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OB OJTHOH I'MBPUIHOM CXEME
HECMEIEHHOT O ®UWJIBTPA C KOHEYHOHN
NMITYJIbCHOHN XAPAKTEPUCTHUKON
U ®UJIbTPA KAJIBMAHA

A.A. lapounan, A.P. Axonan, M.A. Xauamypan

Poccuticko-Apmsanckuti Yuueepcumem
alexander.hakobyan@gmail.com, arman.darbinyan@rau.am
AHHOTALIUSA

B nanHo# pabore peysb UAET O TOM, YTO B 3a/1a4aX PaTUOIOKAIMOHHOM OIl-
TUMH3aIUHN 9aCTO BO3HUKAET BOMPOC O BEIOOpE MEXIy QUIBTPOM C KOHEU-
HOW HMMITYyJIbCHOM XapakTepucTukol u ¢unsrpom Kanbpmana. Oba 3THX
(¢WIBTpa UMEIOT CBOM CHIIbHBIE U cllabble CTOpPOHBI. B maHHO# paboTe s
OoJiee ONTHMANBHOW OLICHKH TO3UIMKA O0BEKTa PacCMaTPUBACTCS THOPU
BBIIIICYKA3aHHBIX IBYX (PUIBTPOB.

KaroueBsle ciaoBa: Gunptp Kanbmana, MmmynscHbd unbTp, ['uOpun
(uIbTPOB.

1. BBegenue u O003HaueHud
R™ — n-MepHOE BElIECTBEHHOE BEKTOPHOE MPOCTPAHCTRBO;
AT — TPaHCIIOHUPOBAHHAS MATPHIIBI A;
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| — enMHUYHAS MATPUIIA;

M[X] — MaT. o)xuaHue CIy4yailHON BEJTUYUHBI X

Cov[X]:= M[XXT] — M[X]M[XT] - xoBapuauuoHHas MaTpHla
CIIy4alHOTO BEKTOpa X;

tr(A) = XL, a;; — cnen kBaapaTHO# MaTpuubl A = (a;;)7 =1,

B paGote paccmarpuBaeTcsi 3amaya U3MEHEHHUS! COCTOSIHHSI NM-Mep-
HOT0 00BEKTa MO MOTYyYEHHBIM 7'-MEPHBIM JIaHHBIM OT MpueMHHKa. 0003-
Ha4yuB uepe3 X €ro COCTOSIHUE B MOMEHT BpeMeHH T}, TMPEANOJI0NKUM, YTO
OHO U3MEHSETCS I10 33JJAaHHOMY 3aKOHY:

Xi+1 = FXye + G Wy, (1.1)

rae F—n X n Marpuua, Ha3slBaeMas «MaTpuLel nepexona», Gp—n X m —
BEIlECTBEHHAss Martpuua, a W,m — mepHblii ['ayccCOBCKMM City4alHBIN
BEKTOp C HYJIEBBIM MaT. oxkuanueM. O6o3HaunM Qp: = Cov[W].

JlonycTUM, 4TO HEKOTOPOE YCTPOICTBO U3MEPSIET JaHHBIN OOBEKT 110
3aJJaHHOW MOJIETIH:

X = H X + Vy, (1.2)
rie X, € R” usmepenue k — Toro cocrosaus, H,r X n - MepHas MaTpHIIa,
al,r — MepHbIi ciyyaliHbIi ['ayCcCOBCKHI1 BEKTOP C HYJIEBBIM MaT. OXKUJa-
aueMm. O6o3naunMm R, := Cov[V}].

2. ®uabTp Kasibmana

PaccmoTpuM n-MepHBIi BEKTOP Ha OCHOBE NOJIYYEHHBIX U3MEPEHUM.
X = Xy + K (X — H X)), (2.1)

rae X, = Fk_l)? k-1 1 K;, — m X n — BemectBeHHas marpuua. Hama nens

MHHUMU3UPOBATH tr(C OU[X e — X k])

Teopema 1. (cm: [1] wu [2]). Ecnu onpenenuts matpuity K;, 1o gaH-
HOU popmyie:
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Ky = P HY (H P HE + Ry) ™, (2.2)
e B, onpenemnsercs peKypCHBHO:

Py = Fy_1 Py FF_ + Gy Qi1 Gl_1 P = (I — K Hy) Py,

Torjaa tr(Cov[Xk - X’k]) = tr(ﬁk) - min.

To ects onenka (2.1) OyneT onTuManbHOH, Koraa Matpuna Kj, ompe-
nensiercs mo Gopmyie (2.2). JlaHHbI cIoco0 OIEHKH BEKTOPA COCTOSTHHS
HasbiBaeTcs «unbTpoM Kambmanay. 3ameTuM, 9TO i paboThl PHIIbTpa
KanbMmana ncnonb3yrores matpuuisl Ry, u Q). Borpoc ux onucanus u oneH-
KM paccMaTpUBaeTCs OTJENBHO.

O@unetp Kanbmana gaeT onTUMalbHYIO OLEHKY, KOTJa COCTOSHUE
o0bekTa MeHsieTcs 1o 3akoHy (1.1), Ho B 0011eM citydae U3MEHEHHE COCTO-
STHUSI O0BEKTa 3a/1aeTCsl 10 JaHHOU opmyiie:

Xk+1 = Fka + Gka + Uy, (23)

IJI€ BEKTOP U, — BEKTOP YNPABJIEHUS, OTBEUAOIIUN 3a MAHEBPUPYEMOCTD
obowekra. CrenoBarensHo, GuibTp KanbMaHa 1aeT ONTUMANTBHYIO OLICHKY
B TOM ciiydae, korja U, = 0, B mpotuBHOM ciydae punbtp Kanbmana He
JlaeT ONTUMAJIbHON OLEHKHU. Bompoc 0 mosydyeHrr ONTUMAIbHOW OLIEHKH
npu U, # 0 paccmaTpuBaeTcs OT/I€JIbHO, B YACTHOCTH, C UCTIOJIb30BAHUEM
MAaIIMHHOTO O0y4YeHUsl.

3. HecmemeHHbIi GUIBTP ¢ KOHEYHOH MMILYJILCHOM
XapaKTepuCTUKOI

PaCCMOTpI/IM COCTOAHUC 06’beKTa, HCXOOs U3 MOJYUYCHHBIX H3MCpPC-

HUI, C UCTIOJI30BAHUEM HECMEIICHHOTO (DUITBTPa ¢ KOHEYHOW UMITYJILCHOU
XapaKTEPUCTUKOM, ONIPEICIICHHON B padoTe [6].

?k =Yk +]kH,’€(Xk—Hk?k), (31)
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rie Y, = Fy_1Y,_; 1 ] onpenensiercs o GpopmyIe:

Jie = [HgHy + (FJie-1F) 717 (3.2)

Marpuna J;, He 0OHOBIISIETCSI TTOCTIE Nope-urepanui. Kax OBLIO ITOKA-
3aHO B padore [6], onenka (3.1) sBIs€TCS HECMEIICHHOM, TO ecTh M [?k] =
M|[X}], HO OHa He 00J1aiaeT CBOMCTBOM ONTUMAIILHOCTH, KOTOPOU 001a/1a-
eT oneHka (2.1) ¢ marpuneii K, onpeneneHHo o ¢popmysie (2.2). Oxnako
s BeuMCIeHns Yy, He TpeGyrorcs mMatpuubl Q, u Rj. Kpome Toro, mpu
paccMoTpeHnr MozenH (2.3) naHHas olleHKa JaeT 0ojee TOUHYIO OICHKY,
4eM IMpo ucmoib3oBanuu ¢puinbTpa Kansmana mpu u;, # 0.

Takum 00pa3om, 3akiItoueHue cieayromee: mpu Uy = 0 CTOUT BBIO-
patb ¢unbTp KanbmaHa Kak OCHOBHYIO OLIEHKY, eciu ke U, # 0, To
(GWIBTP C KOHEYHOH UMITYJILCHOM XapaKTepUCTUKOM OyaeT 6oJee mpaBuilb-
HBIM BbIOOpOM. Ecim u;, Ol ObI M3BECTEH, TO JAaHHBINA BOIPOC PEIIMICS
Obl HEMOCPEJCTBEHHO, B 3TOM paboTe paccMaTpuBaeTCs Cilydail, Korjaa uy
HEU3BECTHO, a OLIEHKH MaTpHIl Q) ¥ Rj, HETOUHBI (KaK 3TO OOBIYHO ObIBAET
Ha MPAKTHUKE).

4. I'nOpun puasTpa KasibMaHa 1 HecMelIeHHOT0 GUIbTPA

¢ KOHEYHOH MMITYJIbCHOM XapaKTEePHCTHKOM

JlanHbI Bompoc 0 BeIOOpe Mexay orieHkamu (2.1) u (3.1) mpuBoaut
HAC K CO3JIaHUIO UX I'MOpH/Ia, ONPEIeICHHBIM X BBITYKJION JTMHEHHON KOM-
OMHaIMEH.

0, = a X+ (1 —ap)¥, 4.1)

rae i € [0, 1]. O ToMm, Kak ONpeneNuTh @, fajiee MOHIET U PeUb.
0603raunM Py = P(||X; = Xill < 11V — Xkl]). Ecm mna X, u
Yell Xk — Xkl < IY — Xk|, T0, BBIOpaB [}, Kak OCHOBHYIO OLIEHKY, MBI ObI

ommoymck Ha || Xy — [ ||, B IpOTUBHOM ciiydae omruOKa MpeIcTaBisiach
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651 B BujeE ||V, — [} ||. Byem paccmatpuBath 1aHHYIO 3a7ady ¢ TOUKH 3pe-

HUSI MUHUMU3AIMH MaKCUMaJIbHOM BEPOSITHOCTHO# OIIMOKHU, TO €CTh
max(p || X = G|, 1 = 2 ||V = Ii]|) = min.
IMoncraBus (4.1) B HOTy4EHHOE BBIpA)KEHUE, UMEEM
max( pr(1 — ;) || X + V||, (1 = pr)ar|| X + Yi|]) - min.
JlanHas 3a71a4a MUHUMH3AIIMU SKBUBAJICHTHA 3a]1a4¢

max( pr(1 — a), (1 — prlag) — min. (4.2)

JIerko 3aMeTUTh, UTO MPH Q) = Py BBILICYKa3aHHOE BBIpAXKEHHUE OY-
JIeT IPUHUMATh CBOE HaUMEHblIIee 3HaueHne. Takum o0pa3om, 4TOOb! BbI-
YHCIUTH THOPUIHYIO OIIEHKY HAJIO0 B IIEPBYIO OYEpEeab OLEHHUTD Pj. Tak Kak
OleHKH Xy U Y, ABIAIOTCA HECMEIIEHHBIMH, MOXEM MPEIoNararh, 4ro
1R = Xiell2 = x2 u [|% = X1 = y2, e x~N(0,0,) u y~N(0,0,).
OuenuM BepoaTHocTh P(x? < y?).

2

P(x* <y?) = T— ﬂ- e 2”16 2Udedy
102

x2sy?
+oo ¥l _(L>2
fff V202) dxd
271'0'10'2f |f| ' v axey
ooy

0'2 (
arct
+00 0'1 g

f f e~ (E*+1°) qedn = f f e’ pdOdp
2 o, 2 (o)

= — —_ _p 2 — _ e
—arctg <01).[ e™P"dp* = —arctg (01>.

0
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Takum oOpazoM, Juisi TOro 4TOOBI MUHUMHU3HPOBATH (4.2), HEOOXOIUMO
o:

OINpEAENUTh &), PaBHOE arctyg (0—2) Jli1g 3TOr0 HEOOX0IMMO OLIEHUTH 07 U
1

0,. DTO MOKHO TIPOM3BECTH IBPUCTHYECKHM 00Pa30M Ha OCHOBE IMOCIE/-
HUX [-U3MepeHuit:

k k

1 _ ol _
= |7 D &=zl 6= |7 > I%-ZlR

i=k—-1+1 i=k—-1+1

3aMeTuMm, 4To Jaxke ecli G; U G, OyIyT CMEIIEHHBIMH OIICHKaMH, TO

o o o o
—2 Oy IeT HECMEIIEHHOMN OLEHKOM 1S —2.
o1 o1

5. Anaau3 3(p(peKTUBHOCTUIIOAXO/I0B M 3aKJII0YEHHUE

Huxe npusenens! Habmonenus omm6ok || X, — Xi||, ||V — X || 1
||f k — Xk ||, COOTBETCTBEHHO, s (uiabTpa Kamepmana, HecmerienHoro
¢mbTpa ¢ KOHeUHOM uMITynbcHOU Xapakrepuctukoi (HOKUX) u rubpun-
HOro (MIIBTPA IPU MOJIEINIU, pACCMOTPEHHOM B pabdote [4, cTp. 48—49]:

_T2 -
Xk 1 0T 0 7 0
e Jo1 07 |
S=ln ) B=looo 1 of T|0
Vi 000 1 T 0
Lo T
1.0 0 0
He=[y 1 o ol
C npuMepoM KOBapUALIMOHHBIX MATpHL Q) = [(1) (ﬂ U Ry = [g (5) '

Hns punsTpa Kanbmana orieHKH MaTpuIl ObLITH BEIYUCIICHBI, KaK

0, = 0.8261 0.029] u B =[4.928 0.0012
k 0.029 0.9238 k= 10.0012 5.0289/)
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A st HOKUX N,y ObLIO B35TO, paBHBIM 8.

Bruto paccmoTpeHo 1Ba BO3MOXKHBIX citydasi — Ha Puc. 1 Obuta pacc-
MOTpeHa MoJieib 0e3 MaHeBpoB (T.e. U, = 0 mpu irodom k), a Ha Puc. 2
OBLIIO POU3BENICHO TPH ClIy4yailHBIX MaHeBpa. Ha oboux pucyHKax KOOp-
JIUHATa X — HoMep u3MepeHus k, a y — ommbka cOOTBETCTBYIOMIETO (PHIIBT-

pa.
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Ornpenenum Takxe IJisi TPEXMEPHONU MOJIENIH, pACCMOTPEHHOM B pa-
oore [4, cTp. 64].

72 i
— 0 0
X 10 0 T 0 0 S
Yk 01 0 0T O 0 - 0
VA
=I5 F=lo 0010 of 07 |
) 0 0 —
Vi 000010 2
[ Z), 0o 0 0 0 0 1. r o0 0
0 T 0
Lo 0 T/
100000
H.o=[0 1. 0 0 0 o].
001000
C npumepom KOBapHaIMOHHBIX MaTPHIL
100 5 0 0
ka[o 1 0luR,=|0 5 o].
0 0 1 0 05

st punmeTpa KanmeMaHna orieHKr MaTpHIl ObITH BBIYUCIICHBI, KaK

0.8261 0.029 0.0148
0.029 0.9238 0.0199
0.0148 0.0199 0.918

~

Qk = 0.0012 5.0289 0.031

0.0005 0.031 4.9917

I/IRk:

4928 0.0012 0.0005]

A s HOKUX N,y Ob110 B3TO, pPaBHBIM 8.

Kak u B mpeapiaymiem npumepe, ObII0 pacCMOTPEHO J1Ba BO3MOXKHBIX
ciyuas — Ha Puc. 3 O6bu1a paccmoTrpena mojiens 6e3 ManeBpoB (T.e. U, = 0
npu 1t000M k), a Ha Puc. 4 6bU10 IpOU3BEIEHO TPH CIyYalHBIX MaHEBPA.

Kak moxeMm BHIIETh, IPU MPAKTUYECKOM HAOIIOJICHUU TUOPUIHBIN
GbunbTp mposBIAET ceds ydlle, yeM 00a Ipyrux GpuiabTpa Bo BCex Ciyda-
AX. 3HAUUMOCTH JaHHOM PabOTHI 3aKITI0YAETCS B TOM, UTO PEIIAIOTCS cpa3y

JIBa BONpOCa — TOYHOCTh OLIEHOK () U R 1 pacrio3HOBaHHE MAHEBPOB.
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ABOUT ONE HYBRID SCHEME FORUNBIASEDFINITE
IMPULSERESPONSE FILTERAND KALMAN FILTER

A. Darbinyan, A. Hakobyan, M. Khachaturyan

Russian-Armenian University

ABSTRACT

In radio location optimization problem saquestion of ten risesbet ween
choosinga finite impulse response filter and Kalman filter. Both these filters have their
own weak and strong features. Inthisarticle, for gaining a more optimal estimate for
the object position, a hybrid filter was constructed based on the both above mentioned
filters.

Keywords: Kalman Filter, Impulse Filter, Hybrid Filter.
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CONVEXITY OF THE DISTRIBUTION
OF THE DISTANCE OF TWO RANDOM POINTS
IN A CONVEX DOMALIN IN R?

R. Aramyan, V. Mnatsakanyan
Russian-Armenian University
rafikaramyan@yahoo.com,v.mnatsakanyan95@gmail.com
ABSTRACT

The paper deals with the classical problems of stochastic tomography:
obtaining information about a convex domain from the distribution of
characteristics of its k-dimensional sections. In this paper, we show that the
density function of the squared distance between two uniformly distributed

random points in a convex domain is convex.
Subclass: 53C65, 53C60, 31A10
Keywords: convex set, conditional distribution, uniformly distributed

random points, random chord.

1. Introduction

Today, tomography is one of the rapidly developing areas of
mathematics. Geometric tomography (the term introduced by R. Gardner in
[4], see also [3]) is a field of mathematics engaged in extracting information
about a geometric object from data on its sections or projections to
reconstruct the geometric object. The main tasks of stochastic tomography
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are to reconstruct a convex domain by the distribution of its random k-
dimensional sections, or projections of the body. The stochastic tomography
addresses the following problems: using the concepts known in stochastic
geometry, receives new representations for body characteristics. Also, using
the data of these concepts in some cases to reconstruct the shape of the body
by proposing reconstruction algorithms. The reconstruction of convex
bodies by random sections makes it possible to simplify the calculation
since mathematical statistics methods can be used to estimate the geometric
characteristics of random sections. The integral geometric concepts such as
the distribution of the distance between two random points in a convex
domain D, carry some information about D. In this article, we show that the
density function of the squared distance between two uniformly distributed
random points in a convex domain is convex.
By R? we denote the two-dimensional Euclidean space.

