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OB OTCYTCTBHUM PEIIEHUA OJHOM CUCTEMBbBI
HE.JII/IHEI‘/'IHI)IXU BECKOHEYHBIX AJITEBPANYECKHUX
YPABHEHUU C MATPUIIAMMU TUIIA TEIIJIMIA

A.P. Akonan
Poccuiicko-Apmanckuu (Cragsnckutl) ynugepcumen
alexander.hakobyan@gmail.com

AHHOTAIUA

JaHHas cTaThsl MMOCBAIICHA HCCICIOBAHUIO OTHOW CHCTEMEI
OEeCKOHEYHBIX anredpanuyeckux ypaBHEHUH ¢ MOHOTOHHOM Helu-
HelHoCThI0. CucTeMa TakuX ypaBHEHHM MMEET TMPIJIOKCHHS B
IUCKPETHBIX 33/1a9aX TCOPUH pP-aIUuecKHX CTPYH W MaTeMaTH-
4yeckoil Ononoruu. Jloka3siBaeTCsi OTCYTCTBHE 3HAKOCOXPAHEHHO-
TO pemIeHus Ui 3TOH CHCTEMBI B KJIACCE OTPAHUYEHHBIX MOCTe-
JoBaTeNbHOCTEH. B KOHLIE MPHUBOAATCA KOHKPETHBIE HMPUMEPHI
MPUKIIATHOTO XapaKkTepa.

KnioueBble cJI0Ba: HEIMHEHHOCTh, OECKOHEUHAsI CHCTEMA,
BBIITYKJIOCTh, MOHOTOHHOCTb, IIOCJIEZIOBATEIbHOCTb.

1. BBenenue

B HacTosieii craTbe ucciemyercsi Cleayouii Kilace HeMMHEHHBIX Oec-
KOHEUYHBIX CHCTEM anreOpanveckux ypaBHenuit Ha Z := {0, £1, £2, .. }:
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+00
Q(xn) = Z An—jXj, n €, (1)
j:—OO
OTHOCHUTEIILHO 0€CKOHEYHOTO BEKTOPA X = (..., X_1, Xg, Xq, - )T, rne T —
3HaK TPAaHCIIOHUPOBAHHMS.
+00
B cucreme (1) mocnenoBaTenbHOCTD {ay, }h S, YAOBICTBOPSET Clic-
JTYIOIIUM yCIIOBUSIM:
aa, >0 a,=a_, n€Z a,l neN,

400 400
6 > a=1 ) a-li<w

n=-—oo Jj=—00

Hemuneitnocts Q 001agaeT CBOWCTBAMH:

DE(x)=-0(x),0(x) T x €R,

2) Q(x) crporo Beimykiaa BHE3 Ha [0;+00) U CyIIECTBYET YUCIO 1) >
0, Takoe, uro Q(n) = n

Pemenne cucrembr (1) wmercs B KiIacce OTpaHUYCHHBIX
MOCJIeIOBATEIBHOCTEH M:

m:= {x = (o, X1, X0, Xq, )T 2 sUP || < +00}.
nez

Cucrema (1), KpoMe YUCTO MaTEMaTHYECKOIO HHTEPECA, UMEET IIPHU-
JIO’KEHMSI B IUCKPETHBIX 3a/1auax JUHAMUYECKON TEOPUH P-aIMYECKUX OT-
KPBITBIX WJIK OTKPBITO-3aMKHYTBIX CTPYH JUISI CKJISIPHOTO TOJISI TAXUOHOB
(cm. [1-3]). Kpome Toro, cuctemMbl OI0OHOTO XapakTepa BCTPEUaloTCs B
MaTEeMaTHYECKON TEOPUH PACIPOCTPaHEHUS YHAEMUISCKUX 3a00IeBaHMIA
B paMKax quckpeTHoi monenu [Jukmana-Kamnmnepa (cm. [4-5]).

Bomnpocsl cymiecTBoOBaHUS M € IMHCTBEHHOCTH 3HAKONIEPEMEHHOTO OT-
paHUYEHHOTrO pelieHust cucteMsl (1) (1 ero AByMEpHOTO aHajiora) B ornpe-
JIEJICHHOM TIOJIKJIACCE OTPAaHUYCHHBIX IMOCJIEIOBATEILHOCTEN: X € M,
X_p = —Xn, N€Z, n—Xxely, obcyxnanucs B padore [6].

OCHOBHOMH 11€/1bI0 HACTOAIIEH PadOTHI ABISETCS AOKA3aTEIbCTBO OT-
CYTCTBUS HETPUBHAILHOTO 3HAKOCOXPAHEHHOTO OIPAHUYEHHOTO PEIICHHS.
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Ha camom nene Mbl nokaxem, uro cucrema (1) B kjacce orpaHUYEHHbBIX
OECKOHEUYHBIX BEKTOPOB, KOOPIMHATHI KOTOPHIX HEOTPUILIATEIbHBI (HENOJIO-
KUTEJNIbHBI), KpoMe TpuBUaIbHbIX perienuii 0 u n (0 u —n), Apyrux peiue-
HUil He umeeT. Jloka3aTrenbCTBO ITOrO (PaKTa MoIy4aeTcst ¢ MOMOIIBIO IBYX
BCIIOMOTATEJIbHBIX JIEMM, UMEIOIUX CAMOCTOSTEIbHBIN HHTEPEC.

B koHie paGoThl MbI TakXe MPHUBEJEM KOHKPETHbIE NPUKIIATHbIC

IPUMEPBI TIOCIIEN0BATENLHOCTH {Ay } 2 o U HemMHEHHOCTH Q.

2. BcnomoraresabHbie GaKkTbl

Crenyroias JeMMa UTpaeT BAXKHYIO POJIb B HAIIUX JTATBHEHIIINX pac-
CY)KICHHSIX.

Jlemma 1. Ilycms svinonusomes yciosus a), 6), 1), 2). Toeoa xoop-
ounamul 1106020 pewrerus X = (..., X_1,Xg, X, ... )| € m cucmemsi (1) yoo-

6emeopsom ciedyioujell 08YCnopoHHell OYeHKe:
—nN<x,<1nnew.
Hoxa3zarenbcTBo. [Ipeamnonoxum, 4ro

Co = sup |x,| > n.
nez

W3 ycnoswii a), 6) u 1) cneayer, uro Q(|x,|) < Cy, OTKyaa mosydaem, 4To

Q(G) = G (2)

C nmpyroii CTOpOHBI, IPUHKUMAsE BO BHUMAaHHUE BBIMYKIOCTh U MOHO-
C

TOHHOCTH (DYHKIIUH (, JIETKO 3aMETUTh, YTO % > 1 (cm. Puc. 1). I[Tocnen-
0

Hee yTBEPKIACHHE IPOTUBOPEUUT HepaBeHCTBY (2). TakuMm ob6pasom, Jemma
JI0Ka3aHa.
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)
—y=Q()
Q(Co) e
Ne---—-- 0 >45°=tgh > 1

Pucynox 1.

Bropast memMMa siBiIsseTCsS KIIFOYEBBIM (DAKTOM JIJIs JIOKA3aTelIbCTBa
OCHOBHOT'O pe3yJibTaTa HaCTOSIIICH pabOTHI.

Jlemma 2. Ilpu ycrosusx Jlemmor 1, eciu KoopOouHamol peuieHust
x = (., X_q, Xg, X1, ... )T € m yooenemsopsiom ycrosuio x,, = 0,n € Z, mo
Xn = Q(x,),n € Zux—Q(x) €ly, me.

io (%7 — Q(xn)) < 0.

n=-—oo

HoxkazarenbcerBo. Tak kak x, = 0,n € Z, To B cruty Jlemmsr 1 0 <
Xy < 1,1 € Z. OTKyaa B CHIIy YCIIOBHSA 2) MOJydaeM, uto X, = Q(x,),n €
Z. TTokaxem, uto X — Q(x) € ;.

CriepBa nokaxem, 4To

0
D G = Q) < oo

n=-—oo

B cuny ycnosuii a), 0) u 2), B Cuily HEOTPULIATEIbHOCTH 11OCJIEI0BA-
TEJIBHOCTH X, ¥ YTBepKaeHus JlemMmel 1, ciienyroniee COOTHOIIEHHE BEPHO
JUig mpou3BoJibHOrO 7 € N:
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0< > (1-00) = Zoo an-j(n = %)

n=-r n——rj_—oo
-r—1
DI ED IS Iy
n=-r j=-r n=-r j=—oo n=-r j=
0 0 0 +0oo 0 n-1
=20 D et ) ) wEn ) )y
j=-r n=-r n=-r j=n+r+1 n=-r j=—oo

OTCIO,D;a B CHJIy yCIIOBUI a) u 0)

T+1 +oo
0= Y G-et)s Y-y S atn 3 3o,
n=-r j=-r n=1j=n n=-r-1j=—o
3aMeTHM TaK ke, UTO B CHITy YCIIOBHS 0)
r+1 +oo r+1r+1 r+1 +oo
22,920,042, 2,
n=1j=n n=1j=n n=1j=r+2
r+1 + oo +o00
=zjaj+ Z aj(r+1) SZja-,
j=1 j=r+2 j=1
B CHIIy YETHOCTH HOCHGHOB&TCHLHOCTI/I an
r+1 +oo +00
> D=y >usyi
n=-r-1j=-oo n=1j=n j=1

B cuny (4), (5) u3 (3), Tak kak 1 = x,, = Q(x,,), n € Z, nonyuaem

0 +0o0
< Z (xn — Q(xp) < Zr)Zjaj < oo,
=

n=-r

yCTpCMI/IB T — +00 B IIOCJIICTHEM HCPAaBCHCTBC, UMCCM

(3

4)

()
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0 + 00
0< 2 (2 — Q(xp) < anzljaj < oo,

n=-—oo

AHa0ru4Ho JOKa3bIBACTCA, UTO

+00 +00
0= ) (a—QCe)) <27 ) joy <
n=1 j=1
CrengoBaTeiabHO,
[o's} +o00
0< Z (xn — Q(x) < 47 Zjaj < oo, (6)
n=-—oo j=1

TeM campIM JiemMMa JJOKa3aHa.
3. OCHOBHO¥ pe3yJbTaT U NPUMeEPbI

OCHOBHBIM PE3YJILTATOM HACTOSALIEH paOOTHI ABJISETCS CIETYIOIIAs.

Teopema. Ilpu ycrosusix a), 6) u 1), 2) cucmema (1) ne obraoaem
HeompuyamenbHbiM, HeMpUBUATbHLIM U 0ZPAHUYEHHBIM PelueHUEM.

Hoxka3areabcTBo. [lycts cuctema (1) o6iamaer HEOTPUILIATEILHBIM
¥ OrpaHMYEHHBIM peIIeHUEM

X = (...,x_l, xo, xl, ...)T

W3 ycnosus 6) umeeM, 4To
+00

1-QC) = ) ann—x), nel ™)

j:—OO

VYMHO)UB 00€ cToponsl paBeHcTsa (7) Ha X, — Q(x,,) U IpocyMMHu-
poBaB [uist Bcex n € Z (B cuiy JleMMbl 2, moiydeHHBIH psii OyAer cxo-

JUTHCS), TOJTyYUM
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D (=) (1= Q) = ) (1= QCe) D an 1= x))
n=-—oo n=-—oo j=—o00
= > 0-x) ) anj(xa—QGw)
j=—o0 n=-oco
= z (77 - xj) (Q(x]) - Z An—j Q(xn)> (8)
j=—o0 n=-—oo
Tak xak ¢ynkius Q Boinykia BHu3 Ha [0; +00) U psig
+00
Z an_jxj
j=—o0

CXOOUTCA, TO B CUJIY HCPABCHCTBA Hencena HUMECCM, UTO

Q(Q(xn)) =0 < z an_jxj> < 2 An—j Q(xj),n eEZ (9

j==o j==o

N3 cootHomenuii (8) u (9) umeem, 4To:
+00

> {6 = 0Ga)) (= Q) = (1 = ) () - Q(QG))} < 0,

n=—co

n € 7. (10)

O603naunm E = {n € Z| 0 < x,, < n }. Torna Hepaserctso (10) Mox-
HO TIepenucarh B CICIYIOUIEM BHJIE:

n-— Q(xn) Q(xn) - Q(Q(xn))
;E(xn - Q(xn))(n — Xp) < n—x, - X, — 0(x) > <0

n e 7 (11)

Tak kak B cuny ycnoBuii 1) u 2) (cm. Puc. 2)

n-— Q(xn) Q(xn) - Q(Q(xn))
n—Xn g Xn — Q(xn) meb (12)
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N — = — — = — — — — — o —————— — —

a>f=>tga>tgf

et

X

Y

Pucynox 2.

nonmydaem, uto E = @.  CrienoBatensHo, Uisl BCsIKOro N € Z ymbo x, = 0,
mbo x, = 7. CrenoBaTelbHO, B CHUJIY HEOTPULIATEIBHOCTH IOCIEI0Ba-
TeIbHOCTEN A, U X,, €Clu X, £ 1, T0 x, = 0. Takum o6pazom, Teopema

JOKa3aHa.

3ameuanme. [losmopss ananocuunvie paccyiHcoeHus, MONCHO 00Ka-
3amu, umo npu yciogusax Teopemvol I cucmema ne modrcem oo1a0ame Heno-
JIOHCUMENIbHBIM HEMPUBUATLHBIM U 02PAHUYEHHBIM PelleHUEM.

