUK TOJIC3HOTO CUTHAJA Ha yacToTe 2,4 K[ 1] ¢ I0JaBliecHUEeM BHETIOJIOCHBIX
nomex 6osiee ueM Ha 30 nb. CooTHOIIEHUE CUTHAI/IITYM B pabo4eM Juana-
30HE COCTaBWIIO HE MeHee 15 nb, uto oOecneuniio HaAEKHOE pa3feiicHHe
noJsie3Horo curHana. Ocoboe BHUMaHKE CIIEIYET YASIUTh padore GazoBoro
neTekTopa (0JI0KM «YMHOXKEHHE Ha COMpPshDKEHHOE 3HaueHue» u «Kowmm-
JICKCHOE 3HAYCHUE B ApTYMEHT» ), KOTOPBIH MPOJIEMOHCTPUPOBAT TOYHOCTh
¢azooro casura +0,02 pan (=1,1°), 4To TOJIHOCTHIO COOTBETCTBYET TPeOO-
BaHUSM K TOYHOCTH OTIPE/ICIICHUS HAIIPABJICHUS.

3akjaro4eHue

ITpoBeneHHOE McceI0BaHKUE TIOKA3aJI0, UTO pa3paboTaHHas cUCTEMa
o0agaeT BBICOKOW TMOKOCTBIO M TOYHOCTBIO, TO3BOJISAS MOEIUPOBAThH
NpOIIeCC MEeJCHTaluu 0e3 MCIOJIb30BaHMS IOPOTOCTOSIIETO arapaTHOTo
obecnieuenns. IlonmydeHHbIE pe3ynbTaThl OTKPBIBAIOT TMEPCIIEKTUBBI IS
co3nanus 3()(EeKTUBHBIX MPOTPaMMHO-OINIPENEIIEMbIX TIeJICHTAIIHOHHBIX
CUCTEM TIpaXKIaHCKOro Ha3zHayeHus. JlanpHeiiiune ucciieqoBaHus OyayT
HaIpaBJICHBI Ha aJIANTAIUIO aJITOPUTMA ISk padOThI C PeabHBIM 000pY10-
BanueM (USRP, HackRF) u pacimpenue pabodyero 4acToTHOro quana3zoHa
CHCTEMBI.
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DEVELOPMENT OF A HAND-HELD DIRECTION FINDER
BASED ON PROGRAMMABLE RADIO TECHNOLOGY

S. Melkonyan, E. Sivolenko, S. Eyramjyan
Russian-Armenian (Slavonic) University
ABSTRACT

This paper investigates the use of software-defined radio (SDR) technology in
direction finding (DF) systems using an open source programming environment to
improve accessibility and adaptability. The study presents a detailed framework for
developing a cost-effective and flexible DF solution that utilizes both SDR hardware
and open source software tools. By integrating real-time signal processing and data
acquisition algorithms, the proposed system facilitates the accurate direction of radio
frequency (RF) sources. Various DF methods, including phase difference and arrival
time difference methods, have been evaluated and validated through simulations and
field experiments. The results show a significant improvement in the accuracy and
responsiveness of direction estimation, demonstrating the potential of open-source
SDR platforms to develop direction finding capabilities.

Keywords: direction finding, software-defined radio, GNU Radio, signal
processing.
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