Definition 1. A domain BeRZ?is called almost convex if there

exists a convex domain DeR?, that
L,(BAD) =0

here BAD = (B/D) U (D /B) is the symmetric difference of B and D, L,
is the Lebesgue’smeasure in R?2.

For two independent uniformly distributed points P;, P, in a
convex domain D, by r = |P; — P,| we denote the distance between the
points.

Definition 2. The cumulative distribution function of the distance
r between two uniformly distributed random points in a convex
domain D defined by the formula:

1

F@) = 52 f{|P1—P2|<u,P1.Pz €D}

dP, dP,, (1.2)

Here S is the area of D, dP; (i = 1,2) is the element of Lebesgue’s
measure in R?.
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The cumulative distribution function of r>defined by the formula

F_'.Z (u) S dP1 dPZ (1.3)

=1
52 J{|P1—P2|?<u,Py,P; €D}
Note, that integrals (1.2) and (1.3) do not change if instead of
almost convex domain B we take the corresponding convex domain D.
That is why below we will prove the theorems for convex domains.
By f,2(u) we denote the density function of the squared distance
between two uniformly distributed random points P;,P, in a convex
domainD.The main result of this article is the following theorem.

Theorem 1. Let DeR? be an almost convex domain. The density
function f,2(u) of the squared distance of two independent and
uniformly distributed points in D is decreasing and convex.

Also, we have the following consequence of Theorem 1.

Theorem 2. Let DeR? be an almost convex domain. For k > 2 the
density function f,x(u) of ¥, where risthe distance of two independent

and uniformly distributed points in D is decreasing and convex.
2. Two equivalent representations of the pair of points

By we denote the unit circle in centered at the origin. We denote by
the space of lines in the plane. We use the usual parameterization of a line,
p is the distance of from the origin is the direction normal to. It is well
known that the invariant measure can be decomposed (see [1]).

dg = dodp (1.1)

where is the element of the arc measure on.

We consider a pair of points in the plane. There are two equivalent
representations of the pair.
1. A pair of points can be determined by the usual Cartesian coordinates
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(P1, Py) = (X1,Y1,X2,¥2) (2.1)

2. A pair of points can be determined by the line passing through the points
and two one-dimensional coordinates, which determine and on the line.
Thus

(P1!P2) = (gv t1: tZ) = (pl P, tll tZ) (22)

Note that as a reference point on g we take the perpendicular of the
origin Oonto. The transform can be represented by the following system

{xi i pc?s<p —t;Sing 2.3)
Yi = pSing — t;cos@

Easy to calculate that the Jacobian of the transform is (see [2]).
dPldPZ == |t1 - tzldpd(pdtldtz = |t1 - t2|dgdt1dt2 (2.4)

3. Proof of Theorem 1.

For a convex domain DeR? and u € [0, o) taking into account (2.4)

we have

1

E.(u) = S_zf{|p1—P2|<u; ,P1,P2€D}

dP;, dP,=
1

s_zf{gnD:t@} [fl{tl—t2|<u,: tuts ex(g)}ltl ~ | dtldtz] dg, G.D
where t; and t, are two points chosen at random, independently and with
uniform distribution in the segment x(g)=g N D. We need to prove the
following Lemma.

Lemma 1. For u < X = |y(g)| we have
2us

_ — 2 __ &7
Jits-tat<ws tuty cxonlts — t2l dtadty = (X” 3 ) (3:2)

and foru > X = |x(g)| we have
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3

X
f{ltl—tz|<u; t1ts E)((g)}ltl — tp| dtldtz—?~ (3.3)

Proof of Lemma 1. By symmetry we have: for u > X

A rX ty _x3
f{ltl—t2|<u; f1.f2 E){(g)}ltl - tzl dtldtz _2f0 d tl fO (t1 - tz ) d tz _?.

Foru <X
Sty —tat<us et exanl @~ t2l @014t =Jyp ey v, eaylty — t2l dtrdts -
X3 X ti—u
|ty = tp| dt,dt, == —2 Joat fyt Tt -t dt, =
s
-

f{|t1—t2 [zw; ty,t2 €Ex(9)}

Xu? -

Lemma 1 is proved.
Substituting (3.2) and (3.3) into (3.1) we obtain

1 2ud x3
R =5l ool (X2 =55) + usn S| dg. 34)

here Iy, is the indicator function of 4. From (3.4) for the cumulative

distribution function of r? we have

2u3/2

Fro@) = F(V0) =5 [y, snpweylpuexy (X =25 )+1{u>X2}X?3] dg. (3.5)

For the density function f,z2(u) of squared distance between two uniformly
distributed points P_1, P_2 in a convex domain D, we must differentiate
under the integral sign in (3.5). For the derivative for u#X? we get (for u=X2
we assume that the derivative is 0)

'

3
X3

fr2 (u)=si2 f{g:gnm} ll{usxz} <Xu - %) + I{u>X2}?l dg =

Siz f{y:gnD;ee)} [1{”5X2}(X B \/ﬂ) + O] ag. (3.6)
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It is obvious that the function under the integral sign in (3.6) is convex
on the interval [0,X?] and the integration with respect to a positive measure
is convex. Theorem 1 is proved.

4. An another proof of Theorem 1

Note that in [5] was found the following relation between the
distribution function of the distance of two uniformly distributed points of
D and the chord length distribution function of D.

Theorem 3. Let D be a convex domain and F.(u) is the cumulative
distribution function of the distance of two independent uniformly
distributed points in D, then

B =1-5 (3 -5 4 S 02 [UE @) dv + [} v Fe(0) dv) (4.1)

here Fy(u)random chord length cumulative distribution function of D.

From here we can get the cumulative distribution function of the
square of the distance of two independent and uniformly distributed
points in D

Fra)=1-5 (2 -2 Sy R ) dv + [ vy (v) dv) (4.2)

By calculating derivative of this function, we will get density function

L Vu
fra@) = = (Vi — S = [ Fe(v) dv). (4.3)
By calculating the first and the second derivative of density function we will
get
() = — & (PG L (Fx(Vi-1)
fra(u) = 252( Vu )_252( Vu ) (“4)
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frnz (1) = L(fx(\/ﬂ)\/ﬂ+1—FX(\/ﬂ)) _ L (fX(\/l_‘) + 1_FX(\/{‘)) 4.5)

252 2uvu T 252\ 2u 2uvu

It is obvious that the first derivative is negative and the second one is
positive. Hence our function is decreasing and convex.

5. Proof of Theorem 2

Lemma 2. Let the derivative of F(x) be a decreasing non-negative
convex function defend on a segment than the derivative of G(x) = F(x*),
0 < k < 1 is also decreasing and convex.

Proof of Lemma 2.
For the derivative of G(x) we will get

G'(0) = kf ()x*1 = g(x) 5.1)
and will calculate the first and the second derivative of g(x)
g'(x) = k2 (xF)x?7% + ke (ke — Df (x*)x* 2 (5.2)

g'(x) = k3f7(x¥) 2 4+ (2k — 2)k2f (% )3 4 k2(k — 1)f (7 4
k(e — Dk = 2)f (x*)xk3 (5.3)

obvious that the first derivative of g(x) is negative and the second
derivative is positive.

Corollary. From this lemma it is obvious if theorem 1 is true,
consequently, theorem 2 is also true.

Note, that the convers statement: whether or not a convex domain D
is convex if the density function f,2(u) of the square distance of two

independent and uniformly distributed points in D is convex remains open.
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JlaHHasi Hay4Hasl CTaThsl MOCBSIIEHA U3YYEHUIO M PELIEHUIO OJHOM cuc-
TEMBbl MHTETPAJIbHBIX YPaBHEHUN ¢ MOHOTOHHOM U BBITYKJIOW HEJIMHEHHOC-
THIO Ha TIOJIOKUTETILHOM YacTH YHCIIOBOU MpsiMoil. Pa3Hble uacTHbIC Citydan
HCCIIEAYEMBIX CUCTEM HMEIOT HENOCPEICTBEHHBIC IIPUMEHEHHUS B TCOPHUH
P-aIM4IecKOil CTPYHBI, B MATEMaTHUECKON OMOJIOTHH U B KHHETHYIECKOU Teo-
puu razos. [Ipu onpeneneHHbIX OrpaHUYEHHSIX HAa HENMHEHHOCTD U Ha SIPO
HCCIIEAYEMOU CUCTEMBI JJOKa3aHa TEOPEMA CYIIECTBOBAHHS [IOKOMIIOHEHTHO
HEOTPULATENIbHBIX HETPUBHUAJIBHBIX U OTPaHMYEHHBIX perieHui. M3ydeHo
TaKKe AaCHMIITOTHYECKOE TTOBEACHHE MTOCTPOSCHHOTO PEIICHNs Ha OeCKOHed-
Hoctu. [IpyBeieHbl KOHKPETHBIE IPUMEPBI YKAa3aHHBIX CUCTEM JJIS UILIIOCT-
palyy MOJyUYeHHbIX PE3YIbTaTOB.

bubmuorpadus: 8 HauMeHOBaHUI.

KiroueBsle cji0oBa: cucTeMa UHTETPAIbHBIX YPAaBHEHUN, HETMHEHHOCTD,
UTEpaLnd, MOHOTOHHOCTb, CXOJUMOCTb.

1. Beenenue u ¢popmMyTHpOBKa OCHOBHOI TeOpeMbl

PaccMoTpuM creayronyr0 CUCTEMY HEIMHEWHBIX HHTETPabHBIX

YPAaBHEHUM:
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Qi(fix)) = 2f K;;(x, t)f;(t) dt, x € RY, i=12,..,n (D

Jj=1o0

OTHOCHUTEJIbHO HCKOMOM U3MEPUMON BEKTOP-(QYHKLINN

f@):i= (A, o), s fu ()
(T — 3HaK TpaHCIIOHUPOBAHMUS).
Matpuunoe supo K(x,t): = (K;; (x, )}y — onpenencunas Ha
muokectBe R* X RT(R*: = [0, +)) cymiecTBeHHO orpaHuyeHHas (yHK-
1USI, yIOBJIETBOPSIOIIAS CIIETYIONIAM YCIOBHSM:

1) 7(4) = 1, r(A) — cnexrpanbnpIii paguyc Marpuusl A = (a;;)1 72y

0< aij = Sl:g)f Kl] (x, t)dt, l,] = 1,2, ., n, (2)
X2
0

2) cymectByoT QyHKIMH {K;; (x)}:l;:, {4 (t)};l=1 Y YUCIIO &, > 0, yJIOBJIETBO-

PSAIOLINE CIAEAYIOLUM YCIOBUSIM:

23.) Kl}(_x) = Eij(x),x =0, 0< EU € Ll(R) N LOO(]R),

f Rij(x)dx = al-j, l,] = 1,2, W, n, (3)

(L (R) — IpocTpaHCTBO CYLIECTBEHHO OrPAHUYEHHBIX Ha R-(QyHKIIMIA);

2b) HLJ(X) l o x na R+,
f xKij (Q)dx < +o0,  i,j=12,..,n,
0
g <A() <1, 1-2 €L (R), 2(t) Tnot,
lim4;(t) =1, j=12,..,n,

t—oo

TaKue, YTo
Ko, t) = (Kije = )-Kyy(x + 1)) 4(0),
(x,t) e R* xR*, i,j=12,..,n. (4)



A.K. Kpoan 25

U3 ycnoBus 1) B cuiy Teopemsl Ileppona (cm. [1]) cnemyer, uto
CyIIECTBYET BEKTOP 1 = (11,73, .., M) T € MONOKUTENBHBIME KOOPAMHATA-
mu {n;}i-, , A1 KOTOPOTO

n

zaij 77] =7, i = 1,2, e, N (5)

=1
Beenem 0003HaucHME

T]:‘:ﬁlm , 1=12,..,n (6)
1<isn

Byzaem cuntath, uro dynkimu {Q; ()}, YAOBIECTBOPSIOT CIEIYIO-
IIUM YCJIOBUSIM:

A) Q; € C[0,n;],Q;(w) T mou wal[0,n;], i=12,..,n,

B) Q;(u) — Beimykuibie BHU3 GyHKIuK Ha otpeske [0,7;], i = 1,2, ...,n,
C)Q;(m;) =n;, Q;(0) =0 u dyuxumonansbueie ypaBaerus Q;(u) = gyu
UMEIOT HOJIOXKHTENbHBIE penteHus &;, npuueMm 0 < & <n/,i=1,2,..,n.

Cucrema (1) nis pasauyHbIX BUJIOB sa€p K;j v HenuHEHHOCTER Q;
(YIOBIIETBOPSIOIIMX, COOTBETCTBEHHO, YCIIOBUsM 1) - 2), 2a) -2¢) u A) — C))
MMeEeT MPUIIOKEHUS B TEOPUH P-aIUIECKUX OTKPBITO-3aMKHYTHIX CTPYH, B
MaTEeMaTUYeCKOH TEOPHH MPOCTPAHCTBEHHO-BPEMEHHOTO PaclpOCTpaHe-
HUS STUJIEMUAN U B KHHETHYECKOM Teopuu ra3oB (cm.[3—8]).

IHpu A;(t) =1, j=12,..,n, xorna B (4) MMeeT MecTO 3HaK
paBeHCTBa, cucteMa (1) uccienoBana B pabore X.A. XauatpsiHa (cm. [4]).
CooTBeTCTBYIOIIIEE CKAISIPHOE WHTErpaibHOe ypaBHeHue (1) mpu anaio-
THYHBIX OIPAaHUYCHHUSX Ha SJIPO M HEIWHEHHOCTH JIOCTATOYHO IMOJPOOHO
OBLIIO MCCIIeIOBAaHO B paboTe (cM.[5]).

B nacrosuieit pabote npu ycnosusix 1) — 2), 2a) — 2¢), A) — C) ans
obmet cuctemsl (1) MOKa3bIBAETCSl CYIIECTBOBAHUE MOKOMIIOHEHTHO He-
OTPUIATEIILHOTO HETPUBUAIILHOTO M OTPaHMYEHHOTO pemieHus. bojee To-
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ro, NU3y4aercsl TaKKe ACUMITOTHYECKOE IOBEJICHHE IIOCTPOCHHOIO penie-
HUS Ha OecKOHEeUHOCTHU. B 3akintouennn paboThl IPUBOASTCS YACTHBIE MTPU-
Mepbl pacCMaTpUBAaEMbIX CHCTEM, MUMEIOILUE MpUKIaHON Xapakrep. Oc-
HOBHBIM P€3YyJIbTATOM HACTOSIIEH CTAThU SIBJISIETCS CIEAYIOIIas Teopema.

Teopema. IIpu ycrosusx 1) — 2), 2a) — 2c) u A) — C) cucmema (1)
umeem nOKOMNOHEHMHO HeOMPUYAMETbHOE HEMPUBUATLHOE U CYUeCEEH-

1o ozpanuuennoe pewenue f(x): = (fy(x), f2(x), ..., fn(x))T, npuuem

0<fi(x) <nj, x €RY,

lim fi(x) = ni, nf = fi € LR, i=12,..,n.

2. Jloka3aTeIbCTBO TeOpPeMbl

PaccMoTpuM creayromyro CUCTEMY HEIMHEHMHBIX HMHTETPATbHBIX

ypaBHEHUI

0u(pi ) = z | (R = 0)- Ryt + ©) 902,
10

x€RY, i=12,..,n (7)

OTHOCHTEIIEHO UCKOMOH BEKTOP-()yHKIHH

T
@(x): = (91(x), p2(x), .., 9n(x))
CornacHo pesynbTatam pabotel [4] cuctema (7) WMeeT MOKOM-

MMOHCHTHO HCOTPULATCIIbHOC HCTPHUBUAJIBHOC OI'PaHUYCHHOC U HCTIPCPBIB-

Hoe Ha R* pemenne @(x): = ((pl(x),(pz (x), ... ,<pn(x))T, YJIOBJIETBO-
pSIFoIIee CIIETYFOIINM YCIOBHSIM:

0<sgix) <m;, x€RY, lim@;(x) = 77, (8)

ni—¢ € LL(RY), i=12,..,n 9)
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Tenepp paccMOTpUM CIEIYIOIIYIO CUCTEMY HEJIMHEWHBIX HWHTE-

IPAJIBHBIX YPaBHECHUM:

@) =Y [ (Ryr = )-Ryx + ) 4,000,
j=10
x€eRY, i=12,..,n (10)

OTHOCHUTEIIEHO UCKOMO BEKTOP-(yHKIIMU

P): = (P, Ya (), o, P ().

s cuctembl (10) paCCMOTpI/IM CJIeIyIOIINE UTEPALIUHU:

0 (@) Z f =Ry + £)) 1y (O™ @,
j=1o0
P, Q%) =n,i=12.,n,m=012,.., x € R (11)

YuutsiBas ycioBue 2¢), ¥ MOHOTOHHOCTb GyHKImi Q; (u),i = 1,2, ...,n
M0 U, MHAYKIIMEH MO M HECIOKHO JI0Ka3aTh, 4YTO

0<y;™x) | mom,i=12,..,n (12)

Hike nokakeM, 4TO UMEIOT MECTO OIICHKHU

002 i (L)oo -+,
nj

1<jsn
i=12,..,n,m=0,12,..,x € RY, (13)

rae uncna 0 < §; < n; onpenensitores u3 ycinosus C),
ap* = min(py, Py, ..., Pp) ¥ uncna {p;}\=; — €AMHCTBEHHBIM 0Opa3OM H3
CIIETYFOIUX XapaKTePUCTUUCCKUX YPABHEHHIA:

n *

~ g i
§ 77; f KU (t)e—pt dt = OTTIL ) i = 1,2, e, N (14)
—1 0

C o570l 1ENbI0 BOCIONIb3YEMCSI allpUOPHON OLIEHKOM, JOKAa3aHHOW B
pabore [4].
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HepasenctBo (13) mms m = 0 HEenmocpenCcTBEHHO CIIEIyeT U3 Clie-
JYIOIIECH OLICHKH:

n co
Z nj f (Eij(x —t)-Kij(x +t )) (1-ePt)dt >
j=1 o0

=& rﬁ(l — e‘p*x), i=12,..,n x €R". (15)