B kxoHIle paccMOTpUM KOHKpPETHBIE MPUMEpPHI MMOCIEI0BATENEHOCTH

{a, 1= o n dynkumm Q:iy) a,, = q!™ ;—Z, 0<g<l,
25 T n (2e? = 1)’
kEDQ(x)=c-x3+ (1 —0)x, 0<c<1.

k;) Q(x) = xP, p > 2 — HeYeTHOe YHUCJIO.

p >0,
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Aemop evipadxcaem 61a200apHOCmMb C80€M)y HAYYHOMY PYKOBOOUMe-

10 — 0.¢.m.H., npogpeccopy X.A. Xauampsny.
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ON THE ABSENCE OF A SOLUTION TO A SYSTEM
OF NONLINEAR INFINITE ALGEBRAIC EQUATIONS
WITH TOEPLITZ TYPE MATRIXES

A. Hakobyan
Russian-Armenian (Slavonic) University
ABSTRACT

The work is devoted to the study of one system of infinite algebraic equations

with monotone nonlinearity. The system of such equations has applications in discrete

problems of p-adic string theory and mathematical biology. We prove that there is no

sign-preserved solution for this system in the class of bounded sequences. At the end,
concrete examples of an applied nature are given.
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ABSTRACT

For a given graph G and a proper edge t-coloring o defined on
G, denote by Sum_G (v,a), the sum of colors of edges neighboring
v, where v€EV(G). In that case, a is called an antimagic edge t-
coloring of the graph G if for every pair of distinct vertices
v_1,v 2eV(G), Sum G (v_1,0)ASum G (v_2,a). The set of
graphs G, for which there exists some t, such that G admits an
antimagic edge t-coloring, is denoted by AM. For any graph
GEAM, let ®_am (G) mean the least positive integer t, for which
G admits an antimagic edge t-coloring. In this paper, we determine
or bound the parameter @_am (G) for simple cycles and regular
bipartite graphs.

Keywords: Antimagic edge-coloring, edge-coloring.

I ntroduction

Throughout the paper, all graphs are simple, finite, and undirected.
Let V(G) and E(G) denote the sets of vertices and edges of G, respectively.
For v € V(G), we define d; (v) as the number of neighbors of v.

A proper edge t-coloring of graph G is a surjective mapping a:
E(G) - {1,2,...,t} such that a(e) # a(e") for any pair of adjacent edges
e,e' € E(G). Consider a proper edge coloring @. We denote Sumg; (v, @) =
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YueNg(w) @(uv). In some cases, we will use the notation Sum(v) instead
of Sum (v, @) if the graph and the coloring are evident from the context. A
proper edge t-coloring of graph G, for which all the values Sum(v),v €
V(G) are distinct, is called an antimagic edge t-coloring. If graph G admits
an antimagic edge |E (G)|-coloring then G is called an antimagic graph.

All the terms and concepts not defined in this paper can be found in
(8, 9].

In 1990, Hartsfield and Ringel conjectured the following:

Conjecture [4]. All simple connected graphs except for K, are
antimagic.

Although the conjecture has undergone numerous researches, it is still
an open problem for a wide range of graphs, including trees and bipartite
graphs.

The authors have formulated the conjecture in the terminology of
edge labelings (assignments of edges to numbers 1,2, ...,|E(G)]). This
paper offers to consider a more generalized problem taking into account that
edge labeling is a particular case of edge coloring. Thus, we introduce a
class of graphs AM which contains graphs G for which there exists some
integer t, such that G admits an antimagic edge t-coloring. Then, for any
graph G € AM, we denote by w,,,(G) the least positive integer t, for
which G admits an antimagic edge t-coloring.

In this paper, we consider the w,,,(G) parameter for simple cycles
and regular bipartite graphs and obtain some results on its lower and upper
bounds.

We will use the following lemma to prove our results on simple cycles
and bipartite graphs.

Lemma [5]: Let G be a graph in AM. Let for some d (1 <d <
A(G)), ng is the number of vertices with degree d in G. Then, wg,(G) =

["dd"ll +d.

Simple cycles
Let C,, be a simple cycle of n vertices (n = 3). It is known that C,, is
an antimagic graph and therefore belongs to AM([1, 2, 3, 4, 7]).
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Theorem 1: For any integer n > 3,

(m+4 )
> ifn=2kk>2keZ,
n+5 .
Wam(Cp) =\ ——,  ifn=4k+1Lk=1keL
n+3 )
5 ifn=4k+ 3,k >0,k € Z.
Proof: Choosing d = 2 in the lemma above, we obtain a)am(Cn) >
[ ]+2 If n is even, thenwam(Cn) >[ ]+2 ——+2 =22 Ifnis
odd, wam(Cy) = —] +2="2402= T Consider the case when n =

4k + 1, forsome k = 1,k € Z. Let us show that it is impossible to construct
an antimagic nTH-coloring in this case. Suppose that such coloring exists,
and let us consider the values of Sum function on the vertices of the graph.
Since we only use the colors 1 through nT+3, and each vertex has a degree of
2, the least possible value of Sum is 3, and the largest possible value is
Tl+3 n+3

—~ — 14+ — =n+ 2. Since there are n vertices which should have a

unique Sum Value, the set of Sum values is {Sum(v;) | (i = 1,2, ...,n)} =
{3,4,5,...,n+ 2}. Let us notice that the following number
n

n+5 4k + 6
ZSum(vi)=3+4+-~+(n+2)= S =" - (4k + 1)

i=1
= (2k+3)(4k+1)
is odd. However, since the color of each edge should be counted twice in

this sum, it should have been even, so we came to a contradiction.
n+3

Therefore, n = 4k + 1 => wyy(C,) > — > =2 We denote by T,, the

following number:

(m+4 ]
> ifn=2kk>2keZ,
n+5 .
T, = < 5 ifn=4k+1,k>1k €Z,
n+3 ]
ifn=4k+ 3,k >0,k € Z.

\" o
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Thus, we obtained that wg,, (C,) = T,. Now, to prove the theorem, it
is sufficient to construct a coloring, for which the equality holds for each
n = 3.

Let us enumerate the vertices of C,, in such a way that E(C,) =
vivipq 1((=1,2,...,n—=1}U {v,v;}. We say that the proper edge-
coloring a of the graph C,, satisfies the condition (a) if there exist vertices
a,b,c,d € V(C,) such that ab € E(C,),bc € E(C,),cd € E(C,,),a #+
¢,b#=d,a(ab) =T, —1,a(bc) =T,,a(cd) =T, — 2. In this case, we
call the quartet of vertices (a, b, ¢, d) an (a)-ensuring quartet (note that the
order of vertices in it matters).

We construct an antimagic edge T,, — coloring of graph C,, satisfying
the condition (a) for each n >3 (we denote the coloring by ay).
Construction is made by induction in the following way:

1. We construct the colorings a3, a,, as, @ separately.

2. Assuming that n > 7 and that we have already constructed the

coloring a,,_,, we construct the coloring «a,,.

1. The required colorings are provided via illustrations (figure 1).

2. Suppose n = 7 and we have constructed a,,_, for the graph C,,_,.
Suppose that (a, b, ¢, d) is the (a)-ensuring quartet of ,,_,. First, we notice
that T,, = T,,_, + 2. We define a new graph G in the following way:

V(G) = V(Cros) U {Vn_3,V_2,Vn_1, v} and
E(G) = (E(Cn—4) \ {bc}) U {bvn—3' Un—3Vn-2,Vn-2Vn-1,Vn-1Vn, UnC}.
It is obvious that G is a simple cycle of n vertices, thus the constructing of

an antimagic T,,-coloring satisfying the condition (a) will end the proof. Let
us construct the coloring «,, in the following way (figure 2):

an(bvn—3) = Tn—4 + 2' an(vn—an—Z) = Tn—4 - 2: an(vn—zvn—l) = Tn—4f
an(vn—lvn) =Th-4 +2, an(vnc) =Th-s +1,

and ay,(e) = a,_4(e"), for all the remaining edges e, where e’ is the
corresponding edge in the graph C,,_,.
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Figure 1

It is easy to see that a,, is a proper edge T;,-coloring. Let us notice that
(¢, vy, Vy—1, Vn—2) 1s an (a)-ensuring quartet of ,, which make the coloring
satisfy the condition (a). To ensure that the coloring is also antimagic, we
can notice that Sumg(b,a,) =2 Th_y+1,Sums(vy_3, a,) =2+
Tnea, Sumg(Vp_z,ap) =2 - Tyy — 2,5umg(Vp_q, an) =2 - Ty g +
2,Sumg(vy, ap) =2 Ty_y +3,Sumg(c,ay) =2-Ty_p, —1, and for
each of the remaining vertices v; of G, Sum;(v;,a,) =
Sume, (Vi ap_y) <2-Ty_y — 2 since Sumg, ,(b,an_s) =2 Ty —
land Sumg,_,(c,an_y) =2 -Ty_y — 2.
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Figure 2.

Regular bipartite graphs

It is proved ([1, 2]) that regular graphs are antimagic, which means
they lie in the set AM . Here we give lower and upper bounds on wg,, (G)
for regular bipartite graphs.

Theorem 2: Let G be an r-regular bipartite graph of 2n vertices (n >
1,7 = 2). Then,

[2n_1]+rSwam(G)Sl37nJ+r—1.

Proof: The lower bound can be easily derived from the lemma by
setting d = r. We will prove the upper bound by constructing an antimagic
(l%nj +r— 1)-coloring for each r-regular bipartite graph using an
induction on r:

1. Firstly, let us construct a coloring for graphs where r = 2. In this
case, the graph is a union of simple cycles, say G = Cp,, U Gy, U ..U Gy, .
Since each cycle in bipartite graph contains at least 4 vertices, we can notice

that the number of components k is less than or equal to l%nJ = BJ We
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color those cycles using the coloring represented in theorem 1. Then we add
(Tyn, — 1) to all colors of edges in the second cycle (the cycle with m,
vertices), (Tyy, + T, — 2) to all colors of edges in the third cycle (the cycle
with m3 edges), ..., (Tpy, + =+ + Ty, _, — (k — 1)) to all colors of edges in
the last cycle (the cycle with m;, edges). Since within each cycle, the Sum
values of vertices were distinct by the theorem 1, and since we added the
same number to the color of each edge in the same cycle, we can surely say
that within each cycle the Sum values are distinct in the described coloring.
Moreover, the maximum of the Sum values of the vertices in the first cycle
is 2T, — 1, while the minimum of the Sum values of the vertices in the
second cycle is at least 2T,,, + 1. Likewise, the maximum Sum value of
the vertices in the i-th cycle is always less than the minimum Sum value of
the vertices in the (i + 1)-th cycle, for i € [1,k — 1]. We provided an
antimagic coloring with the following number of colors:

(T, + Ty + 700+ Ty — (k= D) = (M4 P22 TR (e — 1)) =

2 2 2
(m1+m2+~~-+mk

. +2k—(k—1)>=(n+k+1).

ksEJ=>n+k+1§n+[§]+1=[37"J+1=[37"J+r—1.

2. Supposing the upper bound is correct for any r-regular bipartite
graph, let us prove that it is also correct for (r + 1)-regular bipartite graph.
Since each bipartite regular graph has a perfect matching (proved by
Konig), we can pick one of them (let us call it M). We can notice that the
graph G' = G — M is an r-regular bipartite graph, for which we can apply
the supposed condition of the induction and color it with an antimagic

coloring with number of colors equal to [%nj + r — 1. We color the graph G

in the following manner: color all the edges of M with the color [37111 +r,
and all the remaining edges with the color of corresponding edge in G'. It is

easy to see, that the provided coloring is an antimagic ([3711] + r)-coloring.
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Note, that if we want to construct a coloring using the proof of the
theorem above, we can search for a 2-factor with the minimum number of
simple cycles in it and firstly color that 2-factor, then add a color one by
one to each perfect matching. So, from the proof of the theorem above, we
can also imply the following corollary:

Corollary 1: Let G be an r-regular bipartite Hamiltonian graph of 2n
vertices (n = 1,7 = 2). Then,

2n—1
=
From the Corollary 3 of the paper of Moon and Moser ([6]) about

]+r£wam(G)Sn+r.

bipartite graphs having Hamiltonian cycle, we can also imply the following
corollary:

Corollary 2: Let G be an r-regular bipartite graph of 2n vertices
where > % (n = 4,r = 2). Then,

[Zn—l

]+r§wam(G)Sn+r.
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Ob AHTUMATMYECKHUX PEBEPHBIX PACKPACKAX MPOCTBIX
HOUKJIOB U PEI'YJIAPHBIX JIBY 10JIbHBIX I'PA®OB

A. Manykan, I. Mukaensan
Epesanckuii ['ocyoapcmeennwiil ynugepcumem
AHHOTALNUA

Jns manHoro rpada G W TIpWBEIEHHOHW Ha HEM INPABWIBHOW peOepHOM t-
packpacku @ 0003HauMM depe3d Sumg (v, @) CymMMy LBETOB pebep WHIMACHTHBIX
BepimHe v € V(G). Torna a Ha3bIBaeTCS «aHTUMArm4eckon pedepHoi t-packpacKo
rpada G», ecnm AN KOKAOW Tapsl pas3IMYHBIX BEpIIMH Uy, v, € V(G),
Sumg (v, @) # Sumg(vy, ). MHOKecTBO TpadoB G, I KOTOPBIX CYIIECTBYET
HEKOTOPOE IIeJI0€ YUCIIO t — TaKoe, 4To G JIOMyCKaeT aHTUMAarudeckyro pebepHyro t-
packpacky, ob6o3HadaeTcs yepe3 AM . [[ns npoussonsHoro rpada G U3 MHOXKECTBA
AM 00603HAYUM Yepe3 Wy, (G) HauMeHbIIee MOJOXKHUTEIBHOE 1eNI0e YUCTO t, IS
KOTOpOoro G JOIyCKaeT aHTUMarnuecKkyro pebepHyto t-packpacky. B manHo# pabote
Hal/IeHbI HEKOTOPBIC OIICHKU U HEKOTOPHIC TOUHBIE PE3yJbTATHI MAPaAMETPa Wy, (G)
JUTSL TIPOCTBIX IIMKIIOB U IBYJIOJBHBIX PETYISIPHBIX TpadoB.