HepasenctBo (13) mms m = 0 HEemocpenCTBEHHO CIIEIyeT U3 Clie-
JYIOIIEH OLIEHKU

n = n;(1—eP%)> min <f}—i> ni(1—eP%),
J

1<sjs<n

i=12,..,n x€R (16)

Hpe,[[HOJ'IO)KI/IM, YTO HCPABCHCTBO

1<jsn

¥;™ (%) > min (%) n(1- e‘p*x), i=12,..,n x € Rt
J

umeeT mecto npu Hekotopom m € N.Torna u3 (11), B cuny onenku (15) u
A) — C) umeem, 4To

1<jsn

Q; (lpi(m+1)(x)) = min <f]—%) ni&o (1 _ e—p*x) >

> Q;| min (E—]> 772‘(1 - e‘p*x) )

1<jsn n}f
Orcrona, B cuity ycnouit A) — C), mosnyyaem,qto

(m+1) s f_] * _ ,-DP'x - +
Y; (x) = Jnin <n;>nl (1-e?%), i=12,..,n x € R*.
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Wtak, B cuily 10Ka3aHHOTO, IOCJIE10BATEIbHOCTh BEKTOP-(PYHKIIHIMA
@) ™ @) = (W @), P (@), ., P (%)) umeer no-
TOYEUYHBIN IIPEIEII IIPU M —> OO :

lim P (@) =i(x), i=12,..,7, (17)

npuyeM MpeneibHbie BeKTop-GyHKIwn ; (x) B cuty teopembl b. JleBu
(cm.[2]) u menpepoiBHOCTH QyHKIMA{Q; (1)}~ YIOBIECTBOPSIOT CHCTEME
(10). bonee Toro, u3 (12) u (13) cnexyer, 4to

. ($ —p* . .
lrp]<n<n ni(1—eP%) < y;(x) < 7nj, i=1.2,..,n, x € R, (18)

[IpoBonst aHanoru4yHbIe paccykACHUs, Kak B padore [4], ¢ yueTom
YCJIOBHS 2¢C), MOKHO TTOKa3aTh, YTO

;i_l;golpi(x) =n;, n-¥ €L(R"), i=12..,n (19)
Yi(x) < pi(x), i=12,..,n, x € RY, (20)

Hnst cuctemsl (1) BBeeM cleayrolIye mociaeaoBaTelIbHbIe TPUOIIN-

JKEHUS:
n [oe)
o (i @)=, [ k5 @on™@d x=o
Jj=10
O =y;(x), m=012,..,i=12,..,n (21)
HNuapykuueit mo m MOXHO J0Ka3aTh, YTO

™M) Tnom i=12..,n (22)
M@ < i, i=12,.,n,m=012..,x €R". (23)

CrnenoBarenbHO, OCIEI0BATEIBHOCTh BEKTOP-(YyHKIUI

Fm@):= (™, M@, iM@®) . m=012,..,
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MMeeT MOTOYEHHBIN Mpeiesl IPU m — 00 :

Tlli_rgoﬁ(m)(x) = filx), i=12,..,n. (24)

T

Tpenensuas sextop-bynxms f(x): = (fi(x), fo(x), ..., fu(x)) , B
cwity HenpepbiBHOCTH QyHKIMi Q;(u) u teopemsl b. JleBu, ynosierso-
pset cucteme (1). bonee Toro, u3 (22) u (23) cnenyer, 4To

Yi(x)< fix)<n;, i=12,..,n x € R*. (25)

U3 (19) u (25) HenocpeACTBEHHO CIEYET, YTO

—fi € Li(RY), limfi(x) = n;,i=12,..,n (26)
X—00

Teopema nokasana.
3. lIpumepbi

B 3akmrouenuun pa6OTbI IMPHUBCIACM HCCKOJIbKO YAaCTHBIX IMPHMECPOB,
YKa3aHHbIX CHCTCM HEJTMHEHHBIX HUHTCTPaJIbHBIX ypaBHeHHﬁ, HUMCIOIIHUX
IMPUIIOKCHUA B I[I/IHaMquCKOﬁ TCOPUU P-aINICCKHUX OTKPBITO-3aMKHYTBIX

CTPYH U B KHHETUYECKON TOPUH Ta30B.
[Ipumepst {Q-(u)}’-1 1
a)Q;(w) = )p —=,i=12,..,n, Tae p > 2 — HEUETHOE YHMCJIO, a YHCja
{ni}i=, OHpe,Z[eJI}IIOTC}I u3 popmy (5) u (6),
b) Q;(w) =
000 = 15

apaMmeTphl.

—=+ {1 —c)u,rnec; € (0,1),i = 1,2, ..., n — 9UCIOBBIE

Tpumepst snepubix bynximii {K;; i (x)} L {A (t)}
D) K= ” ‘”2, xER,
rae a;j > O i,j =1,2,..,n ¥ CIEKTpAJIIbHBIN PAJNyC MAaTPHULIbI

A= (al ]) , baseH 1,
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) K;j(x) = f:e‘msGi]— (s)ds, x€R,i,j=12,..,mn,
rae G;j(s) >0, G;j € Cla,b), 0 < a < b < +00 u CHEKTPATLHEII1
pazanyC MaTPUIIBI

_ b Gl](s) nxn
A= (2 fa — ds)ilj=1 paseH 1.
D) =1-6e7", t=0,raed; €(0,1), j=12,..,n —unciossie
napameTpsl,
2) ){](t) =1- (1 — & )e_qjtz‘ qj > 0, ] =1,2,..,n,

/1€ YUCIIO €y OTPECIAETCS B YCIOBUH 2C).

X
W HakoHew, mpuBeaeM IPUMEPBI MATPUYHOIO s1pa {Ki i(x, t)}n "

ij=1’
YAOBJIETBOPSIOUIETO YCIOBUAM JOKAa3aHHON TEOPEMBI:
i Ky (x, 6) = (Ky(x — - Ky (e + 0) 4,0, i,j = 12,..,m,
(x,t) € RY x RY,
) K;j(x, t) = Kjj(x—0), ji=12..,n (xt)€ Rt xR
iB) K;j(x, 0) = Kjj(x — 0)-K;j(x + 1), j,i=12,..,n,
(x,t) € R* x R*,
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ON THE SOLVABILITY OF ONE SYSTEM
OF NONLINEAR INTEGRAL EQUATIONS ON A SEMI-AXIS

A. Kroyan
Armenian National Agrarian University
ABSTRACT

The work is devoted to the study and solution of one system of integral equations
with monotone and convex nonlinearity on the positive part of the number line.
Various special cases of this system have direct applications in the theory of p-adic
string, in mathematical biology, and in the kinetic theory of gases. Under certain
restrictions on nonlinearity and on the kernel of the system under study, a theorem on
the existence of component-wise nonnegative nontrivial and bounded solutions is
proved. The asymptotic behavior of the constructed solution at infinity is also studied.
Specific examples of these systems are given to illustrate the obtained results.

Keywords: system of integral equations, nonlinearity, iteration, monotonicity,
convergence.
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ON THE PALETTE INDEX
OF SIERPINSKI-LIKE GRAPHS

A.B. Ghazaryan

Department of Informatics and Applied mathematics
Yerevan State University

ghazaryan.aghasi@gmail.com
ABSTRACT

For a proper edge coloring of a graph G, the palette of a vertex v € V(G)
is the set of colors appearing on the edges incident to the vertex v. The palette
index 35(G) of G is the minimum number of palettes occurring in G among all
proper edge colorings. In this paper, we examine the palette index of
Sierpinski-like graphs. Namely, we determine the palette index of Sierpinski
graphs S(n, k) where k is even, k = 3, orn = 2 and k = 3 (mod 4) and we
give an upper and a lower bound for the remaining cases. Additionally, we
determine the palette index of graphs S*(n,k) when k is odd or k =
0 (mod 4) and we give an upper and a lower bound for the remaining cases.
Moreover, we completely determine the palette index of graphsS**(n, k).

Keywords: palette index, Sierpinski graphs, Sierpinski-like graphs.

Introduction
In this paper we use the standard notations of graph theory which you

can find in [ 13]. Graph coloring problems are one of the most widely studied
problems of graph theory. These problems have many applications,



34 On the palette index of sierpinski-like graphs

especially in scheduling theory. Chromatic parameters describe graph
colorings and the most popular chromatic parameters are the chromatic
number and the chromatic index.

In this paper, we study a new chromatic parameter called the palette
index of a graph, which is introduced in 2014 by Horndk, Kalinowski,
Meszka, and Wozniak [6]. For a proper edge coloring of a graph G, the
palette of a vertex v € V(G) is the set of colors assigned to the edges
incident to v. The palette index $(G) of G is the minimum number of distinct
palettes occurring in G for all proper edge colorings.

The parameter has mainly been studied for regular graphs. In [6], the
authors determined the palette index of complete graphs. Namely,

Theorem 1. For every integer n > 1, we have

1 ifn =0 (mod2),
$(K,) =43 ifn =3 (mod 4),
4 ifn =1 (mod4).

They also determined the palette index of cubic graphs. Specifically,

1 ifGisofClass 1,
$(G) =4{3 if G is of Class 2 and has a perfect matching,
4 if G is of Class 2 and has no perfect matching.

In [6], the authors give the following:

Proposition 1. The palette index of a graph G is 1 if and only if the
graph is regular and Class 1.

Also they showed that the palette index of a regular graphs of Class 2
is different from 2.

Proposition 1 yields that even determining if a given graph G has a
palette index 1 is a NP-complete problem [12].
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The palette index of d-regular graphs G of Class 2 satisfy the
inequality 3 < 5(G) < d + 1[3]. In [3], it is shown that the palette index
of 4-regular graphs is in {1,3,4,5} and all these values are attained.

There are few results about the palette index of non-regular graphs.

In [5], the authors determined the palette index of the complete
bipartite graphs K, , where min{a, b} < 5.

In [4], the palette index of bipartite graphs is studied. In particular,
they determined the palette index of the grid graphs and characterized the
class of graphs whose palette index equals the number of vertices.

In [2], the authors give a sharp upper bound of the palette index of
tree graphs.

Vizing’s edge coloring theorem gives an upper bound of the palette
index of a graph G with the maximum degree 4. Namely, $(G) < 241 —
2. In [1], the authors succeeded in constructing a family of multigraphs
whose palette index grows asymptotically as A%. Although, it is an open
question whether there are such graphs without multiple edges.

One of interesting graph families is Sierpinskigraphs S(n, k). Let us
define S(n, k) where n and k are positive integers. The vertex set of S(n, k)
is the set of all n-tuples of integers 1,...,k, namely, V(S (n, k)) =
{1,2, ..., k}". Two different vertices u = (uy, ...,u,) and v = (vq, ..., V)
are adjacent if and only if there exists an h € {1, ..., n} such that

l. uy =vi, fort=1,...,h—1

2. up # vy

3. uy = vpandv, = up fort =h+1,...,n.

The vertices (i, ..., i) are called the extreme vertices of S(n, k) where
i =1,2,.., k. We denote the subgraph S(n, k)[{v|v = (i, ...)}] of S(n, k)
by S;(n, k) where i =1,2,...,k. Clearly, S;(n+ 1,k) is isomorphic to
S(n, k). Consequently, S(n, k) contains k™! copies of the graph S(1,k) =
K. We call all the edges of S(n, k) link edges that do not belong to the
above-mentioned Kj.

For the first time, S(n, k) was introduced in [10] while studying
Lipscomb space. It is noteworthy that S(n, 3) is isomorphic to the graph of
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the Tower of Hanoi with n disks [10]. These graphs are widely used in
various fields of science [7], [9].

Sierpinski graphs are "almost" regular. There are different ways to
change S(n, k) into regular graph. The two quite natural ways are S*(n, k)
and ST+ (n, k). These graphs are introduced in [11] and are defined as
follows: Let n and k be positive integers. The graph S*(n, k) is obtained
from S(n, k) by adding a vertex w, called special vertex, and connects all
extreme vertices of S(n, k) to w.

If n = 1 then the graph S**(n, k) is isomorphic to Ky 4. If n > 1
then S**(n, k) is the graph obtained from the disjoint union of k + 1 copies
of S(n—1,k) in which the extreme vertices in distinct copies of
S(n — 1, k) are connected as the complete graph K}, ;.

Figure 1: Graphs $(3,3), S*(3,3), $t1(4,3).

In [8], vertex, edge, total colorings of S(n, k), S*(n, k), S**(n, k) are
studied. In particular the authors give the following theorems:

Theorem 2. For all integers n > 1 and k > 1, we have

x'(S(nk)) = k.
Theorem 3. For all integersn > 1 and k > 1, we have

s o (k ifkisodd,
X ($*(n k) = {k +1 ifkiseven.
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Theorem 4. For all integers n > 1 and k > 1, we have

x' (St (n,k)) = k.

Worth to mentioning that these two families are the first known
examples of "fractal" type of graphs whose crossing numbers can be
determined.

In this paper, we study the palette indices of graphs S(n, k), S*(n, k),
S**(n, k). In particular, the palette index of S(n, k) is determined when k
iseven, k =3, orn =2 and k = 3 (mod 4). Also a lower and an upper
bound are given for §(S (n, k)). The palette index of S*(n, k) is determined
when k is odd, k = 0 (mod 4) and a lower and an upper bound are given
when k = 2 (mod 4). At last, the palette index of S**(n, k) is determined.

Main Results

In this section we will examine the palette index of S(n, k), S*(n, k),
and STt (n, k) where n, k > 1.

The Sierpinski graphs S(n, k) have two kinds of vertices in terms of
vertex degree: extreme vertices with degree k — 1 and the remaining with
degree k. Thus, §(S(n, k)) > 2.

Proposition 2. For every integern > 1 and for every even integer k >
1, we have

3(S(m,k)) = 2.

Proof. As $(S(n, k)) = 2, we just need a coloring with two palettes.
Firstly, we color all k™! copies of K; in S(n, k) with the palette
{1, ...,k — 1}. Then, we color all link edges of S(n, k) with the color k.
Thus, we gave a coloring of S(n, k) with two palettes: {1, ...,k — 1} and
{1, ..., k}.

Let us consider the case when k is odd.
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Proposition 3. For every odd integer k > 1 and every integer n >
1, we have
3(S(n k) = 3.

Proof. In [9, Claim in Theorem 4.1], it was proved that for every
integer n > 1 and every odd integer k > 1, )(’(S(n, k)) =k, and the
palettes of extreme vertices of S(n, k) are pairwise different. If we want to
color S(n, k) with two palettes, then we must use a single palette for
coloring vertices with degree k, that in turn means we use only k colors. So

we will have k palettes for extreme vertices. Hence, §(S (n, k)) > 3.

Proposition 4. For every odd integer k > 1 and every integer n > 1,

we have
S(Ky) ifn =2,

5(5(71' k)) = {g(](k) +1 ifn>2.

Proof- Let k > 1 be an odd integer. We can color K with three or
four palettes, P, Py, ..., Bywhere m = 2,3, and there is one vertex s with
unique palette P,[6]. In order to color S(n, k), we color all S(1, k) in S(n, k)
as colored in [6] in a way that all extreme vertices of S(n, k) have the palette
P,. Then we color all link edges with a new color ¢. Thus we have $(K},)
palettes: P,, P, U {c}, ..., B, U {c} if n = 2 and one more palette P, U {c} if
n> 2.

Corollary 1. For every integer k = 0, we have

3(5(2,4k +3)) = 3.

Proof. The result follows from Theorem 1, Proposition 3, and
Proposition 4.

Theorem 5. For every integer n > 1, we have §(S (n, 3)) = 3.
Proof. Proposition 3 yields 3(S(n,3)) = 3. So we need a coloring of
S(n, 3) with three palettes to prove the theorem.
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In Figure 2, a coloring of S(2,3) with three palettes is given.

Figure 2: A coloring of S(2,3) with three palettes

In Figure 3, two colorings of S(2,3) are given.

Figure 3: Group A.

Let us denote the group of sets of palettes from Figure 3 by A:
1. {{1,2,3},{1,2,4},{1,2}, {3,4}};

2. {{1,2,3},{1,2,4},{2,3},{3.,4}}.

Next, let us consider the colorings of S(n, 3) in Figure 4.

Figure 4: Group B.
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Figure 4.a gives a coloring of §(2,3). We denote this single element
group of sets of palettes by B:

1. {{1,2,3},{1,2},{1,3},{2,3}}.

Figure 4.b shows how we can color S(n, 3) using palettes from group B.

Figure 5: The coloring of S(n, 3) with three palettes

In Figure 5, we can see that we can color S(n, 3) using each set of
palettes from group A by coloring one of S;(n, 3) using a set of palettes
from group A, two others using a set of palettes from group B, and link
edges that connect these S;(n, 3) with colors 1,2, or 3, where i = 1,2,3. We
can also see that we can color S(n, 3) with three palettes by coloring all
S;(n, 3) using a set of palettes from group A, and link edges that connect
these S;(n, 3) with a color 1 or 3, where i = 1,2,3.

Theorem 6. For all integers n > 1 and k > 1, we have

) 1 ifk =1 (mod2),
+ p—
3(S*T(n k) = {3 ifk = 0 (mod 4),

and
3<3(S*(nk)) < 4ifk =2 (mod 4).

Proof. If k is odd then Proposition 1 and Theorem 3 yield
3(S*(n,k)) =1. If k is even then S*(n k) is of Class 2 therefor
$(S*(n,k)) = 3. When n = 1 then S*(n, k) is isomorphic to K, ;. Let us
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fix an edge coloring ¢ of Kj1 with $(Kj.1) palettes Pg. In order to color
S*(n, k), we consider each S;(n, k) in S(n, k) of S*(n, k) as a vertex where
i =1,..., k. These vertices and w form the graph K}, ,; which we color with
¢. The colors of edges incident to vertices of S;(n, k) but not in S;(n, k)
form a palette from Py. For each S;(n, k), we consider that we have a vertex
w which already have a palette from Py and we act the same way as for
S*(n, k). In this way, we reduce the n to 1 and we color the graph S*(n, k)
with all palettes of Py. Thus §(S+ (n, k)) < $(Kjy4+1). Since $(K,) ==
3 (mod 4) then (ST (n, k)) == 2 (mod 4).