KnroueBnle cjioBa: aHTHMarndeckas pedepHast packpacka, pedepHast packpacka.
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IPEJCTABJIEHUSA 1J151 PACHOPEJEJEHUSA JJIMHBI
CJIYYAHUHOM XOPJIbI IIO HAIIPABJIEHUIO
BBIITYKJIBIX ®UT'YP

3.P. Apamsan

Poccuiicko-Apmancku (Cragsnckutl) ynugepcumen
elen.aramyan@yahoo.com
AHHOTAIIUSA

BoccranoBneHue BBITYKIIBIX (PUTyp € MOMOILBIO pacnpesene-
HUSI JJIMHBI CITyJaifHOW XOPJBI TI0 HAIIPABJICHHUIO BBIMTYKIION (u-
TYpBI UTPAET BaXKHYIO POJIb B MHTErPAIbHOW F€OMETPUU U B TEO-
PHM BOCCTAHOBJICHHUS BBIMYKJIBIX (Uryp. B 3T0if pabote HailneHno
HOBOE€ TPEICTaBICHUE JUJIsl pacHpeeeHHs UIMHBI CIydalHOMN
XOpP/bl O HANPaBICHUIO JUISl BBIMTYKIIBIX MHOIOYrOlIbHUKOB. I1o-
JTy4eHHOE MPEICTABICHNE MOXKHO UCTIOIB30BaTh ISl BOCCTAHOB-
JIEHHS BBITYKIBIX QHUTYp. A Takxke ObUI IPEATIOKeH allTOPUTM BOC-
CTaHOBJICHHUS IPOU3BOIBHOIO BBIITYKJIOIO YEThIPEXyTrOIbHUKA.

KaioueBble ci10Ba: BEITyKJIOE TENIO, PacIpeneiICHUE IIHHBI
XOP/Ibl, BOCCTAHOBJIEHHE BBIMTYKIIBIX MHOTOYTOJIbHHKOB.

1. BBeaenue

['eomerpuueckas Tomorpadus (cm. [1], [2], [3]) — oTO 0OnacTs maTe-
MAaTHKU, 3aHUMAroasicst IouCKoM I/IH(i)OpMaHI/II/I 0 r€OMCTPHICCKOM O6T)€K-
TEC, UICXOJA U3 JaHHBIX O €0 NPOCKIUAX (TerIX) Ha IJIOCKOCTAX UJIU CECYC-

HUAX IIOCKOCTAMU, — IJIA BOCCTAHOBJICHHUA T'€COMECTPHICCKUX 00BEKTOB.
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WHTerpaibHble TeOMETpUYECKHE KOHIENIUN — TaKKe, KaK pacipe-
JIeJICHUE JUTMHBI XOPbl, PACIPECIICHHE PACCTOSIHUS MEXKIy IBYMS CIIy-
YallHBIMHM TOYKAMHU 110 HAIMPaBJIEHHUIO B BRIMYKJIOM Telie D, pacnpenenenue
JUTMHBI XOPAbI IO HAITPABJIEHUIO U MHOTHUE JIPYTUEe, — HECYT HEKOTOPYIO UH-
dopmaruio o D. U3BecTHO, 4TO pachpenenaeH s ITUHBI XOPAbI 0 HAIPaB-
JICHUSIM BBINYKJION (urypsl D onHo3HauHO onpeaenseT D ¢ TouHOCTHIO 10
napajuieJIbHbIX TIEPEHOCOB U oTpakeHui (cM. [3], [4], [5]). Boccranosme-
HUE BBITYKJIBIX (DUTYP C TTIOMOIIBIO CIIyYailHBIX OTPE3KOB MO3BOJISIET YIPO-
CTUTh PAaCUeT, MOCKOJIbKY METOJbl MAaTEMAaTHYECKOW CTATHCTHKUA MOTYT
OBITh UCTIOJIL30BAHBI JIJIs1 OLIEHKH T€OMETPUUYECKHUX XapaKTEPUCTHUK CITydai-
HBIX OTPE3KOB.

B naHHOM cTaThe HALLLIM BBIPAKEHUE VIS PACIIPENCIICHUN JUIMHBI CITY-
YailHOM XOp/Ipl IO HAIPABJICHUIO JJIsl TPEYTOJIbHUKA, BBITYKIJIOTO YEThIPEX-
YTOJIbHHUKA U HOBOE BBIPAXKEHHE JJIs1 pacCpeesICHUs UTMHbBI CITy4alHOU XOp-
JIbI TIO HATIPABJICHUIO JJISI BHIMYKIIBIX MHOTOYTOJIBHUKOB. A TaKXKe MPeJyio-
KEH aJITOPUTM BOCCTAHOBJICHUS IIPOU3BOJIBHOTO BBITYKJIOTO YE€THIPEXYTOJTh-

HUKA 0 PaCHpeICICHUSM JUTMHBI CITy4YailHON XOP/Ibl IO HAIIPABJICHUSM.
2. OnpenesneHus1 1 METObI

[lycte D — xoMmakTHO€ MHOXXECTBO B EBKIMJIOBOM MPOCTPAaHCTBE.
[Tycts b(¢) — opToroHanbHast mpoekius D Ha MpsiMy0, KOTOpasi MPOXOHUT
yepe3 HayaJio KoopaAuHatT 1 umeet Hanpasienue ¢ (Puc. 1). Ipsamas g(p, @),
KOTOpas MEePIEeHIUKYJISIPHA HANIPABICHHIO ¢, TIepecekaeT D, UMeeT TOUKY
nepeceyeHus ¢ b(g), u o0o3HaunM yepes X € b(¢). Mbl MoxkeM corocTa-
BUTh TOYKU X € b(¢) U mpsiMbIe, KOTOpPbIC TiepeceKkatoT D U NepreHIuKY-
JIAPHBI HATIPABJICHUIO ) ¥ 0003HAYUM ITy HPAMYIO 4epe3 g (x). TIpenmo-
jiarasi, 9TO TOYKH IEPECEUCHHS X UMCIOT PABHOMEPHOE paclpeieiecHue Ha
oTpeske b(¢@), MoxkeM onpeaenuTh GYHKIMIO pacipeesieHus ITHHbI CITy-

YalHOU XOp/Ibl MHOKECTBA D 110 HAIIPABJICHUIO @:
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Pucynox 1.

Omnpenenenne. PyHKIMA pacpeeeHNs JJIMHBI XOPAbI 10 HApPaB-
JICHUIO, JTO:

FD(t, 9) = P{lx(gp)l <t: x(g) = gpND},
rJie g¢ MMEET HalpaBJIeHue Moo @.
3. Cayuaii TpeyroJibHMKA

Paccmotpum npoun3BosbHbIi TpeyronbHuK AABC Ha 1ockocTH. BbI-

qucanM GYHKIIHIO pACTPeACICHHS [UTHHBI XOP/IbI [0 HAMpaBiIeHHO ¢ € S1.
Jlemma. ®Dynkuusg pacnpeneneHus AIUHBI XOpAbl TPEYroJlbHUKA

AABC no HampaBJiieHHIO @ € S 1

npu 0 < t < Xpax
Xmax

Fpape(t, 9) = 1, 1pU t> Xy (3.1)
0, nput < 0

I71I€ Ymax — 3TO JUIMHA MaKCUMAaJIbHON XOp/Ibl TPEYroJIbHHUKA [0 HAIpaB-
JICHUIO .

Joka3arenbcTBO:

Paccmorpum AABC v HatipaBieHue @ € S 1. 0603HaunM JUIMHY MaK-
CHMAalIbHOW XOp/Bbl [0 HAMpaBIeHHIO ¢ Kak ymax. Ilpu t > ymax
FAABC(t, ) =1.
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@

Pucynox 2.

O6o3naunm cobbitisa B & {|xp(g)| <t}, Al € {x(gp) Ed1}, Al ¥

{x(go) € d2}, rne x(g¢) — s1o TOuKa nepeceuenus ¢ b(p). [To popmyie
HOJIHOM BEPOSITHOCTH OYZIeM MMETh:

FAA(t, @) = P(lxp(g)l <t) = P(A1)PA] (B) + P(A2)PAp (B) =
dq t dy t t

,npu 0 <t < ymax

Xmax Xmax
4. Cuay4ail BBIIIYKJIOT0 YeThIPeXyroJbHUKAa

PaccMoTpyM MPOM3BOIILHBIN BBITYKIIbINA YeThIPEXyroidbHUK K & ABCD
HA MJI0CKOCTU. BrrunciuM GyHKIUIO pactpeienieHus JTMHBI XOP/bI 110 Ha-

MpaBJICHUIO @ € S 1
Jlemma. OyHKIUS pacnpeesieHus ITUHbI XOP/Ibl BBITYKJIOTO YeThI-

pexyrosibHuka ABCD 1o HanpaBieHuo @ € S 1 pmeer CJIeIYIOILUNA BUJL:

FABCD(t, @) =
a *i c i b " t—X1
atbre x T atpre X | atbre mox, MPHO < T < x;
= 1, opu tx2 (4.1),
Onput < 0

rae Y1 v Y2 — 3TO JIJIMHBI MAaKCUMAJIBHBIX XOP/I M0 HAIIPABJICHUIO @ € S ],
OIyIIEHHBIX U3 BepnH (Y2 > x1),a a =|ABy |, b = |BCy|, ¢ = |CDy|, TO
€CTh OPTOrOHAJIBHBIE IPOEKIUN CTOPOH HA IPAMYIO C HAIlpABICHUEM (¢
(cm. Puc. 3).
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Jloka3arejbCTBO.

Xz

A e
@ F
A, M, N, D
Pucynox 3.

PaccMoTpuM npou3BOJIBHBIN BBIMYKJIBIA YeThlpexyroiabHuk ABCD n

IIPOU3BOJILHOE HAIIpaBJIEHUE @ € S 1 [TocTpoum xopasl u3 BepmwuH B u C
110 HAIPaBJIEHHIO ¢ (C AJMHAMU, COOTBETCTBEHHO, X 1, Y2, MyCTh Y1 < x2),
1oJyyas, COOTBETCTBEHHO, XopAbl BM u CN. TleprnieHauKyIsApbl, OMyIIEH-
HbIe U3 BepunH A, D u u3 Touek M, N, Boinenst Ha ocu OX otpesku a, b, c.
[TocunTaeMm (GyHKIHIO pacnpeeleH s AIUHBI CTydaiHON X0opasl Y¢(g) 1o
HaIIPaBJICHUIO .

Ilycts t > x2. Torna FABCD (t, ¢) = P(|xe(g)| <t)=1.

ITycts 0 <t < x2. O603HaunM cobbiTus: B = {|xp(g)| <t},

Al ¥ {x(gp) Ea}, A2 ¥ {x(gp) € b}, A3 ¥ {x(gy) € c}.

[To ¢popmyIie moTHOM BEpOSTHOCTH OYAEM UMETh:

FAB(t, @) = P([xp(g)| <t) = P(A1)PA] (B) + P(A2)PA) (B) + P(A3)PA3

(B)=
et o Py (D) vy

= —_—k — —_—
atbtc x; atb+c atbtc X3

[Tocuutaem PA» (B) ormenbHo. PaccMOTpUM 4eThIpEXyrojbHHUK

MBCN otaensHo. 13 Toukn M nposeneM napasiens MM' k orpesky BC.
Zxy

Torna 6ynem numets, uto PA) (B) =

X1—X2"
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VYuuteiBas (21), nonyunnu, uro npu 0 <t < y2:

t b t—X1 c t
—_ * K —
xq atbtc x;-x, atbtc X

a
FABCD(t, ¢) = gpvc *

5. AJ'Il"OpI/ITM BOCCTAHOBJICHHSI BBINTYKJIOI'0 YE€THIPEXYIOJIbHUKA

Llae 1. IlycTh MeeM JUIMHY MaKCUMaJIbHOU XOP/IbI 110 HAITPABIICHUIO
@QE Sl O6oznaunm o1y JuinHy 1. [IyCTh Takke uMeeM JUIMHY MaKCUMaJlb-
HOI XOp/IBI TI0 HarpapjieHuo @1 + 6 % ¢ rie § — npuHUMAaeT MaJoe 3Ha-
uyenue. O003HAYMM DTy JUIMHY KakK ¥’ 1. Bepem npou3BoJIbHYIO TOUKY A Ha

IUIOCKOCTH ¥ M3 3TOM TOYKH IIOCTPOUM OTPE3KH JJIHHBI Y14 X | 1O HArpas-

JICHUSAM (pl u (pl + 9, COOTBCTCTBCHHO. COGI[I/IHI/IM KOHIBI 9TUX OTPE3KOB

C u M npsmoii J1.

gz 2. Bo3bMeM JIpyroe HalpaBlICHUE P2 U IPOBEAEM MaKCUMAJIb-
HbIE XOPbI 10 HanpapiaeHusam P2 ¥ @2 + 6 u3 rouku B. CoeMHUM KOHIIBI

3TUX 0Tpe3KoB D u N npsamoit g2.

Ilae 3. enaem mapajuieibHbIH IEPeHOC MPSMON g2 TaK, YTOOBI OHA
npoxojuiia uyepe3 Touky C, u Touka B Haxonwinach Ha npsmoit g1. Coenu-

151 TO4Ky A ¢ B u C ¢ D, 1oiry MM UCKOMBIH BBIITYKIIBIA yeThIPEXYyTOABHUK
(Puc. 4).

[

Pucynox 4.
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6. Ciy4aii MHOTOyroJibHUKA

CnepBa paccMOoTpuM cityyail korga D — Tpamenusi ¢ OCHOBaHHSIMH,

TapasIIe/IbHBIMK HAPABICHHIO PE S1.

Pucynox 5.