Proposition S. For all integers n>1 and k> 1, we have
(S (k) =1
Proof. It follows from Proposition 1 and Theorem 4.

Acknowledgement. The author would like to thank P.A. Petrosyan
for many useful comments and suggestions.

REFERENCES

1. Avesani M., Bonisoli A., Mazzuoccolo G.A family of multigraphs with large
palette index. Ars Mathematica Contemporanea, 2019, 17. 115-124.

2. Bonisoli A., Bonvicini S., Mazzuoccolo G. On the palette index of a graph: the
case of trees. Lecture Notes of Seminariolnterdisciplinare di Matematica, 2017,
14. 49-55.

3. Bonvicini S., Mazzuoccolo G. Edge-colorings of 4-regular graphs with the
minimum number of palettes. Graphs Combin, 2016, 32, 1293—-1311.

4. Casselgren C.J., Petrosyan P.A. Some results on the palette index of graphs.
Discrete Mathematics and Theoretical Computer Science, 2019, 21 #11.

5. Hornak M., Hudak J. On the palette index of complete bipartite graphs.
DiscussionesMathematicae Graph Theory, 2018, 38. 463—476.

6. Hornak M., Kalinowski R., Meszka M., Wozniak M. Minimum number of palettes
in edge colorings. Graphs Combin, 2014, 30. 619-626.



42 On the palette index of sierpinski-like graphs

7. Imran M., Sabeel-e-Hafi, Gao W., Farahani M. On topological properties of
Sierpinski networks. Chaos Soliton.Fract., 2017, 47.199-204.

8. Jakovac M., Klavzar S. Vertex-, edge-, and total-colorings of Sierpinski-like
graphs. Discrete Mathematics, 2009, 309, #6. 1548—1556.

9. Kaimanovich V. Random walks on Sierpinski graphs: hyperbolicity and
stochastic homogenization. Trends in Mathematics. Fractals in Graz 2001, 2003.
145-183.

10. Klavzar S., Milutinovi¢ U. Graphs S(n, k) and a variant of the Tower of Hanoi
problem. Czechoslovak Math. J., 1997, 47. 95-104.

11. Klavzar S., Mohar B. Crossing numbers of Sierpinski-like graphs. J. Graph
Theory, 2005, 50.186—198.

12. Leven D., Galil Z. NP completeness of finding the chromatic index of regular
graphs. Journal of Algorithms, 1983, 4, 35-44.

13. 13.D.B. West Introduction to Graph Theory. Prentice-Hall, 2001, (New Jersey).

O NAJIMTPOBOM UHAEKCE I'PA®OB BUJA CEPIITUHCKOI'O
A.b. Kazapan

Henapmamenm Hngopmamuxu u npukiaoHot Mamemamuxy
Epesancrozo I'ocyoapcmeennozo Ynugepcumema

AHHOTALIMUSA

B 3710ii cTaThe MBI HCCIeAyeM NaauTpy WHIeKcoB rpados Buaa CepruHCKOTO.
IMpu npaBunbHON pedepHOl packpacke rpada G Mbl ompenesieM NaTUTpy BepId-
HbI V € V(G) KaK MHOXXECTBO BCEX I[BETOB, MOSBIIAIOIIMXCS Ha peOpax, CMEXKHBIX C V.
Nnnexc namutpel $(G) rpada G sBiseTcs MUHUMAIBHBIM YHCIIOM Pa3IMIHBIX TATUTD,
BCTPEYAIOIIMXCSI TIPH BCEX MPABHIIbHBIX peOepHbIX packpackax G. A MMEHHO: MBI
ompenensieMm uuaekc nanutpsl rpados Ceprnunckoro S(n, k), rae k uyerno, k = 3 wnu
n=2 u k=3 (mod4), u omnpenenseM BEPXHIO® W HWXKHIOK TPaHWIBI s
ocTaBUIMXCS ciyyaeB. Kpome TOro, Mbl OmpenessieM HHACKC MamuTpbl rpados
S*(n,k), xorna k neuerno nmu k = 0 (mod 4), u onpenensieM BEpXHIOK W HUKHIOKO
TPaHULIBI Ul OCTAJBHBIX CiTy4daeB. bojee Toro, Mbl IOJIHOCTBIO ONpeNelisieM HHIIEKC
namatpsl rpados ST (n, k).

KnroueBble ciaoBa: uHAekc nanuTpsl, rpadsr CepnmHcKoro, rpadsl BuIa
CeprirHCKOTO.
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COMPLEXITY RESULTS
ON LOCALLY-BALANCED K-PARTITIONS
OF GRAPHS

A. Gharibyan

Chair of Discrete Mathematics and Theoretical Informatics, YSU, Armenia

aramgharibyan(@gmail.com
ABSTRACT

A k-partition of a graph G is a surjection f:V(G) - {0,1, ...,k —1}. A
k-partition (k = 2) f of a graph G is a locally-balanced with an open
neighborhood if for every v €V(G) and any 0<i<j<k—-1, |{ue
Ne(v): f(w) =i} — [{u € N;(v): f(w) =j}|| < 1. A k-partition (k = 2)
f' of a graph G is a locally-balanced with a closed neighborhood if for every
vEV(G) and any 0<i<j<k—1, |[{u€eN;[v]: f'(w) =i} —|{ue
Ng[v]: f'(w) = j}|| < 1. In this paper we prove that the problem of the
existence of locally-balanced k-partition with an open (closed)
neighborhood is NP-complete for bipartite graphs.

Keywords: k-partition, locally-balanced k-partition, NP-completeness,
bipartite graph.

Introduction

In this paper all graphs are finite, undirected, and have no loops or
multiple edges. Let V(G) and E (G) denote the sets of vertices and edges of
a graph G, respectively. The set of neighbors of a vertex v in G is denoted
by N;(v). Let Ng[v] = N;(v) U {v}. The degree of a vertex v € V(G) is
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denoted by d.(v) and the maximum degree of vertices in G by 4(G). The
terms and concepts that we do not define can be found in [1, 2].

The concept of locally-balanced 2-partition of graphs was introduced
by Balikyan and Kamalian [3] in 2005 and motivated by the problems
concerning a distribution of influences of two different powers, which
minimizes the probability of conflicts. The subjects of a modelling system
may or may not have an ability of self-defense. In [4], 2-vertex-colorings of
graphs were considered for which each vertex is adjacent to the same
number of vertices of every color. In particular, Kratochvil [4] proved that
the problem of the existence of such a coloring is NP-complete even for the
(2p, 2g)-biregular (p,q = 2) bipartite graphs. Moreover, he also showed
that the problem of the existence of the aforementioned coloring for the
(2,2g)-biregular (q = 2) bipartite graphs can be solved in polynomial time.
Gerber and Kobler [5,6] suggested to consider the problem of deciding if a
given graph has a 2-partition with nonempty parts such that each vertex has
at least as many neighbors in its part as in the other part. In [7], it was proved
that the problem is NP-complete. In [3], Balikyan and Kamalian proved that
the problem of existence of locally-balanced 2-partition with an open
neighborhood of bipartite graphs with maximum degree 3 is NP-complete.
In 2006, the similar result for locally-balanced 2-partitions with a closed
neighborhood was also proved [8]. In [9], were shown that the problem of
existence of locally-balanced 2-partition with an open neighborhood of a
(3,8)-biregular bipartite graph is NP-complete.Gharibyan also proved [10]
that the problem of existence of locally-balanced 2-partition with a closed
neighborhood of bipartite graphs with maximum degree 3 is NP-complete.

In the present paper we study the complexity of the problem of the
existence of locally-balanced k-partition with an open (closed)
neighborhood of graphs.In particular, we prove that the problem of the
existence of locally-balanced k-partition with an open (closed)

neighborhood is NP-complete for bipartite graphs.
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Main Results

In this section we introduce some terminology and notation. If ¢ is a
k-partition of a graph G and v € V(G), then for any i € {0,1, ...,k — 1},
we define #(v)fp and #[v]fp as follows:

#(v)p = |{u € Ng(v): p(w) = i}| and #[v]§, = |{u € Ng[v]: p(w) = i}].

If ¢ is a k-partition of a graph G and v € V(G), then for any i, (0 <
i,j <k—1),we define #(v)f;,j and #[v]fl’,j as follows:

#(v)y = #), — #), and #[v]y) = #[v]}, — #[v]],
We denote by V = {x4, ..., x,} a finite set of variables. A literal is

either a variable x or a negated variable x. We denote by L, = {x,x:x € V}

the set of literals. A clause is a set of literals, i.e., a subset of L, and a k-

clause is one which contains exactly k distinct literals. A clause is monotone

if all of its involved variables contain no negations.

We define a function NAE,: {0,1}"* — {0,1} in the following way:

0, if x4 = x5 =+ = Xxp,

NAE (1, %2, -, Xn) 2{1 otherwise.

If ¢ is a monotone k-clause and x;,x;,, ..., %; € c, then define

NAE(c) as follows:
NAE) (c) = NAE, (x;,, X5 e Xi) )

Let us consider the following

Problem 1. (NAE-3-Sat-E4). Instance: Given a set V = {xy, ..., X}
of variables and a collection C = {cy, ..., C;.} of monotone 3-clauses over V
such that every variable appears in exactly four clauses.

Question: Is f(xq,..,x,) = NAE3(c;)& - & NAE;(c},) formula
satisfiable?

In [11], it was proved the following result.
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Theorem 1. Problem 1 is NP-complete.
We need some lemmas from [12].

Lemma 2. ¢ is a locally-balanced k-partition with an open
neighborhood of a graph G if and only if for every v € V(G) and any 0 <
i<k-1,

< #()), <

k

dg(v)
k

dg (U)‘.

Lemma 3. ¢ is a locally-balanced k-partition with a closed
neighborhood of a graph G if and only if for every v € V(G) and any 0 <
i<k-—1,
de(v) +1

< #[v]}, < [Tl

de(v) +1
=]

Problem 2. Instance: Given a bipartite graph G and a positive integer
3<r < |V(G).
Question: Does G has a locally-balanced r-partition with an open

neighbourhood?

Theorem 4. Problem 2 is NP-complete.

Proof. 1t is easy to see that Problem 2 is in NP. For the proof of the
NP-completeness, we show a reduction from Problem 1 to Problem 2. Let
J = (V,C) be an instance of Problem 1. We must construct a bipartite graph
G and a positive integer 3 < r < |V (G)], such that it has a locally-balanced
r-partition with an open neighbourhood if and only if f(xq,...,x,) =
NAE;(c1)& - &NAE3(c;) formula is satisfiable.

Let us construct a graph G in such a way:
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i=1 i=1 i=1

V(G)=(UW)U(U}’i>U<UPi>U<Uquj>U UU”{)
E(G)—{uvl 1<i<k-2 1<]Sn 1

U{uipl.1SlSn,1Sl k}
U{glps 1<i<n 1<1<k 1<j<k x €q}

The graph G has (n + k + 2)k + n — 4 vertices. Let r = k. Clearly,
3 <r < |V(G)]. It is easy to see that the graph can be constructed from V
and C in polynomial time. Suppose that (S, ..., £) is a true assignment of
f(xq, ..., x,). We show that G has a locally-balanced r-partition with an
open neighbourhood. Let us define a k-partition ¢ of G as follows: for every
w e V(G), let

(i+1, ifw=y,wherel <i<k-2,

i—1, ifw—q{,where1< i<kl<j<k

Li_l lfW—u wherel <i<k1<j<n,
Bi, if w=p;,wherel <i <n.

p(w) =

Let us show that ¢ is a locally-balanced k-partition with an open
neighbourhood. We consider five cases.

Casel: Letv, e V(G)(1 <1< k-2).
By the construction of G and the definition of ¢, we obtain #(vl)i =n(0 <
i<k—-1),thusVi,j0<i<k—-10<j<k-1, l¢]#(v1)”—0

Case2:Lety, e V(G)(1 <1<k -2).
By the construction of G and the definition of ¢, we have #(yl)('p =k(0 <
i<k—1),thusVi,j0<i<k—-10<j<k-1, l¢]#(yl)”—0

Case3:Letuf eV(G)(1<l<n 1<t<k).
By the construction of G and the definition of ¢, we get 0 < #(uf)fp <
1(0 <i <k —1),thus

Vi,j0<i<k-1,0<j<k-1, L¢]|#(ul) |<1
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Cased: Letp, e V(G)(1 <l <n).

By the construction of G, the definition of ¢ and taking into account that
|{plq]i-:plq]i- €EEG), 1<i<r1<j<k} =4k we have #(pl)fp =
50<i<k-1),thus

Vi j0<i<k-1,0<j<k-1,i%j#{p)y =0

Case5:Letqf e V()1 <1<k 1<t<k).

Let x5, Xs,, X5, € ¢y, thus NAE3(Bs , Bs,, Bs,) = 1. Form this, by the
construction of G and the definition of ¢ we get 1 < #(qlt)fp <20<i<
k—1),thusVijO<i<k-10<j<k—1 i#j#@)y|<1

Conversely, suppose that « is a locally-balanced k-partition with an
open neighbourhood of G. Since d; (uij) =k—-11<i<n 1<j<k)
by Lemma 2 we have

ap) #a(v,) (1<t<k-—-2),
alvg) #a(w,) 1<t<k—-2,1<s<k-2).

From this we obtain
l{a): 1<j<n}|<2.()

Let us consider a vertex gf(1 <1<k, 1<t < k). From Lemma 2

and taking into account that d;(gf) = k + 1, we get
Ap;,pjr € Ne(qf) a(p;r) # a(p;n).(2)

From (1) and (2) we get |{a(pj): 1<j< n}| = 2. Thus i4,i, €
{a(pj): 1<j<n}andi; #i,. Let us define an assignment of
f(xq, ..., xy) as follows: V1 < j <n

{O, if a(pj) =i,
Xj = . .
1, if a(pj) = i,.

Let Ci € C(l <i< k) and C; = {le,sz,

NAE, (le, sz,xjs) = 1, which implies that f (x4, ..., x;,) 1s satisfiable.

xj,}. From (2) we get



A. Gharibyan 49

Problem 3. Instance: A bipartite graph Gand a positive integer 3 <
r < |V(G)|.

Question: Does G has a locally-balanced r-partition with a closed
neighbourhood?

Theorem 5. Problem 3 is NP-complete.

Proof: 1t is easy to see that Problem 3 is in NP. For the proof of the
NP-completeness, we show a reduction from Problem 1 to Problem 3. Let
J = (V, C) be an instance of Problem 1. We must construct a bipartite graph
G and a positive integer 3 < r < |V (G)|, such that it has a locally-balanced
r-partition with a closed neighbourhood if and only if f(xq,...,x,;) =
NAE3(c1)& - & NAE;(c;) formula is satisfiable.

Let us construct a graph G in such a way:

E(G)={zfy;: 1<j<k 1<1<2,1<i<k-2}
U{gjy: 1<j<k 1<I<k-21<i<k-2}
U{glpi: 1<j <k 1<1<k-21<i<n x€q}
Ululpj: 1<j<n 1<1<7})
U{ys/(): 1<j<n 5<1<7 1<i<k-1}
U{wlv: 1<j<n 1<i<k-2}
Ufgv:1<j<n 1<i<k-2}
U{bjv: 1<j<n 3<I<k 1<i<k-2}
U{b/bj: 1<j<n 1<1<23<i<k}

The graph G has n(6 + 4k) + k(2 + k) — 4 vertices. Let r = k.
Clearly, 3 < r < |V(G)]. It is easy to see that the graph can be constructed
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from V and C in polynomial time. Suppose that (54, ...,[5,) is a true
assignment of f(xq,...,x,). We show that G has a locally-balanced -
partition with a closed neighbourhood. Let us define a k-partition ¢ of G as
follows: for every w € V(G), let

¢(w)
(j—1, ifW=zij,Where1£iSk,1SjS2,
i+1ifw=y,wherel <i<k-2
j+1, ifw=qij,where1SiSk,1SjSk—Z,
Bi, if w=p;,wherel <i<n,
Bi, ifw=u{,wherel$i£n,5£j£7,
=<1—B;, if w=s/(1),where1<i<n5<j<7,
L if w=s/(l),where1<i<n5<j<72<l<k-1,
1-p;, ifw=u{,wherel§i£n,1§j§4,
i+1, ifw=v,wherel < i< k-2,
Bi, if w=a;,wherel <i <n,
\j—1, ifW=bij,Where1£iSn,1SjSk.

Let us show that ¢ is a locally-balanced k-partition with a closed
neighbourhood. We consider 12 cases.

Casel:Letzf eV(G)(1 <1<k 1<t<2).
By the construction of G and the definition of ¢, we obtain 0 < #[th]fp <
10<i<k-—1),whichimpliesVi,j0<i<k—-1,0<j<k-—-1i#
jl#1z815 ] < 1.

Case2:Lety, e V(G)(1 <I<k-2).
By the construction of G and the definition of ¢, we obtain k < #[vl]fp <
k+100<i<k-1), thus Vij0<i<k—-10<j<k-1,i#
jl#lg| < 1.

Case3:qf eV(G)(1<I<k, 1<t<k-2).
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Let x; , x5,, X5, € ¢y, thus NAE3(Bs,, Bs,, Bs,) = 1. Form this, by the
construction of G and by the definition of ¢ we get 1 < #[qlt]fp <2(0<
i<k—1),thusVi,jO0<i<k-1,0<j<k-1,i=j#ql/| <1

Cased: Letp, e V(G)(1 <l <n).

By the construction of G and the definition of ¢, we have #[p,] fp =40 <
i<r—1),thusVijO0<i<r—10<j<r—1i=%j#p]ly =0

CaseS:Letuf eV(G)(1<1<n 2<t<4).

By the construction of G and the definition of ¢, we obtain 0 < #[uf]ﬁp <
1(0 £i £ k — 1), which implies
Vij0<i<k-10<j<k-—1,i=#j#ufl)| <1

Case6: Letuf eV(G)(1<1<n 5<5t<7).

By the construction of G and the definition of ¢, we obtain 1 < #[ult]ﬁp <
2(0 <i <k —1), which implies
Vi j0<i<k-1,0<j<k-1,i=j#ufl)/| <1

Case7: Letu} € V(G)(1 <1l <n).