Jlerko yBHIETS, 4TO B 3TOM ciyuae Fpo(t) uMeeT paBHOMEpHOE pacti-
peneneHue Ha cerMeHT [a; b], rae a u b (ckaxem, a < b) — AJIMH OCHOBaHUS
tpaneruu D. [leiictButensHo, pu a < t < b umeem (cM. Puc. 5, MoxHO

BBIBECTH M3 TOJI00MS):

hl t—a

Fpe(t) = hi+h,  b-a

(6.1)

Teneps, mycTh D BBINMYKIIBII MHOTOYTOJBHUK (N-yTOJIBHUK), HE UMEIO-

LU TapaJuIeIbHbIX CTOPOH, a PE S 1 HEKOTOpOe HampasieHue. Pasne-
JIMM BBITYKJIBIH MHOTOYTOJNBHHUK D Ha Tpaneuuu Di, IpSMBIMH, TIPOXO/s-
IIMMHU Yepe3 BeplinHy D, U mapajuieiabHO HamlpaBJICHUIO ¢, KaK TO MOKa-
3aHo Ha Puc. 6.

Hcnons3ys hopmyiy nmonHoit BeposTHOCTH (6.1), umeeM:

Fpe(t) = P(X<t) =Y p; Fp, ) (6.2)
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raep; = — 3TO BEPOSITHOCTh, YTO OPOILIEHHAs! pABHOMEPHO TOUYKA HA

_ M
bp(pt)
HMIMPHUHY TOMA/IET HA OTPE30K, KOTOPBI COOTBETCTBYET BhIcOTE Diy hi — BBI-
cota Di, a bo(¢ ) — 310 mmpuna D. 3ameTnm, 4To B 00I1IEM ClTyyae Mbl pa3-

nensseM D Ha n-1-dactw.

B, /:

\

I
o ISR
v

YIJ (]

Pucynox 6.

VY 100HO paccMaTpuBaTh pactpeeeHus! [UIMH CIy4aiiHONW XOP/IbI [0
HAIMpPAaBJICHUIO BBIMYKJIOT0 MHOTOYTOJIbHUKa D B TepMuUHAX ero QyHKIUH
IUTOTHOCTH.

Juddepennupys (3.2), moaydum mIOTHOCTh pactpeaeacHus Fpe(t).
Nmeem

fp,o) =X Plb o Iig; b (1) (6.3)

ITycte D BBIITyKIIBIN N — YTOJBHUK, HE UMEIOILIUH [TapaJUIEIbHbIX CTO-

pOH, a YE S 1 HekoTopoe HampasiieHue. @opmyna (6.2) naetT HaM BO3-
MO>KHOCTb JI€JIaTh CJIEIYIOIINE YTBEPKACHHUS.

Ymeepacoenue 1. JIerko BUETh, 9TO IS BCEX HANPABICHUH PE S
(kpoMe KOHEYHOTro uucia n-1 HanpapieHui) QyHKIMS MWIOTHOCTH [ D,o(t)

HEIpPEPBIBHA U NUMEET Pa3phIB B 3TUX N-1 TOUKax.
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3akJaro4yeHue

Takum 00pa3oMm B JaHHON CTaTbe Mbl HAIJIM BbIPAXEHUs IJIS pac-
MpesieJICHUI AJIMH XOp/ [0 HAIMPaBJICHUIO JJIS TPEYroJIbHUKA, BBITYKIOTO
YeThIPEXYTOJIbHUKA, U HOBOE BBIPAKEHHE JIJIS BBIMYKJIOTO h yrojibHuKa. Hc-
TMIOJIb3Y S ATH BBIPAXKEHHUS, TPEJIOKUIN AIITOPUTM JIJIsl BOCCTAHOBIICHUS Ye-
THIPEXYTOJIbHUKA.
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REPRESENTATIONS FOR THE DISTRIBUTION
OF THE LENGTH OF THE RANDOM CHORD
IN THE DIRECTION OF CONVEX FIGURES

E. Aramyan
Russian-Armenian (Slavonic) University
ABSTRACT

Reconstruction of convex figures using the distributions of the length of the
random chord in directions of a convex figure plays an important role in integral
geometry and in the theory of reconstruction of convex figures. In this work, a new
expression for the distribution of the length of the random chord in the direction of
convex polygons is found. The representation can be used to reconstruct convex
figures. Also, we're proposing an algorithm for reconstructing an arbitrary convex
quadrilateral.

Keywords: convex figures, length of the chord, reconstructing an arbitrary
convex figure.
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TEXT REALIGNMENT FOR SPEAKER
DIARISATION

D. Karamyan

Russian-Armenian (Slavonic) University
dkaramyan@krisp.ai
ABSTRACT

Speech applications dealing with conversations require not
only recognizing the spoken words but also determining who
spoke when. The task of assigning words to speakers is typically
addressed by merging the outputs of two separate systems,
namely, an automatic speech recognition (ASR) system and a
speaker diarisation (SD) system. In practical settings, speaker
diarisation systems can experience significant degradation in
performance due to a variety of factors, including uniform
segmentation with a high temporal resolution, inaccurate word
timestamps, incorrect clustering and estimation of speaker
numbers, as well as background noise and reverberation.
Therefore, it is important to automatically detect these errors and
make corrections if possible. In this study, we employ the Word
Diarisation Error Rate (WDER) metric to pinpoint diarisation
errors at the word level and classify them into three categories.
Furthermore, we investigate two realignment strategies, namely
an N-gram language model-based realignment and a punctuation-
based realignment, to correct mistakes in words placed at the
borders of sentences spoken by different speakers. Both methods
resulted in an improvement in diarisation performance, with
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punctuation-based realignment providing the most significant
word diarisation error rate reduction.

Keywords: Speaker Diarisation, Error Correction, Text
Realignment, Word Diarisation Error Rate.

Introduction

Speech and language technology has greatly improved in recent years,
resulting in a significant shift in how people interact with machines. For
example, with the widespread use of smart speakers, ASR systems are now
widely used by millions of users. Despite the significant progress, machines
still face challenges in understanding natural conversations involving
multiple speakers such as in meetings, interviews, phone calls, videos, or
medical recordings. A crucial step in comprehending natural conversations
is identifying the spoken words and determining who spoke them. This is
usually done in three steps: (1) transcribing the words with an ASR system,
(2) predicting “who spoke when” using a speaker diarisation system, and
(3) matching the output of those two systems.

More formally, speaker diarisation is the process of dividing an input
audio stream into homogeneous segments according to the speaker’s
identity. A typical speaker diarisation system usually consists of several
steps: (1) Speech segmentation, where the input audio is segmented into
short sections that are assumed to have a single speaker, and the non-speech
sections are filtered out by Voice Activity Detection (VAD), (2) Speaker
embedding extractor, where speaker embeddings are extracted from segmented
sections, (3) Clustering, where the extracted audio embeddings are grouped
[1] into clusters based on the number of speakers present in the audio
recording, and optionally, (4) Resegmentation step is performed to further
refine clustering results. While early work relied on handcrafted audio
features for speaker embedding [2, 3], recent efforts have been successful
in learning better representations with deep neural networks [4, 5, 6].
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Nonetheless, speaker diarisation systems may exhibit subpar
performance due to a multitude of challenges. Inaccuracies in these systems
can have a detrimental impact on the user's overall assessment of the
transcript quality. Some of these errors can be addressed through post-
realignment techniques. In this work, we employ the WDER metric to
automatically highlight words with incorrect speaker tags and categorize
them. Then, we examine two realignment methods: LM and punctuation-
based, to rectify inaccuracies for boundary words between sentences spoken
by different speakers.

Classifying Diarisation Errors

A typical method for assessing traditional speaker diarisation systems
is the Diarisation Error Rate (DER). This is calculated by adding together
three types of errors: false alarms, missed detections, and speaker confusion
errors. Essentially, DER compares the reference speaker labels with the
predicted speaker segments in the time domain. On the other hand, the use
of'ajoint ASR and SD system directly assign speakers to recognized words,
eliminating the need to rely on time boundaries. Google researchers in the
[7] work proposed a new metric, Word Diarisation Error Rate, to evaluate
such joint ASR and SD systems, by measuring the percentage of words in
the transcript that are correctly tagged with the right speaker:

Sis + Cis

WDER =
S+C

where S;s represents the number of ASR Substitutions with incorrect
speaker tags, C;s represents the number of correctly recognized ASR words
with incorrect speaker tags, S is the total number of ASR substitutions, and
C is the total number of correctly recognized ASR words. WDER doesn't
take into account deletion and insertion errors as the speaker tags associated
with them cannot be mapped to reference without ambiguity.
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One benefit of WDER is that it can be used to automatically identify
and visualize diarisation errors at the word level. By examining errors at the

word level, it is possible to categorize them into three categories:

a) Incorrect speaker tags within a paragraph.
b) The first and last words of a paragraph having incorrect speaker

tags.

c) A complete paragraph being assigned to the wrong speaker.
The main cause of errors of type (a) and (b) is the use of uniform audio

segmentation with a high temporal resolution. Inaccurate ASR word

timestamps can also lead to type (b) errors. Type (c) errors typically occur

due to inaccurate estimation of the number of speakers and incorrect

clustering. Background noise, music and reverberation also contribute to all

types of errors. Examples of each type of error are illustrated in Table 1.

Table 1.

Examples of different errors (errors are marked in yellow color).

Error Type

Example

Type ()

Speaker A:

right that's going exactly going back to facebook's
optimizer algorithm that's not optimizing for truth right it's
optimizing for profit and they they claim to be neutral but
of course nothing's neutral right and we have seen the
results we've seen what it's actually optimized for and it's
not pretty

Type (b)

Speaker A:

and presumably you could take all that biased input data
and say this high chance recidivism means that we should
rehabilitate more i mean like you could take all that same
stuff and choose to do a completely different thing with the
result of
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Speaker B:

the algorithm total that's exactly my point exactly my point
you know we could say oh i wonder why people who have
this characteristic have so much worse recidivism well let's
try to help them find a job maybe that'll help we could use

those algorithms those risk scores to try to account for our

society

Speaker A:
Type (¢) | is this a good or bad thing that social media has been able
to infiltrate politics

Improving Performance with Text Realignment

Errors in the first and last words of a paragraph can be partially
corrected using a language or punctuation restoration model.

LM Realignment. Language model realignment is a process of
reassigning the speaker labels in a given transcription of spoken language
by utilizing a language model. The process involves inserting special start
and end tokens, before and after each boundary word that separates two
hypothetical sentences spoken by different speakers. These two hypotheses
are then scored based on the joint probabilities of words using a language
model. The hypothesis with a higher score is chosen, and the boundary word
is assigned to the speaker associated with that hypothesis.

Formally, given a transcription T consisting of a sequence of words
Wi, Wz ..., Wh and the speaker labels S, & ,..., S, LM realignment aims to
obtain a new sequence of speaker labels 5"1, 5"\2, e, 3’;, that is more accurate
and aligned with the spoken language. The process involves defining a set
of possible boundary words B, and for each boundary word beB, creating
two hypothetical sentences by inserting <ls> <s> tokens before and after b.
The two hypotheses are then scored using a language model to obtain the
joint probabilities P(T |[H1) and P(T|H2), where Hi and H2 denote the two
hypotheses. The boundary word b is then assigned to the speaker associated
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with the hypothesis that has the higher score. This process is repeated for
all boundary words. For instance, for the boundary word “but”, we generate
two hypotheses:

e Hypothesis 1: since i think like tuesday <|s> <s> but he's coming

back

e Hypothesis 2: since i think like tuesday but <\s> <s> he's coming

back

The joint probabilities of words in the sentence are computed for these
two hypotheses using a language model. In this example, Hypothesis 1 is
likely to receive a higher score, and as a result, the word “but” will be
assigned to the second speaker.

Punctuation-based Realignment: Another simple method is to use
punctuation markings. If a sentence is split between two different speakers,
it can either be part of Speaker A's utterance or Speaker B's utterance. We
can simply take the mode of speaker labels for each word in the sentence
and use that speaker label for the whole sentence. We apply punctuation-
based realignment whenever a dominant speaker is present within the
sentence, to prevent conflicts that may occur when a sentence is evenly
divided between two speakers.

Experiments

Our ASR system 1is constructed using the Conformer-CTC
architecture [8] and we use a pre-trained Conformer-Medium checkpoint'
that was made available by Nvidia. Using the word timestamps generated
by ASR, we aim to identify voice activity segments. The obtained segments
are further divided into smaller sub-segments with a window size of 1.5
seconds and a step size of 0.5 seconds. Next, for each speech sub-segment
we extract speaker embedding with SpeakerNet [9] model by employing a

! https://catalog.ngc.nvidia.com/orgs/nvidia/teams/nemo/models/stt_en conformer ctc medium
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pre-trained Speakernet-M checkpoint? also released by Nvidia. These
embeddings are grouped into clusters using spectral clustering [10]
algorithm. The number of speakers is automatically determined through the
maximal eigen-gap approach [1]. Once we have speaker labels obtained by
speaker diarisation, we align the decoded words with the speaker labels to
produce a final transcript.

In order to realign with LM, we employ 4-gram language model
available in Kaldi®. For punctuation-based realignment, a BERT-based [11]
punctuation restoration model* is employed to predict punctuation marks,
including commas, periods, and question marks. These marks are then used
to split the text into sentences.

Results

To evaluate the performance of realignment methods, we collect 16
audios with a total duration of 9 hours. These recordings feature
conversational content and involve multiple speakers, with 2 to 7 speakers
per recording. Also, we conducted testing on the recently created TAL
dataset [12]. Specifically, we utilized the testing subset of this dataset,
which comprises of 36 one-hour long podcast recordings featuring multiple
speakers. We report performance using WDER as it provides a more
accurate representation of the performance of a combined ASR and SD
system at the word level, compared to the traditional diarisation error rate
in the time domain.

As displayed in Table 2 and Table 3, both LM and punctuation-based
realignments lead to an improvement in the accuracy of diarisation.
Specifically, it has been observed that punctuation-based realignment is
particularly effective in correcting errors found at the beginning and end of
paragraphs.

2 https://catalog.ngc.nvidia.com/orgs/nvidia/teams/nemo/models/speakerdiarization_speakernet
3 https://kaldi-asr.org/models/5/4gram_small.arpa.gz
4 https://catalog.ngc.nvidia.com/orgs/nvidia/teams/nemo/models/punctuation_en_bert
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Table 2.

Comparison of different realignment methods on custom dataset.

WDER
Without Realignment 857/91571 (0.936%)
LM Realignment 832/91571 (0.909%)
Punctuation Realignment 790/91571 (0.862%)
Punctuation+LM Realignment 789/91571 (0.862%)

Table 3.

Comparison of different realignment methods on TAL dataset.

WDER
Without Realignment 16397/341486 (4.802%)
LM Realignment 16155/341486 (4.731%)
Punctuation Realignment 15976/341486 (4.678%)
Punctuation+LM Realignment 15969/341486 (4.676%)

Conclusions

In this study, we analyzed the errors of a joint speech recognition and
speaker diarisation system at the word level. By using the WDER metric,
we were able to automatically identify words with incorrect speaker tags
and categorize the errors into three groups. We also examined two
realignment methods: LM and punctuation-based, to correct errors for
boundary words between sentences spoken by different speakers. Both
methods resulted in an improvement in diarisation performance, with
punctuation-based realignment providing the most significant word
diarisation error rate reduction.
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Punctuation restoration based solely on text is not always possible.
Therefore, in future work, we will investigate the use of an audio-lexical
based punctuation restoration model for realignment.

Acknowledgements: This research was supported by Krisp.ai.
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BBIPABHUBAHUE TEKCTA B IUAPU3ALIMU JIUKTOPOB
.C. Kapaman

Poccuiicko-Apmanckuti (Craeauckutl) yHugepcumem

AHHOTALNUA

PeueBbie mpuiIokKeHHs, UMEIOIIHME JIEJI0 C Pa3srOBOpaMM, TPeOYIOT HE TOJIBKO
pacno3HaBaHUsl MPOM3HECEHHBIX CJIOB, HO U OINpPEAENEHUsI TOro, KTO KOTja TOBOPHIIL.
3agaga MpUCBOEHHUS CIIOB IUKTOPAaM OOBIYHO permaeTcs MyTeM OObeINHEHHUS IBYX OT-
JEJIbHBIX CUCTEM, & HMEHHO: CUCTEMbI aBTOMAaTHYECKOT0 pacro3HaBaHus peun (ASR)
Y CUCTEMBI Auapu3auu JUKTopoB (SD). B mpakTHuecknx ycaoBHsIX MPOU3BOIUTEINb-
HOCTb CHUCTEM JUapU3allMi IUKTOPOB MOXKET 3HAYMTEIbHO YXYIIINUTHCS H3-3a MHO-
*KecTBa (DaKTOPOB, BKIIIOYAs PAaBHOMEPHYIO CETMEHTAlLIMI0 C BBICOKMM BPEMEHHBIM
paspelieHreM, HeTOUYHbIE BPEMEHHBIE METKH CIIOB, HEPABUIIBHYIO KJIACTEPU3ALINIO U
OIIEHKY KOJIMYEeCTBA TUKTOPOB, a Takke (POHOBHIN ITyM M peBepOepanmio. [loaTomy
B2)KHO aBTOMaTHYECKH OOHAPYKUBATh 3TU OIIUOKH U, TIO BO3MOXKHOCTH, UCIIPABIIAThH
uX. B 3TOM Hccite0BaHuU MBI HCIIONTE3YEM TIOKA3aTelh YaCTOThHI OITHOOK JHapU3aIH
cinoB (WDER), uToObl TOUHO ONpeneNnuTh OIIMOKH AMAapH3allMd Ha YPOBHE CIOB U
KJIacCU(PHUIUPOBATh UX TIO TpeM KaTeropusiM. KpoMe Toro, Mbl ucciieyeM JBe cTpa-
TErMy BBIPABHHMBAHUS, & HMEHHO: BbIPDABHHBAHUE HA OCHOBE SA3BIKOBOW Mozpenu N-
rpaMM U BhIpaBHUBAHHE HA OCHOBE 3HAKOB MPEMMHAHU, YTOObI HCIIPABUTh OIINOKH B
CJIOBAaX, PACMOJIOKEHHBIX Ha TPaHUIaX MPEIJI0KEHUH, MPOU3HOCUMBIX Pa3HBIMH JTUK-
topamu. O0a MeTo/1a MPUBENH K YIYUIICHAIO TPOU3BOAUTEIFHOCTY THAPH3ALINH, TIPH
9TOM BBIpaBHUBaHHE Ha OCHOBE 3HAKOB MpENHHAHUs 00ecrevmsno Hanbosee 3HAUH-
TEJIBHOE CHW)KEHHE YaCTOThI OMMUOOK JTHAPHU3AINHU CIIOB.

KuroueBble cioBa: quapu3anisi JUKTOPOB, HCIIpaBieHHe OMUOOK, BHIPABHU-
BaHHE TEKCTa, YACTOTa OIIUOOK TUAPH3ALUH CIIOB.
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NIBYMEPHOW HEJIMHEMHOW AJITEBPANYECKON
CUCTEMBI TUIIA TEIUINIA
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AHHOTAIUSA

JaHHas cTaThsl NOCBAILICHA U3YUYEHUIO U PELIEHUIO OJHOTO
KJIacca HEJTMHEHHBIX OCCKOHEYHBIX CHCTEM alreOpandecKux
YPaBHEHUII ¢ MOHOTOHHOM HEJIMHEHHOCTHIO U JABYMEPHBIMHU
marpuniamMu Tuna Temuua. [Ipy KOHKpPETHBIX NpeacTaBiie-
HUSIX HEJIMHEHHOCTEHN, yKa3aHHas CUCTEMa BO3HUKAET B JIUC-
KPETHBIX 3a7ladax MaTeMaTHYeCKON (DM3MKHW M MaTeMaTHdec-
koi Owonoruu. CouyeTaHHEM CIEIUAIBHBIX HTEPaIMOHHBIX
METOJIOB C METOJIaMU HOCTPOEHHUSI NHBAPUAHTHBIX KOHYCHBIX
OTPE3KOB JIJI1 COOTBETCTBYIOLIETO HEJIMHEHHOTO omepaTropa
JIOKa3aHO CYIIECTBOBAHHWE HETPUBHUAIBLHOTO MOJIOKUTEILHOTO
pelieHus yKa3aHHOW CHCTEMBI B IPOCTPAHCTBE l:

KiroueBsle cioBa: cucreMa HEIMHEWHBIX YpaBHEHUH, MOHO-
TOHHOCTb, HETMHEWHOCTh, MaTpHUIla THMA Ternma.

§1. Beenenne

PaccmarpuBaercst cuctemMa HEMMHEWHBIX OECKOHEYHBIX ajredpaunde-

CKHMX yPAaBHEHUM:
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Xmn = 22 Am—in-j hi}'(xij)'m’n €Np:=1{0,12,..} (1)

i=0 j=0
OTHOCHUTCIIbBHO MAaTpPHUIIbI X = (xij)ijeN (S ZI, rae
) 0
[ee] (0]
li:=49X= (xij)i'jeNO : ZZ|’CU| < Foo .
i=0 j=0

[Ipennonaraercsi, uro B cucreMe (1) A = (Aps)ksez — ABYMEpHas

MaTtpuua Terunua, yJJoBJI€TBOPSIOIIAs CAeAYONINM YCIOBUSAM:

aixs > 0,k,s € Z\{0}, apo = 0, Z z ags = 1, (2)

k=—0o0 s=—o00
[ee] [ee]

> D ksl ag < + 0. G)

k=—00 s=—00

0O003HaUYUM

X(P)Ezzauij,OSpSl. (4)
j=0

i=0 j

3ameTuM, 4TO B cuily ycioBus (2) u3 (4) umeem

x(0) ZO’X(D:Z Z a;; = a,0<a<1,yx€C[01]. (5)

i=0 j=0

u y (p) T o p na [0,1]. Coriacuo teopeme bosbrano-Komm, i kaxkmaoro
€ € (0,1) ypaBHeHue

x(pe) = ae. (6)

UMeeT eauHCTBeHHOE pemeHue p, € (0, 1).

Uepes {ﬁi ]-}i,jeNO 0003HAYNM MATPHILY, I KOTOPOU
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i+j ®© ©
p ..
BijZiJlJ]ENO'Z Zﬁij< +o, (7
i—0 j=0
Zzijﬂ”< oo, ®)
i=0 j=0

[Tycts MaTpuubl-pyHKIUN {hij(u)} yIOBJIETBOPSIIOT CIEAYIO-

i,jeN
Jaasz0%1 YCJIOBI/ISIMI

h;; € C(R*),R* == [0,+) h;; T mounaR",i,j €N,, 9)

(10)

i+ 1 i+j P
hij(p:”) =2 — e uhy(W) <u+ fyu € RYij €N,

YacTHble cilydyand UCCIELYyEMBIX CUCTEM MMEIOT HENOCPEICTBEHHBIE
IIPUMEHEHHUS B TEOPUU NEPEHOCA U3ITYUEHUs, B KUHETUUECKON TEOpUH ra-
30B M B MaTemMaTu4eckoit ouosoruu (cm. [1]-[3]).

3azaya B OJHOMEPHOM CJIy4ae IpU pa3INyYHbIX NPEACTABICHUAX HE-
TUHEWHOCTEH Obl1a paccMoTpeHa B padotax (cm. [4]-[7]).

B nacrosimeit pabote uccinenoBaH BONPOC CYIIECTBOBAHHS HETpU-
BHAJILHOTO TONIOKUTEILHOTO penrenns cuctems! (1) B mpoctpanctse [, a
TaKXe U3yYeHO aCUMITOTHUYECKOE NTOBEIEHUE IIOCTPOCHHOT'O PELIEHUs ITPU
n — +oo. [Ipu 3TOM CyIIeCTBEHHO OBUIM HCII0JIb30BaHbI Pe3yJIbTaThl pado-
Thl [8], MOCBALIEHHBIE BOIPOCAM PA3PEIIUMOCTH JINHEHHBIX TUCKPETHBIX

HEOJJHOPOAHBIX ypaBHeHU Bunepa-Xonda.
§2. BcnomoraresbHble (PaKkThI

Hapsiny ¢ cucremoii (1), paccMoTpuM BCIOMOTraTeIbHY0 OeCKOHEed-
HYI0 CUCTEMY HEOJHOPOHBIX YPaBHEHUIL:
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[ee] o0
VYmn = Tmn + z Am—in—j j’i}' ,m,n € N, (11)
i=0 j=0
rac
(o] [o¢]
- (12)
Tmn = Zzam_in_j 'BU ,mn € Z+ .
i=0 j=0
CrnpaBenyinBa

Jdemma 1. J[ns kaswcooi napur (m,n) € Ny X Ny umeem mecmo cue-
oyloujee HepageHCcmeo:

> m+n
Tmn 2 pS ’

20e yucio pe onpeoensemcs us (6).
HJokaszarenbcTBo. [leiictBurensHo, u3 (12), ¢ yuerom (7), (2), (4) u
(6), monmyyaem

i=0 j=0 i=0 j=0
1 m n p;n-l'n 0 0
— m—t ,n—k t k —
" X D T R ) ) awnit vt -
t=—00 k=—o00 t=—00 k=—o00
pIn X L pmn
_re t+) _ € — ,min
= ai;; = = m,n € Nj.
as Z ij 25 Qs X(pe) Pe » 1 0
i=0 j=0

JlemMma 1 noxa3zaua.

Tenepb JOKaxkeM KIFOUEBYIO JIEMMY, KOTOpasi OyJeT MCIOIb30BaHa
MIPH I0KA3aTeIhCTBE OCHOBHON TEOPEMBI.
Hemma 2. Ilpu ycnosusx (2) u (7) cucmema (11) umeem nonoorcu-

menvioe ozpanuyentoe peutehue {Jmnbmnen,, 014 KOMOpPo2o
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2 z . (13)
m: :
Hoka3zareabcrBo. st cuctemsl (11) paccMoTpuM crienyronye nTepamuu:

~ 1 ~ ~
o = ZZ —— (14)
:0 =0

’5](0) = A’fmn 'q = 0,1,2, e lm’n E NO (15)

mn

Nunykuuei no g aokaxem, 4to sl BCAkoro m € Ny umeer mecro

CJIe/IyFOIIasl OLIEHKA CBEPXY:

[ee)

z )<y <+, (16)

‘n:

rJie HOCTIeI0BATENBHOCTD { Vi tmen, ABIAETCA PENICHHEM CIIETyIOIIEro He-

OJIHOPOJIHOTO TUCKPETHOTO ypaBHeHUs1 Bunepa-Xonda (cMm. [8]):

[ee]
m :Tm-l'zbm—jyj'
j=0
[ee]

co
T = z?mn' by:= Z Amn M € Ny,

n=0 n=-—oo
HewictBurensHo, 11 ¢ = 0 oIleHKa CIipaBeINBa, COTIacHO Ompe-

(17)

JIeJIeHUI0 HyseBoro npudmwkenus (15), u sBugy (17)

~ (0 ~
Z 1517)122 Tmn = Tm S Ym,M € No. (18)
n=0 n=0
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[Ipeanonoxxum, 4To orneHka (16) uMeeT MeCTo Mpu HEKOTOPOM ¢ €

N. Torma u3 (14), ¢ y4eroM MHAYKIMOHHOTO mnpeamnonoxeHus u (17),
uMeeM

~ 1 ~ ~
2 I =tk ) ) ) et =tk ) ) T ) ntn <
4 Lis Lz

n=0i=0 j=0 i=0 j=0 n=0
[ee] [ee] [ee] [ee]
~ (@) _
STm+Zzyij Zam—in’sTm+2bm—iyi_Ym:mEN0-
i=0 j=0 n'=0 i=0

I/IH,I[YKI_[I/Ieﬁ I10 q TAaKKE€ HECJIOXKHO JOKa3aTb MOHOTOHHOCTb HTepaI.[HﬁZ

39 1 noq,q =012, ..,mn€ N, (19)

Wrak, u3 (16) u (19) cnenyer, uto npu g — +00 MOCIE0BATEILHOCTD
UMEeT Mpeen

. ~@ _ ~
ql—l}Poo ymn = Ymn MM € NO'

NpUYEM 3JIEMEHTHI TIpesienbHOH MATPUIB (Vin)mnen, YAOBIETBOPSIOT

cucreme (11), 1 17151 HUX KIMEET MECTO OIEHKA:

> T < Ymme N, 0)
n=0

Tak kak Z Ym < +o (cM.[8]), To u3 (20),c yueToM HeoTpHUIlATENb
m=0

[0e]

HOCTU YV, m,n € Ng, ciaenyert Z Z Vimn < +00.

m=0 n=0
JlemMa 2 noxa3zana.
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§ 3. Pazpemmmoctsb cucremsl (1)

Tenepr mepeiiieMm K GOpPMYIUPOBKE U J10KA3aTE€IbCTBY OCHOBHOI'O
pe3yibTara.