By the construction of G and the definition of ¢, we obtain #[ull]fp =1(0<
i <k — 1), which implies
Vi jO<i<k-1,0<j<k-1,i%j#[ully =0.

Case 8: Letsf(h) eV(G)(1<1<n, 5<t<7,1<h<k-1).
By the construction of G and the definition of ¢, we obtain 0 <
#[s{ (h)], < 1(0 < i < k — 1), which implies

Vi j0<i<k-1,0<j<k-1,i=#j#[sfM])| <1

Case9: Letv, eV(G)(1<I<k-2).

By the construction of G and the definition of ¢, we obtain n < #[vl]fp <
n+ 1(0 <i < k — 1), which implies
Vi, j0<i<k-10<j<k-—1,i#j#v])| <1

Case 10: Letq; e V(G)(1 <1 < n).

By the construction of G and the definition of ¢, we obtain 0 < #[al]fp <
1(0 £i < k — 1), which implies
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Vi j0<i<k-1,0<j<k-1,i#j#al)| <1
Case11: Letbf e V(G)(1 <1 <n,3<t<k).
By the construction of G and the definition of ¢, we obtain 1 < #[bf]fp <
2(0 £i <k — 1), which implies
Vi, j0<i<k-1,0<j<k-1,i=j[#[b{l| <1
Case12: Lethf eV(G)(1 <1<n, 1<t <2).
By the construction of G and the definition of ¢, we obtain 0 < #[bf]fp <
1(0 £i £ k — 1), which implies
Vij0<i<k-1,0<j<k-—1,i=j#[bfl/|<1.
Conversely, suppose that « is a locally-balanced k-partition with a
closed neighbourhood of G. Since d;(u}) = k — 1(1 < i < n) by Lemma
3 we have
alp) #a(vy) A<t <k—2),
alvg) #a(v,) 1<t<k—-2,1<s<k-2).
Which implies

[{a(p): 1<j<n}|<2.(3)

Let us consider a vertex qf(1<1<k, 1<t<k-—2). From
Lemma 3 and taking into account that d;(qf) = k + 1, we get

Ipjr,pjn € Ng(qi) a(p;) # a(p;n). (4)

From (3) and (4) we get |{a(pj): 1<j< n}| = 2. Thus i4,i, €
{a(pj): 1<j<n}andi; #i,. Let us define an assignment of
f(xq, ..., xy) as follows: V1 < j <n

{O, if a(pj) =i,
Xj = . :
1, if a(pj) = i,.
Let ; €C(1<i<k) and ¢; ={x; ,x

J1’ iz’
NAE;(x;,, xj,,x;,) = 1, which implies that f (x4, ..., x,,) is satisfiable.

xj,}. From (4) we get
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O CJIOKHOCTH JIOKAJIBHO-CBAJIAHCUPOBAHHBIX
K-PASBUEHUI TPA®OB

A.T'. I'apuéan

Kagheopa JJuckpemmnoii mamemamuxu u meoppemuyeckou ungpopmamuxu EI'Y,

Apmenus
AHHOTAIUA

B nanHOl cTaThe peub HIET O JIOKAIBbHO cOANaHCUPOBAHHBIX k-pa30OHeHneM
rpada G, KoTophle HassBatoTcs criopbekmmed f:V(G) - {0,1, ..,k —1}. k-
pasouenue (k = 2)f rpada G sBisercs JIOKAIbHO-COATAHCUPOBAHHBIM C OTKPBITOM
OKPECTHOCTBIO, €CITU JUIsl JIF000# BepumHbl Vv € V(G) mmobeix 0 < § <j < k—1,
Il{u € Ng(),f(w) =i}| —l{u € N;(v),f(w) =j}I| < 1. k-paséuenne (k > 2)f
rpada G sBIsIeTCS JIOKaJbHO-COAJAHCUPOBAHHBIM C 3aKPBITOH OKPECTHOCTHIO, €CIH
s ook Bepmmabel UV E V(G) m omobex 0< i <j< k-1, | |{fue€
Ne[vl, f) = ] —lfu € Ne[v], f) = BI| < 1, te Nelvl = N;@) U {v}. B
Hacrosmie paboTe  JOKa3aHO, YTO 3amada  CYIISECTBOBAHUS  JIOKAJIBHO-
cOanaHCUPOBAaHHBIX k-pa3OueHHid ¢ OTKPBITOH (3aKpBITOH) OKpecTHOCThI0 NP monHa
JaKe B CIIydae JBYIONBHBIX TpadoB.

Kawuessle cioBa: okanbHO-cOanancupoanHoe k-pa3zduenue, NP-noxHoTa,
JIBY TOJIbHBIN Tpad.
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O CJEJAX ®YHKIU U3
MYJIbTHAHU3OTPOIIHBIX IPOCTPAHCTB
COBOJIEBA

M.A. Xauamypan, A.P. Axonan

Poccuiicko-Apmanckuii Ynusepcumem
khmikayel@gmail.com, alexander.hakobyan@gmail.com
AHHOTALIUSA

B nanHOI Hay4YHOM CTaThe MOMYyYEHBI NMpsIMbIE U OOpAaTHBIC TEOPEMBI
BJIOKEHUSI Pa3HBIX U3MEPEHUH (TEOpEeMBI O cirenax) A pyHKIHUN U3 MyIIb-
THaHU30TPOMHOTO TpocTpancTtBa Cobornesa WZm(R3) B Ciy4ae OJHOTO
KJIacca BIIOJIHE MTPaBIIIBHBIX MHOTOTPaHHHUKOB Jt.

KnioueBble c10Ba: BIONHE MPAaBIIBHBIN MHOTOTPAHHHK, MYJIbTHAHU-

30TpoNHOE mpocTpancTBo CoboseBa, ciex QyHKIUH.

BBenenue

Ly lpl
Teopust aHu3oTpoIHBIX TpocTpancTB CobosieBa Wp( vizln) (R™) B

ciydae p = 2 mosHOCThIo pazpadborano JI.LH. Cnobonenxum [2,5]. Um xe
Tak)ke ObUIO BBEJIEHO 0000IIIeHNE TaKUX MPOCTPAHCTB HA IPOOHBIE IOPS-
KH, C TIOMOIIBIO Yero OBUIM TOTYYEHBI MPSIMbIE 1 0OpaTHBIE TEOPEMBI BIIO-
KEHHUS Pa3HBIX H3MEPEHHI JJIsl 3TUX MPOCTpaHcTB. [Ipu n3ydyeHun HeKOTo-

pOro Kjacca TMIIOIMNTHYECKUX YpaBHEHMU, BBeAcHHBbIM JI. Xepmanne-
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pPOM, BO3HHKJIA HEOOXOJMMOCTh HM3YYEHHUS! MYJIbTHAHHU30TPOIHBIX (PyHK-
umoHanbHbIX npoctpancts CoGonesa W, (R™), onpesensieMbIx ¢ MOMOLL-
BIO BIIOJIHE MPABUIHLHOIO MHOTOTpaHHUKa I [6, 12], U SBISIONIMMHCS
0000meHreM aHU30TPOIHBIX TMpocTpancTB Cobonea. BrepBbie mpocT-
paHCTBa TaKOTO THMA U3ydainuch B padborax C.M. Hukonsckoro u B.I1. Mu-
xaitnoBa. MccnenoBanus 3TUX MPOCTPAHCTB ObUIO MPOJOJIKEHO B paboTax
I'.I'. Kazapsina. Pa3BUTHIO TEOpHH MYJIbTHAHO30TPOMHBIX MPOCTPAHCTB
nocBseH uki pador I'.A. Kapanersna [1, 7-11].

B nannoii pabote A1 0IHOTO YaCTHOTO TUIIA MYJIbTUAHU3OTPOITHOTO
MPOCTPAHCTBA Wzm(]R?’), r7ie TPEXMEPHbIHA BIIOJHE MPaBHJIbHBI MHOIOT-
pannuk N 1 u3 cebs npencrasiser nupamuay ¢ sepmunoit (0,0,13), u ¢
ocHoBauueM N, Obin m3yuen cien Gpynxuun f € WH(R3) u ee 06061meH-
HbIX ipousBoHbIX Dy, f(0 < s < l3) Ha runepmiockocTu X3 = a. Oxasa-
JOCh, 4YTO ClieJ] TPUHAMICKHUT MYJIbTUAHU30TPOMHOMY MPOCTPAHCTBY
W;RO'(]RZ), rJIc MHOTOTPaHHUK It M0 J00€H MHOTOTPaHHHUKY It 1 HEMHOTO
MEHBIIIE €r0, MPHYeM KOAIPPHUIMEHT 1Mo100us 3aBUCHT OT S U 3. Bee moiry-
YEHHBIE Pe3yJbTaThl B pab0Te UMEIOT OOpaTUMBIH XapakTep.

1. OnpenesieHusi, 0003HAYEHUS U BCIIOMOTaTeJIbHbIE
pe3yJIbTaThl

[Tycts R™ — n-mepHoe EBKINIOBO NPOCTPAHCTBO TOYCK X =

(x1, %3, ..., Xp) C HOPMOIA |X| : = (Z’,}zlx,%)%, Q. u Z, — MHOXECTBA, COOT-
BETCTBEHHO, PAIlMOHABHBIX H IEJIBIX HEOTPHIIATEIbHBIX yrcell, Q7 — MHO-
’KECTBO N-MEPHBIX BEKTOPOB C KOMIOHeHTaMu 13 Q ., Z} — MHOKECTBO N-
MEPHBIX ~ MYJIBTMHHIEKCOB & = (@, Qy, ..., &n), THe @ €Zy, j =
1,2,..,n. Ina x,E ER", t EZ, u a € Z} obo3naumm |a|:=a; + -+
Qs XE = TPy X Ei §00= (66,84, 80), E% 1= EMER g, DO =
D;CxllD;Z 2 Df::, HoOHUMaeMas Kak obobwennasn npouszsoonas, no C.JI. Co-

0omeBy, MoOpsIKA L.
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Yepes [a] u a 0603HaUNM, COOTBETCTBEHHO, LIENIbIE M IPOOHBIE Yac-
M ukcaa a €R, tak uro a=[a]+a. Ilpu r € Q} o00603HaUUM
[r]:= ([r], [r2], ) [ D).

Jlist mpousBoibHOM (yHkuuu f(x) v uucna t € R 0603HaYNM:

4;Of ) 1= f(x +teD) — f (),
ree e = (0,...,0,1,0,...,0) — J-bIii KOOPJMHATHBIN BEKTOP B MPOCTPaH-
ctBe R™.
Yepe3 S(R™) o6o3naunm kiace IlIBapua ObICTpO yOBIBArOLIMX Ha

Oeckoneunoctu ¢yukuuit. Yepes F[@p](§) obGoznaunm mpeobpazoBaHue
®ypre pynkuuu @ € S(R™), onpenensemoe 1o Gopmyie

1 )
FIPI®) i=— [ e pLodx.
(2m)2 R™

Amasornuno, obparHoe npeodpasoBanre Pypbe Gyukmmn P € S(R™)

o6o3nauum uepes F~1[y](x), onpenensemoe no gpopmyine
1 .
PRI = —— [ e pods,
(27'[)7 R™
IMMycte 1<k<n, x=(x"), &=(&,¢&"), re x'=
(x4, X5, o, X) € RE, 1 x” = (Xp41, o) X)) € R¥™*. UacTuunoe npeobpa-

3oBanne Dypoe-pyHkuuu @(x) € S(R™) OTHOCHTEIBHO TPYIIIBI IEpPe-
MEHHBIX X' W dYacTHYHOE OOpartHOe mpeobpazoBanne Dypbe-DyHKIUH
Y (&) € S(R™) oTHOCHTENBHO TPYIIIBI MepeMeHbix ¢’ Oymem 0003HAYATh
uepe3 F o/ [@](&E',x") n Fg,l[zp] (x', &™), cOOTBETCTBEHHO.

Jns 3amaHHOrO0 Habopa BekTopoB u3 QY yepes It 0003HAUMM Hau-
MEHBIIUH BBIMYKIIBIH MHOTOTPAaHHHUK, COAEPKALIMIA BCE TOUKU 3TOT0 HA0O-
pa. Muororpanauk 9t C R} Ha3bIBaeTCs 6nosHe NpaUIbHbIM, €CIIA OH
MMEeT BEpIIMHY B Ha4yalle KOOPJMHAT M OTIMYHBIC OT Hadaia KOOpIWHAT
BEPIINHBI HA KaKI0W OCH KOOPJIUHAT, & BHEIIHHE HOpMasd Beex (n — 1)-
MEpHBIX HEKOOPJAWHATHBIX TPaHel UMEIOT MOJI0KUTEIbHbIE KOMIIOHEHTHI.
O603uaunm gepes ) (k = 1,2, ..., M) BepiumuHbl MHOTOrpaHHHKa N, OT-
JUYHBIE OT HYJISl, KOTOpble OyJieM Ha3bIBaTh 2la6HbIMU GepuiuHamu. J{is

npou3BoJpHOrO M € Q, yepe3 mIt Oyaem 0003HAUATH MHOTOTPAHHUK C
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IJIaBHBIMU BEpIIMHAMU mr® (k=1,2,..,M). Ins 3agaHHOTO BIIOJHE
HOpaBUiILHOrO MHororpanHuka It € R™  o6Gosnaumm Pyp(é):=1+
M 2yr ()
D=1
JInst 3a71aHHOTO BITOJIHE TPABHJIBHOTO MHOTOTpaHHUKA i, TJIaBHBI-
MH BEpIIMHAMH KOTOpOro siBistorcs Mymbrumpekcsl ad € Z (k =
1,2, ..., M), uepes W' (R™) 0603HAYHM MyI6mUaHUIOMPONHOE RPOCHPAH-
cmeo Cobonesa, ONIpeACIIIEMOE CIEAYIOIINM 00pa3oMm:

WRRM) = f: f € L,(R") & D f € L,(R") Vk = 1,2, ..., M,

HAJICJICHHOE HOPMOU

(k)
I f lygny =N f Il my+ Xkza 1D L, m)- (1.1)

Hopwma (1.1) npespamaer W, (R™) B baHaxoBo IPOCTPAHCTBO.
HWcnonb3ys paBeHcTBO [TapceBaiis, JIETKO I0Ka3aTh CIEAYIOIIHME [Ba
YTBEPIKICHUSI.

Jlemma 1.1. ITycTs 9t — BroJIHE MpaBUIIbHBI MHOTOTPaHHUK, BEPIIH-

HbI KOTOPOT'O ABJIAIOTCA MYJIbTUMHICKCAMU. Torz{a

W(R™) = u:u € Ly(R™) & /Py (§)F[u] (¥) € L,(R™) (1.2)

¥ HCXOJHAs HopMa B IpocTpaHcTBe Wit (R™) SKBHBAJIEHTHA BEIPAXKEHHUIO
1

[ B @FRI© P
Rn
(1.3)

Jlemma 1.2. Ilyctp 9 ecTh BHOJHE NpaBUIbHBIH MHOIOTPAHHUK,

BEPIIMHBI KOTOPOI'O SBIAIOTCA MYJIBTUUHIEKCAMH, U € WZSR(]R“). Torpa
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IS TF000TO MyJbTHHHACKCA 3 € I GYHKIHUSA U UMeeT 000OIEHHYIO TIPO-
msBonuyto DPu, kotopas npuHaiexut npoctpanctsy L, (R™).

Crnenyromiee yTBepKJI€HHE HETIOCPEACTBEHHO CIIEIYET M3 TEOPEMBI
2.1 nanHo# pabotsl [12].

Jlemma 1.3. [{ns mo0oro BHojiHE MpPaBUILHOTO MHOTOrpaHHuKa I,
BEPIIUHBI KOTOPOTO SIBISIFOTCS MyJbTUHHICKCcamu, MHOXkecTBO Cgy’(R™)
miorHo B W3t (R™).

2. Mpocrpancreo W;'(R?) B ciiyuae MHOTOIPAaHHHKA
C HelleJbIMU BepIIHHAMHE

ITycth N — BHOJIHE NPaBUILHBIA MHOTOIPAHHUK C BepuiMHamu u3 Q3.
Onpenenenne 2.1. Cxaxewm, uto pynkuus f € W, (R?), ecnu f €
L,(R™), D[T(k)]f € L,(R?) (k = 1, ..., M), u s mo6oro ) — takoro, uto

[r(")] * r(k), KOHEYCH MHTErpan

1(r®), ) =

dx;dx,dz, ecnn rl(k) >0, rz(k) =0

|Z|1+2r1(k)

rf Al(z)D[r“‘)]f(x)r

R3

) z
AZ(Z)D[T ]f(x)| (k) %)
= 3 dx,dx,dz, ecrur;” =0, r,” >0
|Z|1+2r2(k) ! 2
R3

8,(20) 852Dl ™ £ o

|2, |1+2r1(k) |2, |1+2r2(k)

dx,dx,dz,;dz,, ecmn rl(k) > 0, rz(k) >0

\]R‘l'

2.1)

0O603HaYUM
N( (k) ) _ I(r(k)’f)’ ecu [r(k)] + rk
T ’f - " DT(k)f "zZ(Rz), €Clin [r(k)] — r(k).

(2.2)
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Hopma B npoctpanctse W, (R?) BBO)II/ITCSI CIIEIYFOIIUM 00pa3oM:

I ey =1 £ Nocamy+ Z N (r®, £)2
k=1

(2.3)

JlemMma 2.1. Ilycts 9 — BHosHE MpaBWIBHBIII MHOTOTPaHHHK, BEp-
IIMHBI KoToporo npuHamiexar Q% . Toraa
W'(R™) = u:u € L (R) &/Pr(®)F[ul(§) € L (R,
(2.4)

¥ HCXO/HAs HopMa B ipocTpancTBe Wit (R™) SKBHBAIEHTHA BEIPAKEHHUIO
1

2
( [ P (&)|F[u](z>|2dz) .

Rn
2.5)
Jlokazamenvcmeo. Tycts bynkuus u € W,H(R™). Tlokaxem, uto
VPr(&)F[u] € L,(R™). B cuny onpenenennst Py (€) mocraTodHo rmoka-

3aTh, 9YTO

j(fz)r(k) |F[u](§)]?dé < oo, rpe k =1, ..., M.
Rn

(2.6)
B cinyuae [r(")] = pmeem, uro p®ue L,(R?), cnenoBaTens-

HO, COIJIaCHO CBOMCTBaM IpeoOpasosanus Oypee,

(=i 1) = F [D7u] (€) € L,(R?)
U3 YEero CIeAyeT KOHEUHOCTh (2.6).