Teopema. IIpu ycnosusx (2), (9) u (10) neruneiinas becxoneunas cuc -
mema (1) umeem nempusuaibHoe NONONHCUMENbHOE pelieHUe 8 RPOCMPAH -
cmee 1.

Hoka3zarenbcTtBo. PaccMoTpuM clienyromme IOCIEN0BATEIbHbBIC

npuOIKeHus it cuctemsl (1):

A = 3 iy (20, @)

(0) =plt" 1=0,1,2,..,mn €N, (22)

rjie pe npu kaxaom € € (0, 1) omHo3Ha4HO onpenenseTcs o hopmyle (6).
[To MHAYKIUK TOKaXKEM, YTO

xO tnol,l=0,12,..,mn€N,. (23)

Ucnonwiys nemmy 1 u yuutsiBas (6), (10), (21), (22), momydnm:

1 [0 0] [ee]
(1) - Zzam in—j lj(pé-l-j) _Z z Am—-in-j ps + >pm+n
i=0 j=0

i=0 j=0
©)

= Xmn-
IIpeanomnaras, 4ro x,(,ll)n = x(l 2 (m,n € Ny) npu Hekoropom [ €

N 1 umest B By MOHOTOHHOCTD TIOCJICIOBATEIIBHOCTH {hi j}i jen, O U, 13
g 0
(21) momyunm:

+1 ll l
(+) Zzam in—-j lj( ( ))=xr(n31,m,n€No-

i=0 j=0
Teneps nnaykuueii no ! gns Vm, n € Ny nokaxem, uto
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xS P =012, ..., (24)

7€ {Fmntmnen, — PelleHHE BCrioMoraTesbHOM cuctemsl (11) (cM. memmy

2). Ilpu | = 0, cornacuo (22), nemme 1 u (11), momyunm:

(0) ~
ps Kk = Tmn = Ymn »M, N € NO-

[Ipennomnaras, 4to x() < Vmn (Mm,n € Ny) npu sHekotopom [ € N
, IPU 3TOM, YUUTbIBas yciaoBus (2), a Taoke popmyiy (10), u3 (21) umeem

oo (0.0
I+1 l
xr(nn ) = Zzam—in—j 1(])+ :Bl] < Tmn+ Zzam in—j yU ymn-

i=0 j=0 i=0 j=

N3 (23) u (24) cnenyer cXoIMMOCTh MOCEIOBATEIBHOCTH MATPHIL

oo !
{X ) }l=0 , X = (x,(n)n)m‘nENoK pemenuto cuctems! (1). [Ipunumast Bo

BHUMaHue (23) u (24), momydyaem TakKe, YTO 3JIEMEHTHI MpeneabHOU
MaTpibl X = (Xpmn)mnen, YAOBIETBOPSIOT IBOHHOMY HEPABEHCTBY:

P& < X £ Vi ,mm E Ny (25)

U3 (20) u (25) cnemyer, uTo
Zx < Ym,m € N,. (26)

TaKKaKZym<+OO(CM [8]), To Zmen 400,

m=0n=

Teopema 1oka3aHa.
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ITpumepnI

[IpuBenem npumepsl MaTpUll-QyHKIUN {hi j (u)}ijEN U COOTBETCT-
g 0

BYIOUINX OECKOHEYHBIX MaTPHII {,Bi j} , YJIOBJIETBOPSIIOLINX BCEM YCIIO-

i,jeN
BUSM JIOKA3aHHOW TEOPEMBIL:

D h;; (w) = i fup;”,u >0,u > pi”,i,j €N,,

— 1 1 i+j . .
ﬂij = max E,m * Pe ,l,]ENO.

2pity e
II) hij(u)=m,u20,u2p;”,1,]ENO,

_ 2 i+j . -
Bij = 2o Pe 1,J €N

Asmop svipasicaem oracodaprocms 0..M. H., npogh. X.A. Xauamps-
HY 3a NOCMAHOBKY 3a0a4u U K.¢h.m. Hayk, ooy. C.M. Anopusin 3a nonezuvie
cosembl NPU BbINOIHEHUU PaOOMbL.
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ON THE SOLVABILITY OF ONE TWO-DIMENSIONAL
NONLINEAR INFINITE ALGEBRAIC SYSTEM
OF THE TOEPLITZ-TYPE

A. Kroyan
Armenian National Agrarian University
ABSTRACT

The paper is devoted to the study and solution of one class of nonlinear infinite
systems of algebraic equations with monotone nonlinearity and two-dimensional
Toeplitz-type matrices. With specific representations of nonlinearities, the indicated
system arises in discrete problems of mathematical physics and mathematical biology.
By combining special iterative methods with methods for constructing invariant cone
segments for the corresponding nonlinear operator, we prove the existence of a
nontrivial positive solution of this system in the space [;.

Keywords: system of nonlinear equations, monotonicity, nonlinearity,
Toeplitz-type matrix.
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DESIGN AND ANALYSIS OF A NOVEL
TRIPTERON-INSPIRED MICROMANIPULATOR
WITH FLEXURE HINGES

H. Galoyan

Department of Mechanical Engineering and Machine Science (Armenia)
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ABSTRACT

This paper proposes a novel design of a Tripteron-inspired
micromanipulator with flexure hinges to address the issue of
accuracy, which can arise when traditional joints are replaced with
flexure hinges. The classic Tripteron manipulator with flexure
hinges has been shown to have accuracy issues, particularly with
the replacement of traditional joints, which can cause inaccuracies
of end effector motion. The end effector of traditional Tripteron
manipulator with flexure hinges is making rotational motions
instead of clear translational motions. This is because of stiffness
of flexure hinges. To minimize the effects of rotational motion and
improve the accuracy, the novel design adds additional legs
symmetrically for each leg, resulting in six legs and providing
clear translational motions. The proposed design significantly
improves the issue of unwanted rotational motion of the end
effector. To validate the effectiveness of the new design, finite
element analysis was performed using ANSYS. The analysis
showed that the stress and deformation levels were well within
acceptable limits for the material used, and the simulations
demonstrated the new design's ability to achieve precise and
accurate manipulation tasks.

Keywords: Tripteron, micromanipulator, finite element
method, flexure hinge, flexure pivot.
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1. Introduction

Micromanipulation technology is becoming increasingly important in
various fields such as microelectronics, microbiology and biomedicine [1].
Precise and accurate manipulation of small objects is critical for these
applications, and manipulators with high accuracy and precision are
required. The Tripteron manipulator [2] is a popular choice for
micromanipulation due to its high degree of freedom, dexterity, and
accuracy.

The Tripteron (Fig. 1) [3] is a translational parallel mechanism (PM)
comprised of three kinematically identical legs, each one having a lower
link, an upper link, a linearly actuated prismatic joint fixed at an orthogonal
coordinate frame, and three revolute joints whose axes are parallel to each
other. Then the three ending revolute joints are connected to an end-effector,
but their axes are orthogonal to each other [4].

The traditional design of the Tripteron manipulator, which includes
traditional joints, can be problematic for the aboventioned application
fields, when accuracy is of utmost importance. Therefore, flexure hinges
have been chosen to replace traditional joints in Tripteron manipulators due
to several advantages they offer. Firstly, flexure hinges have monolithic
structure that can bend and flex under load, providing a frictionless and
wear-free joint. This eliminates the need for lubrication and reduces the risk
of wear and tear, which can lead to decreased accuracy over time and higher
maintenance costs. Secondly, flexure hinges can provide highly accurate
and precise movements due to their stiffness and lack of backlash. Overall,
the use of flexure hinges can lead to improved performance and reduced
maintenance costs compared to traditional joints, making them an attractive
option for many engineering applications.

While micromanipulators with flexure hinges offer several
advantages over traditional joint-based designs, they are not without their
own limitations. One common issue with available designs of
micromanipulators with flexure hinges [3, 5] is the possible inaccuracies of
end effector motion (Fig. 2).
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Prismatic

Figure 1. The kinematic diagram of Tripteron mechanism.

When traditional joints are replaced with flexure hinges in a Tripteron
manipulator, the end effector tends to make rotational motions instead of
clear translational motions. This behavior is due to the stiffness of the
flexure hinges, which can prevent the end effector from moving in the
desired direction. As a result, a micromanipulator with flexure hinges may
not be able to achieve the level of accuracy needed for some precision
manipulation tasks, and this can limit its usefulness in certain applications.

Figure 2. Inaccuracies of available designs of micromanipulators with flexure hinges.
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2. Design of micromanipulators

The design and selection of components for a Tripteron manipulator
are decisive for its successful operation. As in traditional Tripteron
manipulator the legs have 1 DOF revolute joints, flexure hinges are also
used with 1 DOF.

Two designs of flexure hinges, flexure hinge with circular contour
(Fig. 3, b) [6] and, the “Butterfly” flexure hinge (Fig. 3, a) [7, 8] which have
beneficial properties, such as increased deflection angle and stiffness, were
selected for future study. In addition, two materials, titanium alloy and
thermoplastic polyurethane (TPU), were considered for their potential use
in the manipulator.

Carbon fiber was chosen for the connecting parts and the end effector
due to its strength and lightness. The mechanical properties of the
aforementioned materials are presented in figures 4—6.

—

Figure 3. Flexure hinges.
a) Flexure hinge with circular contour; b) @Butterfly” flexure hinge.
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5 x
A B c
1 Property Value Unit
2 T3 pensity 4620 kgm~-3
3 U3 1sotropic Secant Coefficent of Thermal Expansion
5 |8 T4 Isotropic Elastidty
3 Derive from Young's Modulus and Foisson's. ..
7 Young's Modulus 9.6E+10 Pa
8 Poisson's Ratio 0.3
9 Bulk Modulus L1429E+11 Pa
1 Shear Modulus 3.5299E-+10 Pa
1 T4 Tense Yield Strength 936408 Pa
12 %4 compressive Yield Strength 936408 Pa
13 T4 Tensle Utimate Strength 1.07E+09 Pa
14 %4 compressive Ultimate Strength 0 Pa
Figure 4. The mechanical properties of the titanium alloy.
A B c
1 Property Value Uit
2 T pensity 1450 kg m~-3
3 |2 [ motopic Hastidty
4 Derive from Young's Modulus and Poisson's. ..
5 Young's Modulus 2.58 GPa
6 Poisson's Ratio 0.3897
7 Bulk Modulus 3.8985E409 Pa
8 Shear Modulus 9.2826E+08 Pa
9 4 Tensie vield Strength 63.6 MP2
10 T4 Tensile Ultmate Strength 64.5 MP2
Figure 5. The mechanical properties of the thermoplastic polyurethane (TPU).
Properties of Outine Ro v 1 x
A B c
1 Property Value Unit
2 T4 Density 1300 kgm*~-3
3 |E@ 18 Orthotropic Elasticity
4 Young's Modulus X direction 23411 Pa
5 Young's Modulus ¥ direction 23410 Fa
5 Young's Modulus Z direction 23410 Pa
7 Poisson's Ratio XY 0.2
8 Poisson's Ratio YZ 0.4
3 Poisson's Ratio XZ 0.2
10 Shear Modulus XY 9E+09 Pa
1 Shear Modulus YZ 8.2143E409 Pa
12 Shear Modulus X2 9E+09 Pa

Figure 6. The mechanical properties of the carbon fiber.

The classic structures (Fig. 7) of the Tripteron manipulator were

modeled with the flexure hinges with circular contour and the Butterfly

flexure hinges using the SOLIDWORKS software package [9]. To compare
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the two structures of the classic Tripteron, a computer simulation was
performed using the ANSYS software package [10]. The first stage of the
simulation involved determining the error percentage of the end effector of
the classic structures by moving prismatic actuator responsible for the x-
axis by 1 mm. This was done under the condition of rigid fixation of the
prismatic actuators responsible for y and z axes.

a b

Figure 7. The classic structures of the Tripteron manipulator.
a) Classic structure with flexure hinges with circular contour.
b) Classic structure with “Butterfly” flexure hinges.

3. Simulation of micromanipulators

As in previous works [2, 3], the simulation results clearly indicate that
the displacement of the end effector is not purely translational. Specifically,
the end effector of the “a” structure showed a displacement of 0.45 mm for
titanium alloy and 0.46 mm for TPU, which represent only 45% and 46%,
respectively, of their desired displacements. (Fig. 8). The same simulation
was implemented for the “b” structure with following results: 0.41 mm for
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both titanium alloy and TPU, which represent only 41% of desired
displacement (Fig. 9).

1.0223 Max
0.80873

0.79512

0.68151

0.5679

045429

0.34068

0.22707

011345
-0.00015684 Min

1.0404 Max
0.02476

0.80909

0.69343

0.57776

046209

0.34642

0.23076

0.11509
-0.00057775 Min

6«

Figure 8. The simulation of the “a” structure of the classic Tripteron manipulator
a) titanium alloy, b) TPU.

1.0097 Max
088011

077053
0.65095
053137

04118

028222
017264
0.033081
-0.066517 Min

1.0096 Max
0.89004
0.77043
0.65091

033133
041178
0.29222
017265
0.053088
-0.066477 Min

Figure 9. The simulation of the “b” structure of the classic Tripteron manipulator
a) titanium alloy,; b) TPU.

Afterwards, to minimize the effects of rotational motion and improve
the accuracy, additional legs added symmetrically for each leg, resulting in
six PRRR legs. The novel structures (Fig. 10) of the Tripteron manipulator
were modeled with the flexure hinges with circular contour and the
Butterfly flexure hinges.
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Figure 10. The novel structures of the Tripteron manipulator.
a) Novel structure with flexure hinges with circular contour.
b) Novel structure with “Butterfly” flexure hinges.

The second stage of the simulation involved determining the error
percentage of the end effector of the novel structures, again by moving
prismatic actuators responsible for the x-axis by 1 mm. This also was done
under the condition of rigid fixation of the prismatic actuators responsible
for y and z axes. In result, the end effector of the novel “a” structure showed
a displacement of 0.78 mm for titanium alloy and 0.79 mm for TPU, which
represent already 78% and 79%, respectively, of their desired
displacements. (Fig. 11). The same simulation was implemented for the
novel “b” structure with following results: 0.64 mm for both titanium alloy
and TPU, which represent 64% of desired displacement (Fig. 12).

Figure 11. The simulation of the “a” structure of the classic Tripteron manipulator.
a) titanium alloy b) TPU.
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a b

Figure 12. The simulation of the “b” structure of the classic Tripteron manipulator.
a) titanium alloy b) TPU.

4. Conclusion

In conclusion, a novel design for a Tripteron-inspired micromanipu-
lator with flexure hinges has been proposed in this paper to improve
accuracy. The classic Tripteron manipulator with flexure hinges has been
shown to have accuracy issues, particularly with the replacement of
traditional joints with flexure hinges, which can cause inaccuracies of end
effector motion due to the stiffness of the hinges.

To address this issue, additional legs has been added symmetrically
for each leg, resulting in six PRRR legs and providing clear translational
motions. This new design minimizes the effects of rotational motion and
improves accuracy. Finite element analysis was performed using ANSYS
to validate the effectiveness of the new design, and the simulations
demonstrated the new design's ability to achieve precise and accurate
manipulation tasks.

The design was compared with the classic Tripteron manipulator
using two different designs of flexure hinges and two different materials,
titanium alloy and thermoplastic polyurethane (TPU), for potential use in
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the manipulator. The simulation results showed that the displacement of the
end effector was not purely translational in the classic Tripteron
manipulator, with only 45-46% and 41% of desired displacement achieved
for the two different designs, respectively. In contrast, the proposed design
achieved 78-79% and 64% of desired displacement for the two different
designs, respectively.

Overall, the presented design provides a solution to the accuracy issue
in traditional Tripteron manipulators with flexure hinges and can be applied
in various micromanipulation tasks. The design and component selection
for a Tripteron manipulator are critical for its successful operation, and the
proposed design and validation using ANSYS provide a useful framework
for future research in this field.
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INPOEKTUPOBAHME U AHAJIN3 HOBOI'O MUKPOMAHHUITYJIATOPA
C YIIPYI'UMU ITIAPHUPAMH, HA OCHOBE MEXAHU3MA
TPUIITEPOH

I. I'anoan
Kagheopa Mexanuxu u mawunosedenuss HITY A
AHHOTALUA

JlaHHast cTaThs MpeAsiaracT HOBYIO CTPYKTYPY MUKPOMAaHUTTYJISITOpA C YIIPYTH-
MU IIApHUPAaMHU, HA OCHOBE MEXaHW3Ma TpUNTEpOH, YTOOBI PEIIUTh MPOOIEMY TOY-
HOCTH, KOTOpasi MOXET MOCTPaIaTh, KOT/1a TPAIUIIMOHHEIE TApPHUPHI 3aMEHSIOTCS yTI-
pyrumu mapHupamu. Kinaccuueckuit MaHUTYIITOp TPUTITEPOH C yNIPYyTUMU IAPHU-
pamu IMeeT MPOOJIEMbI ¢ TOYHOCTHIO, OCOOSHHO TIPU 3aMeHe TPAJIUIIUOHHBIX IAPHHU-
POB, 9TO MOXXET MPUBOJUTH K HETOYHOCTSM JBYIKEHHS padodero opraHa. PaGouwii
OpraH TPaJAULIMOHHOTO MAHHUITYJIATOpa TPUNITEPOH C YIPYTUMH IIAPHUPAMH MTPOU3BO-
JIUT BpallaTelbHbIC IBHKCHUS BMECTO YETKHX TPaHCIAIHWOHHBIX JBIKEHUH H3-3a
JKECTKOCTH YIIPYTUX IMIAPHHUPOB.

HoBplii mu3aitn mpenaraetr no0aBieHUe TOMONTHUTENLHBIX HOT CHMMETPUYHO
JUTSL KaXKI0M HOTH, YTO MPHUBOJUT K IIIECTH HOTaM M 00ECIICYMBACT YETKHE TPAHCIIs-
IMOHHBIC ABWKeHMs. [IpeasioKeHHbIN TU3aiiH 3HAUUTEIBHO YIIydIaeT IpooieMy He-
KeNaTeNbHBIX BpaIlaTeIbHBIX JIBHKCHHI padodyero oprana.

Jlns mpoBepku 3(h(HEKTHBHOCTH HOBOTO JTM3aiiHa ObLT BRIMTOJHEH aHAIN3 METO-
JIOM KOHEYHBIX 3JIEMEHTOB C UCIOJIb30BaHreM nporpamMmbel ANSY'S. Ananu3 nokaszai,
YTO YPOBHU HAIPsDKEHUS U iehopMaIiui HaXoAsITCs B Mpejiesiax MpUeMIIeMbIX 3HaUe-
HUH JUIA WCIIOJIb3YEMOT0 MaTepHaia, a CUMYJISIHAN MPOJSMOHCTPUPOBAIN CIIOCO0-
HOCTb HOBOTO IW3aliHa BHITIOJHATH TOYHBIC M aKKYpaTHBIE 3a/1a41 MAHUTYTUPOBAHHS.

KuioueBble cjioBa: TpunrepoH, MUKpOMaHHUITYJISITOP, METOJI KOHEUHBIX 3JIe-
MEHTOB, YIIPYTHI MapPHHUP.
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O CBOBOJHBIX ITOJYI'PYIIITAX BTOMOP®U3MOB
CBOBO/HbIX HEPUOAUYECKUX I'PYIIII

M.P. Kapanemsan
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AHHOTALIUSA

B nmaHHO# cTaThe MBI MOCTPOMIIH CBOOOJHYIO IOIYTPYIINY aBTO-
MOpPGHU3MOB CBOOOMHBIX MEPUOANUECKUX Tpymm B(m,n) mocrarouno
OO0JIBIIOTO MEPHOAA 1L ¢ M = 3 MOPOXKIAIOIIUMH.

KuaroueBble ciioBa: cBoOOIHAs OepHCaiiIoBa TpyIia, TPyIINa aB-
TOMOP(HU3MOB, CBOOOTHAS TOTYTPYITIA.

BBenenue

E.A.YUepenanos B [1] moka3zai, uTo rpymnma aBToMophu3MOB CBOOO/I-
Holi GepHcaiinoBoii rpynmsl B(m, n) neyernoro nepuoga n > 101° ¢ m >
2 TOPOKIAIOIIUMH COJICPXKUT MOJIYTPYIITY, H30MOP(HYIO CBOOOJHOH I0-
ayrpymme panra 2. B [2, 3] 6butn nocTpoeHs! Apyriue aBToMoppu3mbl 6ec-
KOHEYHOTO TIOPsI/IKa U CBOOO/IHBIM MOHOMI-paHra 2 B rpyIie aBToMoppus-
MOB Tpymiisl B (2, n) ans mr060ro HeYeTHOro nepuoia n = 665. B HacTos-
et paboTe MoKa3aHo, YTO aHAJTIOTUYHOTO PE3yJIbTaTa MOXKHO JOCTUYB 00-
Jee JIETKUMHU PAaCcCyKICHUSMH, YBEIHUUB KOJIMYECTBO M CBOOOIHBIX TIO-
poxaaronux rpymmsl B(m, n).

Paccmotpum ¢BoboHYIO rpymty beprcaiina B(3,n) ¢ obpasyroriu-
mi {a, b, c}. Onpenenum aBToMOp(HU3MBI Ha 00Pa3yIOIINX CIIELYFOIMM 00-
pazom:
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¢1(a) = bca® ®1(b) = bca® ¢,1(c) = b,
@2(a) = ac(ab)® @,(b) = ac(ab)®> ¢,(c) = a.

Teopema. JIns moOOro HEYETHOTO N > 665 aBTOMOPPHU3MBI Q1 U @,
COCTaBJIAIOT 0a3uc CBOOOJHOW MOJYTPYNIBI paHra 2 B rpyIIe aBTOMOP-
¢usmoB Aut(B(3,n)).

BcecnomorarebHbIe 0003HAYEHHUS U JIEMMbI

Brenewm crnenyromue 0603HauCHUS:

X — cioBo X, 3amucanHOe Ha OKpykHOCTH, 0(X) — muHa cioBa X,
TIOCJIEIOBATENLHOE BBINOJIHEHUE ABTOMOP(HU3MOB ;. © @, © ... @;, 0003~
Ha4yuM 4epe3 MOCIEAOBATEIbHOCTD i1, iy, ..., L, COCTOSIIYIO U3 1 U 2, TO
€CThb Py, © Py, © ..o Qi = @i i i, - 1A KpaTKOCTH 0003HAYMM TIOCIEN0-

BaTEIILHOCTH I, iy, ..., [ Yepe3 P, TO ecTh s 1r000ro cioBa w € B(m, n)

op(w) = @;, ( (%’2 (Qﬂil(w)))). Ecmu P = iy, 05, ..., [y, TO 0003HAYMM

P' =i,,..,i, takuro P = i;, P' = iy,i,, P" ut.0. Takxke o603Hauum Up =
(pP(a)) VP = (Pp(b), WP = (Pp(C), UP” = K7 VP” = La WP” = M’ Z —
HEKOTOPOE MPOCTOE CIIOBO.

Uipr = VprWprUprUptUpr,  Vipr = VprWpiUprUpr, Wipr = Vpr €Y)

Uppr = UptWprUptVprUptVprUptVpr,  Vopr = UptWprUptVprUpr Vpr,
sz’ = Up’ (2)

IMpumensis (1) u (2), moyyaeM ClIeAyrOIIHE OLECHKH:
20(Vp) <0(Up) < 70(Vp), 40(Wp) < 0(Up) < BO(W}),
30(Wp) < d(Vp) < 60(Wp).

Takum o6pazom, d(Wp) < d(Vp) < d(Up) < 3230(Wprr).
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BcnomorartebHbIe JIeMMbI

Jemma 1. [1ns moGoii nocnenoatenbHoctu P uz 1 u 2, Up, Vp, Wp
— MPOCTHIE CJIOBA.

oxazamenvcmeo: J1oka3zaTrenbCTBO MPOBEIEM HHAYKIUEH IO ITTUHE
nocaenoBareiabHocTH P. O603naunM 0(P) = [. {ns [ = 1 nemma BepHa,
nockoubky Uy, Vi, Wy, Uy, V,, W, — ipocTeie ciioBa.

ycts  Uyqpr = LMKKL LMKKKLMKKKLMKKK = Z%, k > 2.
Huknnyecku casunys Hadano LMKKL B xonen ciosa U,qprr, IOITy4rM
U{lpu = (LMKKK)3LMKKL = Z{‘, rae Z; — HEKOTOPBIA IUKINYCCKUN
CABUI TIpoCcTOro cioBa Z. Tak Kak BBINOJHIETCI HEPABEHCTBO
0((LMKKK)?LMKKL) > 0(Z,), 3nauut, npumeHus jemmy 1.2.3 [4], no-
ayuum, uto LMKKK = Zf,

e comp =1,t0 LMKKK = Z, Ho U{lpn = Z3LMKKL,
0(LMKKL) < 0(Z1) u U], prr — He Liel1asi CTEIICHb.

e eciup = 2, 10 3aMeTuM, uT0 LMKKK = U, prr.

3HAYUT, JOMYIIEHHE HEBEPHO, U U. . 1/ — IPOCTOE CJIOBO.
> > 11P

AHaJIOTMYHO J0Ka3bIBaeTCs, 4TO V4 prr — MPOCTOE CIOBO, JOIMyCKast

uro Vyipr = LMKKL LMKKKLMKKK = Z¥, V] ,n = (LMKKK)?LMKKL =
A
[Tockoneky W, prr = V,prr, 3HAUUT, IO HHIYKIMOHHOMY IPEIIIOIO-

XKeHuro W4 prr — TOXe IpoCToe CIIOBO.

[lycte Uy,p = KMKLKLK KMKLKLKLKMKLKLKLKMKLKLKL =
Z* k=2

Huxnuuecku cnBunyB Hauano KMKLKLK B xoner cioa U, ,prr, TO-
nyanm Uy, ,n = (KMKLKLKL) KMKLKLK = Zf, tne Z; — HeKOTOpBIii
LHUKJIMYECKUI CABUI IPOCTOrO cJioBa Z. Tak Kak BBINOJIHIETCS HEPABEHCT-
Bo O((KMKLKLKL)?’KMKLKLK) = 9(Z,), 3HauuT, IPUMEHHUB JIEMMY
1.2.3 [4], nonyunm, uto KMKLKLKL = Z?,
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o comp=1,10 KMKLKLKL = Z wo U}, = Z3KMKLKLK,
0(KMKLKLK) < 0(Z,) n U, pin — He Lenast CTENeHb.
e eciup = 2, 10 3ameTuM, uT0 KMKLKLKL = U,pr.