[Tyctsb [r(")] + ), [IpuBeneM n0Ka3aTeabLCTBO B ClIydae 7; (k) >0,

k
rz( ) > 0, Tak KaK B OCTAJIBHBIX CIIy4asX yTBEP)KICHHE J10Ka3bIBaETCs aHa-

JOTUYHBIM 00pa3oM. PaccMoTpum uHTETpant
129 _ ]_| |elfzzz — 1|

(9] (k)
|z,

J00(&1,62) = f i

le dZZ =

|1+21‘ |1+2T
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_ f sin® (ﬂ) . sin’® (%) dndz,

|z, |1+2r1() |2, |1+27s {0

+00 sin (Z)
© |z |1+2r

Tak KaK OYEBHJHO, YTO MHTErpai | dz cxonures musa r € (0,1),

0 .0 ¢ (01
TO YYHTBIBas, 4YTO B pacCMaTpUBaeMoM citydaer; ~, 7, ~ € (0,1), momyuum,
uT0 | (k) (&1, &,) KoHeueH mpu mOOBIX 3HauYeHHAX &; u §,. IIpomsBons

3aMeHy MepeMEeHHbIX T, = |&1|2, T, = |&2|2Z,, monyunm, yro

J oG &) = EO™ T o (1,1). 2.7)

U3 (2.6) B cuny (2.7) umeem, 4To

f @)™ |Flul©)[2dé, dé, = f @™ @) P[] ) [2dE, dE, =
R2 R2

1 k
" Jw@D f Jro (0, &) EOIMNFR@) g dg, =
r ’ RZ

L ettirs —1ffJeifez — 1 @I NIFWIQP
w(d 1).[ j| . X @ dz1dz, | d§;dS,.

|Z |1+2r(k) | |1+2r

yLII/ITBIBaH, 4TO B NOCJICAHCM MHTCIPAJIC IOABIHTCTPAJILHOC BBIPAXKC-
HHUC — HCOTPHULATCIBHOC, MOXCEM HU3MCHUTH HNOPAHOK HUHTCTPUPOBAHHA,

coryiacHo Teopeme OyOouHHH.

f ) |F[u](&)12dé,dE, =

dgldgz ledZZ =

f f et — 1|67z — 1|° (€)™ F[u] ()2
r(k)(l 1) |2, j2r |, |1+2r(k)
1
@D
|(etE1meitene — eiin — eitens 4 1) (i) P[] ©)|

1r2r 12, L2

d§1ds; |dz,dz,

R2 R2 |Z



62 O cneoax gyynxkyuit uz mynvmuanuzomponusix npocmparncme Coéonesa

Bo BHyTpeHHEM HHTerpaie, UCIOJb3ysl CBOWCTBAa IPeoOpa3oBaHuUs
@ypee u paBeHcTBO IlapceBans, nomyunm:

f €)Y |F[u] () 12d¢&, dE, =
RZ

2
j f 41(21)A2(22)D[r(k)]u(x)|
Jrao(1,1) 2\ 2 |2, |1+2r(k)|Z |1+2r(k)
B 1(r®,u)
Jrio(1,1)

dxldxz ledZZ =

<

(2.8)

O1uMm oTHOIIeHHE (2.6) JOKa3aHO.

OGpaTHO MOKaKeM, YTO €CJIM (PYHKIUS U MPUHAIIEKHUT MHOKECTBY
crosmeii B mpaBoit uwactu (2.4), T0 u € W,(R?). Tak kak Touka
[r(k)](k =1, ..., M) npunaanexut MHOrOrpaHHuKy I, To (CM., Hapumep
[6]) ¢ HEKOTOPOH MOCTOSIHHOH C (EJ?, [r("")]) > (0 BBINOJIHAETCS HEpaBEH-

CTBO

EDrT < ¢y - Pr(8), 2.9)

CnenoBatensHo, u3 + Pyp(&)F[u](€) € L,(R?) nomyuum, uTO
(—if)[rk]F [u](§¢) € L,(R™), oTkysa B CHIy CBOMCTBa MpeoOpa3oBaHMs
dypbe noNMyuuM, 4TO plr'ly e L,(R")(k =1,...,M). OrpaHu4eHHOCTH

1(r¥, u) noka3pIBaeTCs aHANOTMYHO, KaK BBIIIE, MIPUMEHsISI OOpaTHBIE MIaru
npeoOpa3oBaHus.

IToxasxem PKBHUBaJICHTHOCTD HOpM:

M
2t Ny ey =1 2l guey + z N (r®), 1) =

k=1

1

‘r(k)z[r(k)] [rk]¢rk
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Wcnone3ys paserctso [lapceBaiis u paBeHcTBO (2.8), MOXKEM Hamucarthb

1
2

e WG
R2

[

w0 | e ir@rds | +

rl=[r] \R2

1
2

DN RN I NGO T (GIR
R2

[r®) ] (O

O6o3HauuB yepe3 My U Mg, COOTBETCTBEHHO, HAMOOJbIIEEe U HaW-
MeHbIee 13 uncen /.o (1,1), [r(")] # ) y 1. Tak Kak OYEBUIHO, ITO IS
M000T0 HabOpa HEOTPUIIATEITLHBIX YUCEIT a,j =12, knaucmap =0

C HEKOTOPBIMHU KOHCTaTaMu ¢1 (p, k) > 0 u ¢, (p, k) > 0, He 3aBucsIIUE OT

CaMHuX YHCCJI aj, BBITTIOJIHACTCS HCPABECHCTBO

a@k)(a + -+ a)? <al + - +al <c(pk)(ag + -+ ap)?, (2.10)

MOKECM HaIlMCaTb

1
— 1 ~ T lypwe)=s me ©OIF[u]@)|2dé | <
Myc, (3:3)

IA

Yro u Tpe6OBaJ'IOCL JOKa3aTh.

Jlemma 2.2. /Insa 1106010 BIOJIHE MPAaBMIIBHOTO MHOTOTpaHHUKA Jt,

BEpIIMHBI KOTOPOTo mpHHapiexar QZ, WER(RZ), aBisieTcs: baHaxoBbIM
IIPOCTPAHCTBOM.
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Jloxazamenvcmeo. IlycTh U, — QyHIaMEHTaIbHAS MOCIIEI0BATEb-
HOCTh QYHKUIHH U3 Wzm(]Rz). Cornacuo gemMme 2.1, mocieIoBaTeIb-HOCTh
pynxuuii / Py (§)F[u,] € L,(R?) 6yzner pynnamentansHoii B L, (R?). U3
N0JIHOTHI TIpocTpancTBa L, (R?) BhITeKkaeT cyliecTBoBaHuE Uy € Ly(R?),
71 KOTOPOTO

uy($)
Py($)

= am f WP F [, () — o8| dg = 0
[RZ

2
dé =

tin [ P (© |Flunl©) -

RZ2

Oyukmusa  u(é) = ug(§)//Pr(é) npUHALICKUT NPOCTPAHCTBY
L,(R?). Herpyznuo 3ameTuTh, uto F~[u] € W,*(R?) u senstetcs npene-
JIOM TIOCIIE/IOBATENEHOCTH U, B mpocTpancte W,'(R?), ueM M 10Ka3bl-

BaeTcst mosiHOTa npoctpancTa W, (R?).

Jlemma 2.3. {151 m1000T0 BIIOJTHE MPABUWIILHOTO MHOTOTPaHHKKA It C
R?2, BepinHbl KoToporo npunamiexar QF, muoxecrso C3*(R?) mioTHo B
Nm2
W' (R?).
2 N (M2
Hoxazamenvcmeso. Crauana nokaxem, 9ro S(R*) mnorao B W' (R*).
[TycTh M — TaKo€ MOJOKUTENBHOE HATYPATIBHOE YKCIIO, YTO BEPLIMHBI MHO-

rorpanauka mIt ABISIOTCS MyJIbTHHHACKCaMU. Tak kak GyHkiwn Py () n

" P (§) SKBHBAJIEHTHBI, TO YTBEPIKICHHE IEMMBI 2.1 OCTaeTCs BEPHBIM,

eci BMecTo Py (&) marmcats y/ Py (€). Hycts Teneps u € W,H(R?) —

IPOM3BONBHAS (DYHKIMS, M3 3TOrO Cledayer, 4To -/ Ppng(E)W(E) €
L,(R?). U3 nonnotel S(R?) B L,(R?) cnemyer cyiiecTBoBaHUE MOCIIE-
noBaTensHOCTH U, C S(R?), a1s koTOpOro

s f [0 () = VP @00)| i =0,

RZ2
OTKyZa
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2
lim f Y@ |28 o] ag =o.

Zm\/ mt (E)

Tak kak QyHKIMU U, (§) /"y Ppst(§) € S(R?), TO 10 OnpeseneHuio
HOpMBI B ripoctpancTe W, (R?) mocinenoBatensHOCTh QyHKIuil i, (X) €
S(R?) cxoautes B hyHkuun u 110 Hopme B W5t (R?), ueM 1 10Ka3bIBACTCS
nonHota npoctpanctea S(R?) B mpoctpanctee W, (R?).

Ocraerca pokaszate, uro C§°(R?) mmorno B S(R?) mno Hopme
WZSR (R?). Bo3bMeM MPOM3BOJILHBIN, BIOJHE IIPABUILHBIA MHOTOTPAHHHMK
', BEPIIUHBI KOTOPOTO SIBJISIOTCS MYJIbTHUHICKCAMH — TAKHUMH, 4TO It C
9N'. Cornacuo nemme 1.5, C5° (R?) nnotuo B Wzml (R?) no Hopme Wzm’ (R?).
Iycts u € S(R?) — npoussonbHas GyHKIUs. PaccMOTpUM (QyHKIMIO U KaK
GbYHKIUIO U3 Wzm’ (R?). CyecTByeT Mocnea0BaTeNbHOCTh U, € C§° — Ta-
Kasl, 9TO U, CXOJHTCS K U 10 HOpPME Wzm’ (R?). Tak Kak ¢ HEKOTOPOH IMO-
(R?)’

TI0JTy4aeM, UTo IPU N —> 00, U, CXOIUTCA K U Takke 1 110 Hopme W, (R?),

crosiHHOUM ¢ > 0 BbIONHAETCS || U ”WZSR(R)2S cllu ||W9?r TO OTCIOAA

YCM U 3aBCPIIACTCA N0KA3aTCIbCTBO JICMMBI.

3. Caeabl pykuuii U3 MyJIbTHAHU30TPOIHBIX
npocrpanctB CoboJieBa

B R? paccMOTpUM BIOJIHE NPAaBUIILHBI MHOrOrpaHHUK I, TIaBHbIE
BEPIIHHBI KOTOPOro sBIstores MynbTiuHaekcsl ™ (k = 1,2,+++, M,). Ue-
pe3 Jt 0603HaUNM TPEXMEPHBIH, BIIOJIHE ITPABUIILHBIN MHOTOI'PaHHHUK C BEp-

umHamu ) = (ag{) (k) 0) u r™ =(0,0,1;) €Z3, rne M = My +
1.9t u3 cebs mpexacraBisieT NUPaMUIy ¢ OCHOBaHHEM Ity U C BEPIIMHON

r™ Tlycrs s x = (xq,%x,,%3), x' = (xq,%x,). CormacHo 0003HAYECHUAM
1 2 3 1 X2

Py, (§) =1+, (5'2) Pm<f>—Pmo<f>+f”3.
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Teopema 3.1. ITycts f € W3 (R?) — npoussosnbHas (yHKIWA, S —
1IEJI0€ YMCIIO0, Y/0BIeTBOpsitomee HepaBeHcTBaM 0 < s < l;. Torma s

(1—%—%)9?0

noutu Bcex a € RD3 fly.—, €W, (R?), npuueM ¢ HEKOTOpOi

OCTOSTHHOM Y1 (S, M) > 0, He 3aBucsmast ot GhyHKIwK f ¥ Yrca a, BBINOI-
HSIETCS CIIEYIOIIAsi OIICHKA:

D% flxs=a Il (s 1 < Vi f sy

w, I3 21 3)9? (RZ)

3.1)

Jokazamenvcmeo. CHavana nokaxkeM oneHky (3.1) mia mro0oii
Gynxmun u € C§°(R3). o onpeieaeHUI0 SKBUBAJIECHTHOW HOPMBI IIPO-

(1-5=35)%
crpanctea W, “*7 '(R?), umeem
”D u|x3 a" (1_ 1)

w, °(r2)

Plsiye, @ N|Fu[Ds,u]E, )| dg".

")

N3 onpenenenus npeodbpazoBanust Pypre umeem, 4To

(3.2)

+ oo

1 ,
Fx'[D;Bu](f',x3)=ﬁ j (i&5)° F[u] (€', &5)e¥s¢3dE,.

—00

Ortkyna

1 e ,
Folgul@ ) = — f (18,)° FIu](€', &)e'oadg, =

s laf3
- — f (‘513 s RO @,
iTt
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[Ipumenss HepaBeHCTBO ['enaepa, nory4um

[P [D2,u] @)
<L +m¢df : TP (OIF ], §)1%d¢
Tom ) opy et e % o3l

— 00

(3.3)

PaccmoTpum nepBerii naTerpai. Tak kak uucna l; u s nensie, o 213 —

2s > 1, cnenoBaresibHO, MOCIEIHUN SBISIETCA CXOISAIIUMCS UHTETPAJIOM.
1

IIpoussons B HEM 3aMeHy HepeMeHHOM T = Py (§') 23&5, momyunm

+00 +00
J« %s 1 TZS
— A = f — . 4t
Py, (&) + &35 T 14775
o 0 3 PERO 3 2 3(8;) —o

(3.4)
Ucnone3yro HepaBeHcTBO (1.4) u yuuteBas (3.3) u (3.4), MOXHO

BbIOpAaTh KOHCTAHTY

S 1 )
Cl(l—z—z—lg,Mo‘Fl). j 728
2m 1+ 72k

— 00

Y1(s, 13, %) = dr,

4TOOBI BBIIOIHAIOCH HCPaBCHCTBO

Ll P @IF[IQ 85 1PdEs
P(1 s 1y (€1 '

1255 %0

|Fx’[Dx3u](E,r a)|2 <"
(3.5)

[Toncramnss onenky (3.5) B paBeHCTBO (3.2), HOTYyYUM HEPABEHCTBO
(3.1) nns pynxMM U.

ycts Teneps f € W, (R?) — npoussonbHas pyskims, a f, © C° (R?)
— [OC/IE/I0BATENBHOCTh (yHKIHI, cxozsei k f mo Hopme W, (R?). Tax
KaK TI0CJIeIOBATEIbHOCTh (PYHKIUH f,, CXOMUTCA K f Takke M0 HOpPME B
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L,(R3), TO MOXHO BBLIEIUTH MOANOCIENOBATENLHOCT [, MOCIEI0BA-
TENBLHOCTH f,, — TAKYI0, YTO JJIS IOYTH BeeX a € R mocieaoBareabHOCTh
fr | xy=a cx0MUTCA K [y, —4 TIO HOPME L, (R?). Jlns Takux a u a1 Vn, m €

N, cornacno nepaBeHcTBy (3.1), umeem

" D}Cs3f7;.k|X3=a - D;ng;lX3=a ” (1_i_L

N
w, I3 213) (RZ)

<10 = Fi Moy

W3 ¢yHIaMEeHTaNbHOCTH MOCIEI0BATEIBHOCTU f,, B MPOCTPAHCTBE

WH(R3) cnemyer (yHIaMEHTaNBHOCTD MOCIIEA0BATEILHOCTH D3, frlxs=a

(1—%—%)920

B mpocTpaHcTBe W, (R?). CrnenoBareibHO, B CHIy IIOJHOTHI

1_i_i mo
MocleJHeH CyIICCTBYET (byHKHHH fa € VVZ( I3 213)

CXOOUTCA 3Ta IMOCIACIOBATCIIBHOCTD. HCpCXOZ[H K IIpeaciy, Korga n — o0 B

(R?), x KOTOpOI

HEPaBEHCTBE

Il D, f lxy=a |l s 1
Tadm Ha=a Wz(l‘E‘ﬂ>m°(Rz)

<villfy "WZER(IR3)’

nosrygaemoe u3 (3.1), umeem 4to

Il fa ll (1-fmk

€N
w, I3 213) O(RZ)

<yl f ||W25R(R3)-

Tak Kax f; ecTb npejen nocnen0BaTebHOCTH Dy, fr| .= o TaKKE MO

Hopme B L, (R?), To 110 €IMHCTBEHHOCTH TIpejena B npoctpancTie L, (R?)
TNONy4YnM, 4TO f, coBmanaer ¢ Dy, f|y,—q, 9€M M 3aBepuIAETCs J0Ka3a-

TCIBCTBO.

Teopema 3.2. ITycts f € WS'(R3) u s — 1esoe 4mcIIo, yIOBIETBO-
psroriee HepaBeHctBaM 0 < s < 3. Torma ans xaxmoro a € R, eciu
0003HauMTh Yepe3 A MHOKECTBO BCEX TeX €, Ui KOTOPbIX D3 fly —ate €
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w, (R?), To cymectByer QyHkuus @5 € W, (R?) -
TaKasi, 4TO BHIIOJIHAIOTCS CJIELYIOIME COOTHOIICHHUSL:
im | Dy, flxs=a+e = @s I (s 1 =0,
e w5 g
(3.6)
Il s |l 1 <v2 Il f lymepay
Ol (it e = 77 F lwpesy
3.7)

rae Y, (s, M) > 0 koHcranTa, He3aBucsas ot Gpynkuun f u ynucna a. [pu-

S 1
(1————)?&0
13 21
4eM eCIu D,S(3f|x3=a EW, 3 3

Hokazamenvcmeo. Jlns TPOU3BONBHBIX &1, € A paccMoTpuM

(R?), To @ u D5 f|y,—, coBmazaror.

byukmmio g(x) = f(x', x5+ &) — f(x',x3 + &). OueBuano, uro g €
WH(R3) 1 otHOCHTEIBHO GYHKIHH ¢ IPHMEHHMA TeopeMa 3.2, COrIacHO
KOTOPOM BBIIIOJIHAETCS CIIEAYIOIIEE HEPABEHCTBO:

Il DE.f(x',a+ &) —Di,f(x',a+ &)l (1-Egh ) <
‘E‘ﬁ) 02
W, (R?)
< ’ _ ’
Sy I f(x' %3 + &) = F(x' %3 + €2) lynigay-
(3.8)
IIycts € U &,, HE3aBUCUMO JIPYT OT APYra, CTPEMATCS K HYJIIO, TOT1a
B CUJTy HCIIPCPBIBHOCTH, B LICJIOM, (by'HKL[I/II/I f — IIpaBasd 4aCTb HCPABCHCTBA
(3.8), cnmegoBarenbHO, U JeBas 4acTh OyAyT CTPEMHUTHCA K HYJIIO, OTKYJa,

N 1
(-2

3 203
BBHJly MOJHOTBI mpoctpaHcTBa W,

BOBaHME (QYHKIHHU g, UIA KOTOPOTO BBINOJHAETCS cooTHouieHue (3.6).