3HAYKT, JOIYLIEHHE HEBEPHO, U U, , o — IPOCTOE CIIOBO.
AHaNoOrn4Ho J0Ka3bIBaeTcs, 4yTo V;,prr — IpOCTOE CI0BO, IOITyCKas

4TO

Viyp = KMKLKLK KMKLKLKLKMKLKLKL = Z¥, k > 2,

V/prr = (KMKLKLKL)?KMKLKLK = Z¥.

Iockonbky Wy,prr = V,prr, 3HAUNT, 10 HTHAYKIUOHHOMY IIPEIIIOIIO-
xeHuro W, prr — TOXe MPOCTOE CII0BO.
IIycte
Uy prr = LMKKKL LMKKKLMKKLMKKKLMKKLMKKKLMKK = Z* k > 2.

[uxnuueckun cnpunyB Hadano LMKKKL B koren cnosa U, prr, O-
nyunm U, n = (LMKKKLMKK)]LMKKKL = Z¥, rne Z; — nexotopsiii
LUKINYECKUI COBUT MPOCTOTO €JI0BA Z. Tak Kak BBINOJIHIETCS HEPABEHCT-
B0 0((LMKKKLMKK)?LMKKKL) > 0(Z,), 3HauuT, IPUMEHHUB JIEMMY
1.2.3 [4], nonyunm, uto LMKKKLMKK = Z?,

e comup =1,10 LMKKKLMKK = Z; 1o Uy, pn = Z3LMKKKL,

0(LMKKKL) < 0(Zy) u U, pnn — He 1Lielasi CTCIICHb.
e ccmup = 2, 1o 0603HauuM X = LMKK KLMKK , ntukiu4decku

caBuHyB Hadano LM KK B kOoHeII cI0Ba X ¥ 3alicaB B OOpaTHOM
nopsiake, noinyuum x; = Ki KM L KiKiM{ LK, =
(K1K1ML)?K, = Z¥, p > 2, rne Z, — HekoTOpbIi NUKIMYECKHUiA
CIIBUT TIPOCTOTO clioBa Z;. Tak Kak BBIIOJIHAETCS HEPABEHCTBO
0 (K KyMyLy)Ky) = 8(Z,), 3nauut, npumenus nemmy 1.2.3 [4],
noayuum, uro Ky KyM; L, = Z}

e cciur =1,10 K;K;ML; = Z, o %, = (K;K{M;L,)*K, =
72K, 0(Ky) < 9(Zy) ux; = K;K;M, L K;K;M; LK, — ne nenas

CTCIICHD.
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e ccaur = 2,3ameTuM, uto K; KM, L, ectb V,prr , 3an1iCaHHOE B

00paTHOM TMOpsIJIKE.

3Ha4HT, JONYIICHHE HEBEPHO, U U, pr1 — IPOCTOE CIOBO.
AHaJOTMYHO JT0Ka3bIBaeTcs, 4yTo V,,prr — IPOCTOE CIIOBO, JOIyCKast

4TO
V,1p = LMKKKL LMKKKLMKKLMKKKLMKK = Z*, k > 2,
Vi prn = (LMKKKLMKK)?LMKKKL = Z¥.
Hockonbky Wy prr = Uyprr, 3HAYUT, IO MUHAYKIIMOHHOMY IIPEAIIOJIO-
xeHuro W, prr — IpocToe CioBo.
[Iycte
U,pp" = KMKLKLKLK KMKLKLKLKMKLKLKMKLKLKLKMKLKLKMKLK
LKLKMKLKL = Z¥, k > 2.

[Muknuaecku cnpuHyB Hadano KMKLKLKLK B xonen cioBa U,,prr,
nonyanMm U, o = (KMKLKLKLKMKLKL)3KMKLKLKLK = Z¥, rtne Z;
— HEKOTOPBIN HUKINYECKHUM CIIBUT ITPOCTOrO CJI0BA Z.

Tak Kak BBIITOJIHIETCS HEPABEHCTBO

O(KMKLKLKLKMKLKL)?’KMKLKLKLK) = 9(Z,),
3HAYMT, IPUMEHUB JleMMy 1.2.3 [4], momyuum, 4T0
KMKLKLKLKMKLKL = Zf.

e ccimup =1,t0 KMKLKLKLKMKLKL = Z; no U;zpu =
Z3KMKLKLKLK, 0(KMKLKLKLK) < 9(Z;) n Uy, prr — HE
1esas CTENeHb.

e comp = 2,10 0603HauuM x = KMKLKL KLKMKLKL,
LHUKJIMYECKHU cABUHYB Hayano KMKLKL B KOHel| ClIOBa X U
3anMcaB B 0OpaTHOM MOPAJKE, OIYUUM X1 =
LKy LiKiM; Ky Ly Ky Ly Ky M Ky Ly Ky = (LK Ly Ky MK )Ly K =
Z;’ , p = 2. Tak xaK BBINOJHSAETCS HEPABEHCTBO
6((L1K1L1K1M1K1)L1K1) > 0(Z,), 3HauuT, IPUMEHUB JICMMY
1.2.3 [4], momyuum, uto L, K, L K;M Ky = Z7
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e cciur =1,t0 L1K;L KiMKy = Z, H0 X1 =
(L1 Ky L Ky My K )P Ly Ky = Z3 11Ky 0(LqKy) < 0(Zp) mxy =
LiKiLiKiM K LK, L{K;M,K{L{K; — He uenas creneHs.

e ccmur = 2,LK L1 KiMK; ectb V,prr , 3an1iCaHHOE B OOpaTHOM
HOPSJIKE.

!
3HAYUT, JONYINEHUE HEBEPHO, U U, — IIPOCTOE CII0BO.

AHaJIOrM4YHO J0Ka3bIBaeTCs, 4TO V,,p1r — IPOCTOE CIOBO, AOIYCKasd,

4TO
Vypprr = KMKLKLKLK KMKLKLKLKMKLKLKMKLKLKLKMKLKL = Z¥,
k=2,
Vyprr = (KMKLKLKLKMKLKL)*’KMKLKLKLK = VA
Iockonbky W,prr = Uyprr , 3HAUUT, IO MHIYKIMOHHOMY IIPEIIOIIO-

JKeHuro W,,prr — IpocToe CII0Bo.

Jemma 2. JIng moboit mocnenaoBaTeabHocTH P u3 1 u 2, ecin U_p,
Vp, Wp comepxar Z¥ (Z—npoctoe cioBo), To k < 323.

oxkazamenscmeo: JIoka3zatenbCTBO MPOBEAEM HHAYKIUEH 10 IJIUHE
P. O6o3naunm d(P) = L. s | = 1 nemma BepHa. JlomycTum, 4To JeMMma
BepHa ISl UTHH, MeHbIuX | 1 gokaxem s L. [Tycts Up wnu Vp win Wp
comepxat Z* u k > 323. B cuily MHAYKIMOHHOTO TIpeanonoxkenus Z 323

He MoxeT conepxkatbcd B LMKKK u B KMKLKLKL u B uX moAacJIOBax.

CrenoBatenbHo, Z323

HE COJIepKUTCS B oAcioBax cioB Up, Vp, Wp niaunbl
5. 3HauuT, Z 323 MOXKeET coiepKaThCs TOJIBKO B II0/ICIIOBE JJIMHEI HE MEHEE
6 B andasute {K, L, M}. 3nauur, Z323 conepxur B cebe, Kak MUHUMYM, 4
oykBbl u3 andasura {K,L, M}. Tounee, Z3?3 conepxur KK wnu LL win
MM, c yuetom Toro, uto K Haunmnaercsi ¢ L, a L nauunaercst ¢ M. B stom
ciydae 0(Z) < 0(M) < d(L) < 0(K). 3uauur, KK = Z{Z; wm LL =
Z{Ziwmu MM = Z]Z;, tne Z; — HeKOTOPbIN [UKIMYESCKUI CIBUT TIPOCTOTO
cioBa Z, r = 2. [lpumenus nemmy 1.2.3 [4], nonyuum, uro K = Zf J5R05

L=7Y wiuM =Z?,
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e npup = 1nonyunm,uyto K = Z; umu L = Zy wiu M = Z,, uto
npotuBopeunrt, uto d(Z) < d(M) < d(L) < d(K)
e qnpup > 1 nomyunm, uyto K = Zf wm L = Zf nm M = Zf, 4TO

MIPOTUBOPEYUT JieMMme 1.

Jemma 3. Jlns moGoro x € F(a, b, c) ¢p, (x) = @p,(x) TormauTomb-
Ko Torna, korna P; = P,, e P; u P, imo0ble mocaeoBaTeIbHOCTH U3 1 1 2.
Jlokazamenvcmeo: J10kazaTesibCTBO NPOBEIEM HHAYKLIMEH T10 JUIMHE P .
Ecim d(P,) = 9(P,) = 1,10 @p (x) # @p,(x), mockonmbky ¢@q(x) =
b..,p,(x)=a...
Ecm d(P;) = 1ud(P,) > 110 ¢p (x) # @p,(x), HOCKONBKY HTHHA
cinoBa @p, (x) Oyzer Gonblre yeM JIKHA ciioBa @p, (x).
Mycrs Py = Thix , P, = Tojen @p (x) = @p, (%),
TO ecThb P, 3, (x) = @1, ;,(x).
e FEcmn iy = j, TO
©r,(X) = @15, () = 93, (07, (1))
P, () = 01, () = 9}, (07,())

TaK KaKk @p, (X) = @p, (x), T0 @) (%1 (x)) =), (<pT2 (x)).
Otky/a HEMOCPEICTBEHHO cleayeT, 4To @r, (x) = ¢, (x). Ho
d(T,) < 0(P,), 3naunr, 1ns Ty nemma BepHa. To ectb @, (x) =
or,(x) © Ty =T, uiy = j, 3Hauutr P; = P,.

e Ecmmi, # j;, TO TaK Kak J1st 11000r0 X, HE PAaBHOT'O ITyCTOMY CJIOBY

BF(a,b,c) 1(x) =b..., p,(x) = a... 3nauur, @;, (¢T1(x)) *
05 (@r,(0).

Jdoxa3aTeibCTBO TEOpEeMBbI

Bepremcs k nokasatenbetBy Teopemsl. B Aut(B(3,1n)) (@1, ¢3) —

CBOOO/IHAs TOJNYTpyNma TOTAA M TOJNbKO Torna, korma VP, P, @p =
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@p, & P; = P,. JlokaxeM OT IPOTUBHOTO: MyCTh @p = Pp,, HO Py #
P,.Tlo nemme 3 Vx € F(a,b,c) Py # P, = ¢p (x) # ¢p,(x) B F(a,b,c).

-1
B wactHocty, @p (a) # @p,(a) | * ((ppz (a)) )

-1
Homyuum @p, (a) ((pp2 (a)) HE paBHO mycTtoMy ciioBy B F(a, b, c).

ITo temme 2, c1oBo @p, () ((p P, (a)) He conepxut Z°*¢. Cornacno nem-

Me 5.5, u3 [5], pasnoe enunuie B B(3, 1) cnoBo gomkHO coaepxarh Z 1000,

CnenosatenbHo, @p (a) ((pp2 (a)) HE paBHO IMycTOMy clioBy B B(3,n).
3uauur, @p, (a) # @p,(a) B B(3,n), 4T0 IPOTUBOPEUUT HPEANONOKEHHUIO.

N3 nokasaHHON TEOpPEMbI HEMOCPEACTBEHHO CIIEYIOT AaHAJIOTUYHBIE
YTBEPKACHUS IS Aut(B (m, n)), m = 4, eciii onpeneauM aBToMopdus-
MBIl @; U @, rpynn B(m,n) caenyrwomum obpasom: @q(a;) = ¢4(ay),
91(az) = p1(az), @1(az) = ¢1(as), @1(q) =id(a) , 4<i<m,

02(ar) = pz(a1), @3(az) = pz(az), @z(az) = py(az), @1(a;) =
id(a), 4<i<m.
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ON FREE SUBGROUP OF AUTOMORPHISMS
OF FREE PERIODIC GROUPS

M. Karapetyan
Russian-Armenian (Slavonic) University

ABSTRACT

In this paper, we construct free semigroup of infinite order automorphisms of
free periodic groups B (m, n) of sufficiently large period n with m > 3 generators.

Keywords: free Burnside group, automorphisms group, free semigroup.
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CBEJIEHUSA Ob ABTOPAX

aclUpaHT BTOPOro roja oOydeHHs 10 HAIPABICHHUIO
MOJTrOTOBKU «MaTeMaTHuecKoe U porpaMMHoe odec-
[€YECHNUE BBIYMCIUTENBHBIX MaIlWH, KOMIUJIEKCOB U
KOMITBIOTEPHBIX ceTei» PAY

acIpaHTKa BTOPOTO Tojia 00ydeHHs TI0 HAIPaBICHHIO
MOJIrOTOBKK «MeTOo/Ibl 1 CUCTEMBI 3aIIUTHl HH(pOpMa-
UK, HHPOPMAIMOHHOM Oe3onmacHocTH» PAY

aCIHPAHT TPETHETro rofia 00y4eHus Kadeapbl MeXaHH-
Ky 1 MammHoBenenust HITY A

aclUpaHT BTOPOro roja oOydeHHs IO HAIPABICHHUIO
MOJTrOTOBKU «MaTeMaTHuecKoe U MporpaMMHoe odec-
[€YCHNE BBIYMCIUTENBHBIX MAaIlMH, KOMIUJIEKCOB U
KOMITBIOTEPHBIX ceTei» PAY

MperoAaBaTeb KaQeapsl BEICIIEH MaTeMaTHKH, (hHU3H-
KU ¥ IIpUKIaaHoi Mexanukn HAYA

MarucTpaHT BTOPOTo Kypca daxyiabTeTa HHPOpMaTH-
KM U IIpUKIagHON MaTtemaTuku EI'Y

MarucTpaHT BTOPOTo Kypca daxyiabTeTa HHPOpMaTH-
KM U NIpUKIagHod MateMatuku EI'Y

npenojaBareb Kagenapbl MaTeMaTHIecKol KubepHe-
Tuku PAY
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