(R?), BhITEKaeT cymliecT-

Hanee, cornacHo teopeme 3.1 u B cuiy (3.6), Oyaem uMeThb

—1; s
I Ps I (1—i 1 - £1_1’>1’6 [ Dx3f|x3=a+s I (1_%_%) <

I3 213)%0 I o -
w, 3 23) (RZ) geA w, (RZ)

Y1 Il f ||W25R(R3),
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4YeM | JOKa3bIBaeTCsl HepaBeHCTBO (3.7) ¢ KOHCTaHTOH Y, = ¥;. Hakowner,
nocJeIHee YTBEPKICHHE TEOPEMbI BBITEKAET U3 SMHCTBEHHOCTH IIpeiena

(-E2m
3 203
B nipoctpanctae W,

*(R?).

Teopema 3.3. [1o 3aganHoMy HaGopy pyHkimit @ € S(R?), rae s =
0,1,..,13—1, u uucna a € R moxno nocrpouts ¢yukuuio f € S(R3),
YJOBJICTBOPSIONIAs ClieayromuM cBoictBam. s Vs = 0,1, ...,13 — 1

D£3f|x3=a = (pS‘ (3.9)
G s fl . 0, 3.10
By 1 D2 emare = 01 (1o G-10)
< s ’
IS )= 73 ZO 10 (oot
(3.11)

rae Y3 (9) > 0 koHcraHTa, He3aBUCsIIAsS OT Habopa (QYHKIHIA (g M YUCIa a.
Hoxazamenvcmeo. JIisi 10Ka3aTeNbCTBa JTOCTATOYHO MOCTPOUTH
gynkuuio f € S(R3), ynosnersopsontyto cootHomenusM (3.9) — (3.11) B
ciyyae a = 0 ¢ koHcTaHTO# Y3(IN) > 0, He 3aBUCsIIIast OT HabOpa QYHKIH
@s. JeiictBuTenbHO, f MOXHO ONpeAenuTh, B3sB f (X, Xy, X3) =
fo(x1,%2,x3 —a), Tak kak Oymem umetb D3 fly.—q = D3, folx,=0, |l
f IIW2(13,m0)(R3)=II fo IIWzan(Rs) npu odom a € R.
Jis (UKCUpPOBAaHHOTO 3HAYEHHUS S PAcCMOTPUM (PyHKUHIO g €
Cy° (R) — Takyro, 4TO 1/)5”(0) =0maVj<lzj#smu 1/)5(5)(0) = 1. Pac-
CMOTPUM (DYHKIIHIO

1 s
fs (X1, %2, %3) = Fg_'l l’ubs <x3 - Py, (f’)ﬁ) Py, (f’)_z_l?‘F[fps](S(') )
(3.12)
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npuHaiexkantyro npoctpanctBy S(R3). Chauana mokaxem, 4To MOCTPO-
eHHasi TAKUM 00pa3oM QyHKuus f;(X) yZOBICTBOPSET CIACAYIOLIMM YCIIO-

BUAM.

Di3fs(x)|x3=0 =0, Vj<ls,j#s,

(3.13)
D;_o,fs(x)lx3=0 = ps(x"),
(3.14)
I fs ||W292(R3)S V3s -l @ "WZ(:L_%_%)ERO(RZ)’
(3.15)

rae ¥3 (9, s) > 0 - KoHcTaHTa, He3aBUCAMAs OT QYHKIMH Q.
JlokaxkeM BbInoJiHeHHE cooTHOomeHuk (3.13) u (3.14).

]J—S

D] fi(x) = Fa' [wﬁ” (x : Py, (5%) Py, (§") 25 Fg,](€1),

CrnenoBarensHo, pu Vj < l3,j # s

D] f:(®)xy=0 = ¥ (0)gs(x") = 0,

AHaJIOTUYHO, IIPU | = S UMEeM

DS, filxy=o = ¥ (0) s (x') = @5 (x").

Hokaxxem cootHomenue (3.15). lns npeobpasoBanus Oypbe-PpyHK-
mn fi(xq, x5, X3) ©MeeM

PIEI®O = [ et g [lﬂs <x3pﬂ?o(f’)m>F[(Ps](f')Pmo(f')_i dx =

R3
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1 s
f ei¥sts ( f e~'¢ Fgt [ws <X3P§RO (f')m) F[qos](«f')Pmo(f')‘E] dxldxz> dats
R? R?

1 S
J. e~ ada <X3Psn0 (f')m> Py, (&) BF[g](§)dxs

R1
Flos]1(") Py, (f')_z%f e %35 Y <x3Pm0 (f')2_%3> dx;.
]Rl
B nociieiHeM HHTErpaie, IPOU3BOs 3aMeHy Z = X3Py (§')2, nonyunm
st ngﬁ
FIEIE = Flogd (P ()2 | e P&, )z =
R1
= 2
Flog(€)Py, (6075 Flyp,] | —2— |
Py, (§7)%
Orcrona
I gy = | P OIFIAIE)1dE =
R3
21 - $3
[ (Page + ) 1P 61Pa, 6T (L] | —2— | =
R3 Py, (§7)%

s+1

j IFlgs](E)12 Py, €) 55 j (P, (&)
]RZ ]Rl

Flyl | —2

Py, (§')25

+&25) dé; |dé'.

1
Bo BHyTpeHHOM MHTerpaje, Mpou3Bojs 3amMeny T = &3 /Py (§')%3 1
1

o S
Y4MTBIBas, 4TO, coryiacHo (2.10), ¢ MOCTOSHHON ¢4 (1 EETREER M, +
3 3



M.A. Xauamypan, A.P. Axonan 73

1 S

1____
1) > 0 BBINONHSACTCS HEPABCHCTBO Ky 2 BEny < ¢f 1P( 1S, (&N

2l3 I3
IMOJIy4YnM:

2 —
” fg "Wz(lg,mo)(Rg,)_

f F Lo (DI Py (€N 5 f (Py, (&7
R2 R?

1

+ 725 Py, (£)) IF ] (2) 2Py, (§)2adlr | d§' =
1.5
[ 1Flea@rrR B, P60 | [ @+ e IR @Pdr | g’ <
RZ R1

<cit [IFled@EP 1 s, @) [
2 3 R

215

+125) [F[s] (0)|2de |d¢' =

it [ AT @ P o

— 2 \n '
R1 w, 2l3 13) O(RZ)

JHoka3zatenbctBo cooTHouienust (3.15) 3aBepuiaercs BbHIOOPOM
KOHCTaHTHI

2

o j (1 +7212) |F[y,](0) 2de
Rl

I3—1

oo f5 (x) ynoenerBopser

Teneps sicho, yro ¢yHruus fo(x):=
cootHomeHusiM (3.9) — (3.11) B caydae a =0 C KOHCTaHTOH }3 =

,max Y35, NPUMEM BBINOTHEHHE COOTHOLICHHA (3.10) nerxo cnenyer u3
ss<l3 !

cBOMCTB ByHKImH Yg(x).
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Teopema 3.4. [Ins moboro 3amanHoro Habopa (yHKIui @g C

(1—%—%)&120 2 _
w, (R%), tne s=0,1,...,13 —1 u uncnma a € R cymecrByer

1 o
bynkuys f € Wz( 3M) (R3), ynoBieTBopsiomas cleay oM CBOHCTBAM:

li D3 - - s =0 Vs=01..,1;3—-1
sl—I;% I x3f|x3—a+e Ps "Wz(l_g_%ﬁto(ﬂgz) MWIA VS 3
(3.16)
l3—1
0 D)= ve ) Mo ll (s oy
2( ) pord Wz(l i3 213)%0(]}@2)
(3.17)

rae ¥, (9t) > 0 — koHCTaHTa, HE 3aBUCSIIAs OT QYHKIHN (.
Hokazamenvcmeo. [y kaxxaoi QyHKIHU @g BBIOEpEM MOCIEI0BA-
TENBHOCTD  {Psnlnet € S(R?), cxomsmyrocs K Hell mO HOpME B

N 1
(5%
W, (R#). Jus kxaxaoro n ob0o3HauyuM depes f,, (yHKIHIO,

TIIOJTy4eHHY!0, COITacHO TeopeMe 3.3, OTHOCHTENBbHO Habopa @ ,(s =
0,1, ..., I3 — 1) u uncna a. HetpyaHo 3aMeTUTh, YTO OTHOCUTEIBHO HabOpa
Osn — Psm(s =0,1,...,13 — 1) n yucna a Gyaer mopoxaaTscs GyHKIUA

fn — fm, Cl€IOBaTENBHO, COracHoO HepaBeHcTBe (3.11), OyneM UMeTh:

I3—1

I fn - fm ”Wz(ls.fno)(R3)S V3 ZO I Pns — Pms I
S=

1
1 _5_

Wz( I3 E)”O(Rz)'

N3  (yHmaMEeHTaTbHOCTH  KaXJO0W W3  IOCJEI0BAaTEIbHOCTEH

o ()% s
{@snin=1(s = 0,1, .., 13 — 1) B mpoctpanctee W, = “*° (R*) cmemyer
(yHIaMEHTaTLHOCTh MOCIIEIOBATEIBHOCTH f;, B IIPOCTPAHCTBE Wz(l3’m°)(]R3),

U T10 TIOJTHOTE MOCHeAHeH cymiecTByeT GyHKIws f € Wz(l3’m°) (R3), x KOTOpOH
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I3M
CTPEMUTCSI TOCIIEJI0OBATENIbHOCTh f;, B TPOCTPAaHCTBE WZ( 3 0)(R3). Hoxa-
xeM, uTo GyHKIus f yaoBieTBopseT cootHomieHusaM (3.16) u (3.17). dns
KaXJ/I0TO S UMEeM

I D£3f|x3=a+s — sl (1_1_L>m0 <
W2 13 2I3 (Rz)
I D£3f|x3=a+s - Dafgfnlx3=a+s I (1_1_L>9?0 +
wy ) a)

I D;3fn|x3=a+s - D3§3fn|x3=a I +

Wz(l_%_iﬁ?o (R?)

I D5g3fn|x3=0 = (1_1_L)m0 :
W2 i3 2l3 (RZ)

Hcnonbsys teopemy 3.1 u yuutsias, 4to Dy, frlx,—q¢ = Psn, MOKEM

IIpoaO0JIZKaTh CJICAYIOIINM o6pa30M:

I D£3f|x3=a+s — Qs I

V3 I f _fn ”W2(13’m°(]R{3)) +

I D;3fn|x3=a+£ - Daggfnlx3=a I (1_i_i ” +

w, I3 213) O(Rz)

I s — s |l s 1 )
o y WS‘E‘%)”"(RZ)

[Tycts 0 > 0 npousBonbHO. [IpuHIMas BO BHUMaHHUE CXOUMOCTH f;,
I3M
K f mo HOpME B WZ(3 0)(R3) M CXOMUMOCTh (5, K ()5 TIO HOpME B
N 1
(1-2—1)%0
13 21
w, 3

2
JIOCTOYHO OOJIBIIMM, YTOOBI BBHIIOJIHAIOCH

(R?), xorga n — 00, MOKeM I0J00paTh 3HAYEHHE N = N,

s
I Dx3f|x3=a+£ —os (1_11_L R

o+l D£3fn0|x3=a+£ - D;gfn0|X3=a I (1_i_i)m .
I3 2l3 O(RZ)



O cneoax gyynxkyuit uz mynvmuanuzomponusix npocmparncme Coéonesa

U3 cpoiictra (3.10) pynkuuu f,, momydum

<o.

W ey

lim | D9§3f|x3=a+e — Qs I
£-0

Tak xak IocieIHeEe COOTHOIICHUE UMEET MECTO IS IMIPONU3BOJILHOI'O

o > 0, HakoHer| OyJiIeM UMETh, YTO

im | Dy, fly,=a+e = @s | (_s_1

3 Ixz=a+e s 1-3- Ly

-0 W2< I3 213) O(RZ)
- S _ =
‘lsl—{% [ Dx3f|x3=a+s @s I (1_i 1 = 0.

w, I3 213) (RZ)

Beinmonuenue coortHomeHust (3.17) ¢ KOHCTaHTOH Y, = Y3 cpasy

CJICAYyCT U3 HCPABCHCTBA

l3—1

I fo Wy t0 )< y3z sl 1t

nepexoAst K mpeaeiry npu n — oo.
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ON TRACES OF FUNCTIONS FROM MULTIANISOTROPIC
SOBOLEYV SPACES
M. Khachaturyan, A. Hakobyan
Russian-Armenian University

ABSTRACT

In this paper, direct and inverse embedding theorems for different dimensions

(trace theorems) are obtained for functions from the multianisotropic Sobolev space

WH(R?)in the case of one class of completely regular polyhedrons 9.

Keywords: completley regular polyhedron, multianisotropic Sobolev space,

trace of a function
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CONVEXITY OF THE PROBABILITY DENSITY
FUNCTION OF THE DISTANCE BETWEEN
TWO POINTS IN A COMPACT SUBSET OF R?

V. Mnatsakanyan

Russian-Armenian University

v.mnatsakanyan95@gmail.com

ABSTRACT

The paper deals with the classical problems of stochastic tomography:
obtaining information about a convexity of the probability density function.
In this paper, we obtain that the probability density function of the distance
of two uniformly independent distributed points in two segments of a line is
not convex (note, that for a segment the function is convex). Also,the
probability density function is not non-increasingwhen the midpoint is
outside of the segments.

Subclass: 53C65, 53C60, 31A10

Keywords: convexfunction, uniformly distributed random points,
non-increasing.

1. Introduction

For two segments in R? the length of the first segment we denote by
A, the length of the second segment by B and the distance between segments
by C.

In this article, we study the monotony and convexity of the density
distribution function of the distance of the two random independent
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uniformly distributed points in a segment and in two separate segments in
a line. Wecalculate the cumulative distribution function and the probability
density function of the distance for each case.

The main results are:

Theorem 1. The probability density function of the square of distance
of the two random independent points in the two segments in a line is not
convex.

Theorem 2. The probability density function of the square of distance
of the two random independent points in the two segments with length A
and B in a line with the distance of C is not non-increasing, if and only if
the midpoint of A+C+B is not included in any of the segment.

The theorems can be used in the epidemiology [1] and in the random
networks [2].

2. Proofs of Theorem 1 and 2
First we need to prove the following lemma.

Lemma 1. The probability density function of the square of the
distance between the two random independent points in the segment is
decreasing and convex.

Proof 1

If the length of the segment is A then the cumulative distribution

function of the square of the distance will be 0 < VEt< A

ZA\/_ t

F(t) ==, V(2 dtydt, + [ ) gdtidt, = (1.1)

Hence density function will be

0 =4% (1.2)
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Convexity of the probability density function of the distance...

The derivative of the density function will be negative

fe)=- <0 (1.3)

2At1 5

Hence the probability density function will be non-increasing
The second derivative will be positive

ff[®)=—5>0 (1.3)

4At15

Hence the probability density function is convex.

Proofs of Theorem 1 and 2:

We assume, without loss of generality, that A > B

We can study all 5 cases

e A>B>C,A>B+C

e A>B>CA<B+C

e A>C>B;A>B+C

e A>C>B;A<B+C

e (>A>B

For each case we can calculate the density function and its derivatives

1. A>B>C; A>B+C

F(t) =4 m+m2<

In this case the midpoint is in the insight of the A segment.

( 2((A+B)\/f—t)
(A+B)?

<(A+B C)\/_+—> C<+Vt<B

0<Vt<C

(A+B)2

>B<ﬁs3+c @)

QA+&{'BC—)B+C<{<A

(A+B)2

@J’Bc+ )A<ﬁ§A+c

(A+B)2

_ (c—vE)(24+2B+C—E) |
- ars)? A+ C<\t<A+B+C
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Density function will be

( A+B-2t
(A+B)2\/f; 0< \/E =C
(A+B—C—Vt) .
(A+B)%t ’
A—C

i B <Vt<B+C
A+B—t
(4+B)2t’
B .
(A4+B)%t’

A+B+C—t

C<\Jt<B

f(£) =+
B+C<+t<A

A<\t<A+C

As we can see the probability density function is continuous.
The first derivative of the probability density function is

1
( pETrvesvery 0<+t<C

__(A+B-0) |
2(A+B)2t15’ ¢< \/E <B

A—c

f({t) =3 _W,B<ﬁ<3+c
1

s BHC<Vi<A

B
—W,A<\/E<A+C

A+B+C

km;z‘l-FC<\/ESA-|-B+C

k_W;A-|'C<\/E<A+B.|_C

(2.2)

(2.3)

The derivative is negative, which means that the function is
decreasing, but the derivative is not continuous and in the point A+C is

decreasing.

The second derivative will be
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Convexity of the probability density function of the distance...

Freguency

3
( s 0<VE<C
3(A+B-C) )
rarpyes € <VE<B
3(A-C) |
"ty = Tsmres B<VE<B+C
() =< 3 /i (2.4)
s B <yi<a
3B
s A<VE<A+C
3(A+B+C).

Garszes AT C <Vt<A+B+C

The second derivative is always positive but isn’t continuous and in
the point A+C is not determined, but the first derivative is decreasing which
means that the function is not convex.

In the histogram we can see the case when A=4 B=2 C=1 We can se
that function lost the convexity in the points (B + €)? and (4 + C)?2.

5000 10000 15000

0

Histogram of square_of_distance

square_of_distance

2. A>B>C; A<B+C
In this case, the midpoint is in the outside of the segments.
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The cumulative distribution function will be

( 2((A+B)\/f—t)
(A+B)?

0<t<C

2

c%-t
(A+B)2<(A+B—C)\/E+T>,C<\/ESB

2 C?+B?

F(t) = | (A+B)2<(A—C)ﬁ+ . >,B <+t<A

2 C2+B*+A%+t

e (—CVE+ ) A< Vi< B+ C

2 A?
e (BVE=BC+5)iB+C<VE<A+C

F“”®%ﬁi””%A+C<V?SA+B+C

(2.5)

We can see, that the Cumulative function is continuous
The probability density function will be

( A+B—=2t
e 0 < Ve

(A+B—C—E) |
e C <Vt<B

A-C
fool  wwelVEsd
L A<VI<B+C

(2.6)

B
m,3+c<\/¥s,4+c

A+B+C—T
k@;ﬁﬁﬂ+6<ﬁSA+B+C

The derivative of the density function will be



84 Convexity of the probability density function of the distance...

( _ 1 __.0<+i<cC

T (atB)is’
__(a+B-0) |
2(A+B)2t15’ €< \/E <B

A-C
—————B<+t<A

, _ 2(A+B)2t15’

JHOER p 2.7)

W;A < \/E <B+C

B
—W,B+C<\/E<A+C

k—%;A+C<\/§<A+B+C

As the derivative can be positive, the density function is not non-
increasing
The second derivative will be

( 3 .
2(A+B)t25’ 0< \/E <C

3(A+B-C)
4(A+B)2t25’ ¢< \/E <B

3(4-C) .
oo —4<A+B)2t2_5,B<\/E<A »
A<+\t<B+C

4(A+B)2t25’

3B
W,B+C<\/E<A+C

(A+B+C)
Gorpes AT C<VE<A+B+C

As whenA </t < B + C the second derivative is negative then the
probability density function is not convex.

3. A>C>B; A>B+C

In this case, the midpoint is inside of the segments.

The cumulative distribution function will be
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F(t) =

-

2((A+B)\/f—t)
(A+B)?

(A+B)2(A\/_——+ ) B<+t<C

((A C)\F+B+C);C<\/ESB+C

:0<Vt<B

(A+B)2

(A+B)2<(A+B)\/_ BC——) B+C<+t<A

= (BVE-BC+ L)ia<visa+c

(c—Vt)(24+2B+C—Vt) |
arn)? A+ C<VEt<A+B+C

We can see, that the Cumulative function is continuous

The probability density function will be

f(t) =3 (4+B)2Vt’

( A+B-2+t
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A—t
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The density function is also continuous.

The derivative of density function will be

(2.9)

(2.10)
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B+C<+t<A
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The derivative of the probability density function is negative which
means the function is non-increasing, but it is not continuous which means
that it is not convex.

The second derivative will be

( 3 .
4(A+B)t25’ 0< \/E =B

34
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3(4-0) |
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(2.12)
B+C<+t<A

A<\t<A+C

It is positive, but as f'(t) is decreasing in point A+C f'((A +
C)2=)> f'((A+C)?>+) it means that the probability distribution
function is not convex.

4. A>C>B; A<B+C

In this case, the midpoint is outside of the segments.

The cumulative distribution function will be
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The derivative of the probability density function will be
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As the derivative can be positive, the density function is not non-
increasing.

The second derivative will be.

( —2 . 0<VI<B

2(A+B)t25’
34
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3(4-0)
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3B
W; B+C< \/E <A+C

(A+B+C) |
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C<t<A
(2.16)

As if A <4/t <B+ C the second derivative is negative then the
probability density function is not convex.
5. C>A>B;

In this case, the midpoint is outside of the segments.
The cumulative distribution function will be

( 2((A+B)ﬁ—t)

T ;0<Vt<B
2

2
BZ+A2
F(t):< (A+B)2’A<\/_<C
2 C2+B?+A%+t
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(2.17)

The density function is
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(2.19)

As the derivative can be positive, the density function is not non-

increasing.

The second derivative will be.
( 3 .
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As if B <+t < B + C the second derivative is negative then the
probability density function is not convex.
As we study all cases the theorem is proven.

3. Conclusion

Our theorems show when the probability density function isn’t
convex for the square of the distance between the two random independent
points in the two segments in the line and when it is not non-increasing. For
further research, westudy this for convex and non-convex domains in R?[3].
We can use this result to check if there is eliminated from the segment any
subsegment when we are getting the distance of the two signals in the line.
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ABSTRACT

In this work, a lightweight and accurate lemmatizer for the Armenian language
is developed, using deep learning. Using COMBO neural network as a basis, several
alternatives are proposed to replace memory- and parameter-heavy word embeddings
with lightweight subword features. Two modifications to fastText algorithm are
presented that are based on subword features only. Another alternative, the average of
byte-pair segments’ embeddings as word’s vector reduces the model’s size up to 10
times and the size of embeddings around 100 times, while maintaining the same level
of accuracy. The developed lemmatizer’s accuracy is around the level of the state-of-
the-art for small treebank languages.

Keywords: lemmatization, deep learning, word embeddings.

1. Introduction

Lemmatization is the task of finding the dictionary form of words
from a given text, and is a common and important component of many text
processing systems. It has a wide range of applications that includes text
classification, clustering, sequence labeling, information search, word
representation learning etc.
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The main goal of lemmatization is to amend the sparsity of lexical
data by grouping different surface forms of the same word into one. In that
sense it is similar to stemming, however the latter’s use is established to be
less effective and yields relatively worse results in downstream tasks. Since
Armenian is a morphologically rich language and does not have large
corpora, the availability of text normalization tools is especially critical for
developing accurate text processing systems. For the Armenian language,
the research in this field has been very limited. Attempts to solve the task
during CoNLL Shared Task 2018 [1] did not produce reasonably accurate
results, because of a small training dataset. Since then, the second version
of ArmTDP dataset [2] has been released, making possible the development
of more accurate lemmatizers. In 2018, an end-to-end parser of Eastern
Armenian was released by YerevaNN, demonstrating 88.05%
lemmatization accuracy on ArmTDP v2.3 test set.

The approaches to lemmatization can be grouped into 3 categories:
dictionary lookup, rule-based, machine learning-based. Nowadays,
learning-based methods are the prevailing approach to lemmatization, as
evidenced by CoNLL Shared Task 2018, where all top-performing systems
use machine learning. One of the problems with the latter systems is that
they often use large sets of parameters and can be heavy memory-wise. As
aresult, these systems cannot be run in environments with limited resources.

This work focuses on developing a lightweight and accurate
lemmatizer for the Armenian language, using deep learning. This research
analyzes the state-of-the-art for low-resource, high-morphology languages;
explores the joint training of lemmatization with other tasks; explores
avenues of learning lightweight features instead of parameter — and
memory-heavy word embeddings.

2. Models
Efforts on developing lemmatizers can be divided into three

categories: dictionary lookup, rule based approaches and machine learning
based methods. Machine learning based lemmatizers have several
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advantages over dictionary lookup and rules: they have the capability to
process out-of-vocabulary forms and resolve ambiguous cases based on
context, do not require linguistic expertise, and the developed system can
be retrained and ported to another language. With deep learning, it is also
possible to leverage unlabeled text corpora to learn more effective features.

Generally, machine learning is used to predict the transformation of
input word to obtain its lemma. In existing approaches, that transformation
is represented in various forms, which can be categorized into edit scripts
and character sequence transduction. [3-5] treated lemmatization as a task
of character sequence transduction. Overall, using CoNLL Shared Task
2018 as reference, the top performing systems for small treebanks relied on
sequence transduction for lemmatization. With the exception of COMBO
[6], these systems were based on an encoder-decoder network. COMBO is
a neural network that uses convolutional and recurrent layers to parse
sentences, predicting lemma and morpho-syntactic labels. The input
sentence is passed to the network as a sequence of word-level tokens. First,
feature extraction is performed on each token separately then extracted
vector is passed through sentence-level recurrent layers to obtain a
contextual representation. The contextual representation is then used as an
input for task-specific layers.

COMBO'’s lemmatizer is a transducer that converts the sequence of
input word’s characters into the sequence of lemma’s characters. The input
characters are encoded using trainable continuous embeddings. The
contextual representation of the input word is reduced through a dense layer
and concatenated to the embedding of each input characters, forming their
final vector. Then, 3 layers of dilated convolutions are applied to the
sequence of character vectors. The output of the final convolutional layer is
a sequence of vectors, which are additionally resized to the size of character
vocabulary, using a convolutional layer with 1x1 filters. Finally, softmax is
applied to each vector in the sequence to determine the most probable
character for it. The architecture of the lemmatizer is illustrated in Figure 1.
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Figure 1. Lemmatizer architecture [6].

For small treebank languages, COMBO’s lemmatizer ranked second,
only behind the Turku NLP lemmatizer. Considering the large number of
parameters in encoder-decoder architectures, extensive training time and
the difficulty of hyperparameter tuning, in this work the preference was
given to COMBO’s neural network for lemmatization.

3. Results and Discussion

In all of experiments the ArmTDP v2.3 test set is used for testing
model performance. For supervised learning, the randomly selected 90% of
the same dataset’s train section is used, while the other 10% is used for
validation. For unsupervised learning, a collection of text consisting of 91
million tokens is used. The collection includes Armenian Wikipedia, other
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encyclopedia, fiction, as well as news and blog articles from over a dozen
different sources.

Models are compared according to total test accuracy, accuracy on
out-of-vocabulary words, parameter count. The first baseline is the identity
function. As a second baseline, dictionary lookup was chosen, using the
train set for constructing the form-lemma dictionary and identity backoff
for OOV cases. For forms with multiple possible lemmas, the most common
lemma is selected. The third baseline and the starting point for the studied
models is the original COMBO lemmatizer, trained separately from other
tasks and without self-training. For this baseline, fastText embeddings with
vector size 200 are used, trained on a custom collection of texts using
SkipGram architecture and character n-grams of size 1 to 3. The word
representations used in subsequent experiments were learned using the
same set of hyperparameters. The baseline results are reported in Table 1.
The overall target accuracy was set to 90%, around the same level as the
best models from CoNLL Shared Task 2018 on small treebanks.

Table 1.
Baseline scores
[Baseline Test accuracy OOV accuracy Parameter count
identity 52.60 27.34 -
dictionary lookup 74.89 27.34 -
COMBO 87.72 66.42 1.3 x 10e8

The performance of the model in a task can often be improved when
it is trained jointly for another related task. In the context of this work, two
configurations of joint training are explored: lemmatization and
morphological analysis; lemmatization, morphological analysis, and
dependency parsing. The experiments demonstrate that the combination of
lemmatization and morphological analysis yielded the best results (Table
2).



T. Ghukasyan, K. Avetisyan 97

Table 2.
Joint learning results
ILearning configuration Test Accuracy| OOV Accuracy| Parameter count
lemma 87.72 66.42 1.3 x 10e8
+morph.analysis 90.77 75.25 1.3 x 10e8
+morph.analysis+dep.parsing 90.33 74.75 1.3 x 10e8

In COMBO, fastText embeddings alone constitute as high as 90% of
the whole model’s parameters. Therefore, when aiming to develop a
lightweight lemmatizer, research of smaller word embeddings was selected
as the main target. In recent years, several powerful alternatives to word-
level embeddings have emerged such as ELMo, Flair and lately BERT.
However, they require large training corpora, great computational power,
and extensive time to train and tune. BERT particularly is also heavy in
parameter count (the publicly available multilingual BERT models have
110 million parameters, around as many as fastText). In this work, two
modifications of original fastText [7] model are employed: no-fastText and
so-fastText [8]. The first one, considers only word’s character n-grams
during training and word vector generation, the second one is analogous to
the first one, but employs only the n-grams at the end of the word (Figure
2). In two other experiments, word embeddings are replaced by the averaged
of their subwords’ pre-trained embeddings (Figure 3). Byte-pair encoding
[9] is used for obtaining the subwords, and two embedding models: pre-
trained vectors from BPEmb project [10] and new vectors trained on our
data.

Table 3.
Scores for word embedding alternatives
Lemmatizer Test oov Word embedding | Total parameter
Accuracy | Accuracy | parameter count count
(COMBO+fastText 90.77% 75.25% 1.2 x 10e8 1.3 x 10e8
COMBO+no-fastText 90.36% 73.96% 4.0 x 10e7 5.0 x 10e7
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COMBO+so-fastText 89.55% 72.31% 4.0 x 10e7 5.0 x 10e7

COMBO-+BPEmb 90.61% 74.92% 2.5x 10e6 1.2 x 10e7

COMBO-+BPE-custom | 90.86% 75.62% 1.2 x 10e6 1.1 x 10e7
fastText no-fastText so-fastText

| |
| Ludupnud | | Lunfupnid | | Eaufuapral
mJ L\:har—ngram

[ |
o r} c har—n;rams 5uﬂ;ce5
i Al s A} 8 A}

| <Gunwpnd> | | <tw | | Gunl | ------ | el ‘ | > ‘ | <t ‘ ‘ funl ‘ ------ ‘ fnud ‘ ‘ n..|>| ‘ fnul ‘ ‘ i | | a |

n
word-level ngrams ngram ‘suffix
embedding embeddings embeddings embeddings

L L%J J J L L%J J \ J

final final final
word embedding word embedding word embedding

v v A4
Neural Neural Neural
Network Network Network

Figure 2. Architecture of fastText, no-fastText, and so-fastText models.

BPEmb is a collection of pre-trained embeddings for byte-pair
encoding subwords. They used Wikipedia to learn byte-pair encoding for
275 languages, including Armenian. For representation learning, they used
GloVe, which uses word co-occurrence matrix to learn embeddings. Using
the unsupervised data, this work develops similar embeddings. Thanks to a
small vocabulary size, these subword models are dramatically lighter than
conventional word-level embeddings in terms of parameter count and
memory. Table 3 provides the results of jointly trained COMBO lemmatizer
using fastText and compares it with the results, where fastText is replaced
by proposed alternatives.
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4. Conclusion

In conclusion, this work explored studied methods of increasing
lemmatization accuracy via joint learning and subword-based alternatives
to established word embeddings. With no-fastText and so-fastText, a two-
fold decrease in the model size is achieved, however the performance is also
negatively affected (especially with so-fastText). BPE-based approaches
achieved a decrease in embedding parameter count by a factor of almost
100 and a decrease in total parameter count by a factor of around 10.
Remarkably, custom BPE embeddings also maintain the same level of
accuracy, while requiring a dramatically smaller model. The developed
model demonstrates 90.86% accuracy on ArmTDP v2.3 test set, which
beats the baseline methods and outperforms the 88.05% of Eastern
Armenian End-to-End parser, which was trained and evaluated on the same
train and test sets.
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HNCCJIEJOBAHUE U PASPABOTKA JIEMMATHU3ATOPA
A1 APMSHCKOTI'O S3bIKA HA OCHOBE
IYBOKOI'O OBYYEHUS

IL.T. I'ykacan, K. Asemucan
Poccuiicko-Apmanckui Yuusepcumem
AHHOTANUA

B nannoit pabote ¢ ucnonp30BaHHEM TIyOOKOro o0ydeHus pa3pabaThiBaeTCs
JIETKUII ¥ TOYHBIN JIEMMaTU3aTOp IJI apMSHCKOTO s3bIKa. Mcmonb3ys HEHPOHHYIO
cetb «COMBO» B kauecTBe 6a3bl AJIs JIeMMaTH3aTOPA, AJIsl 3aMEHbI TSHKEJIBbIX 110 Ta-
MSTH ¥ KOJIMYECTBY MTapaMETPOB MPeq0OyICHHBIX MOIENICi BEKTOPOB CJIOB IIpeyIara-
€TCsI HECKOJIBKO aTbTePHATHB Ha OCHOBE TOACITOB. Pa3pabaTeiBaloTCs U TECTHPYIOTCSI
nBe Mogudukanuu anroputma fast Text, HCMONB3YONMIUE TONBKO BHYTPEHHHUE CHUM-
BOJIBHBIC TPaMMBI B Cy(PQHUKCHI cioBa. J{pyrasi anbTepHaTHBa — UCIIOJIL30BAHUE B Ka-
YecTBE BEKTOpa CJIOBA CpeJHee BEKTOPOB €ro IMOJCIIOBA, MOJYUYSHHBIX B pe3yJsbTaTe
byte-pair-kogupoBanus. [lociaenHee no3BoIsIET yMEHBIIUTD pazmep Moaenu ot 1 I'6
II0 HecKouIbko MO, a pazmep npeno0y4eHHBIX MOeIeH BEKTOPOB YMEHBIIIAETCS IPH-
mepHo B 100 pa3, npu 3ToM 6€3 moTepu TOYHOCTU. TOUHOCTH pa3paboTaHHOTO JIeMMa-
TH3aTOPA HAXOIUTCS HAa YPOBHE JIyUIINX PEIICHUH JUIS SI3BIKOB ¢ HEOONIBIINM OaHKOM
JICPEBBEB.

KiroueBble ciioBa: teMMaTH3alus, TIy0okoe 00y4deHne, BEKTOpa CJIOB.
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ABSTRACT

Most of the existing time series clustering applications rely on
performing clustering on the original or raw time series data. In this
context, we identify a big gap in the literature, as such an approach
ignores stationarity, which assumes the mean, variance, and
autocorrelation of the series stay constant over time. For two datasets with
time series observations which are highly non-stationary and are later
transformed to become partially stationary, and stationary, we investigate
the performance of the clustering algorithm with three distance metrics
and later perform dimensionality reduction with PCA to further evaluate
the results. We conclude that although non-stationarity may not worsen
clustering performance, making the dataset stationary for highly
correlated non-stationary datasets can significantly improve the
clustering performance and should be part of the standard time series
clustering procedure. Future work may include exploring the
performance on multiple datasets with different degrees of multi-
collinearity and stationarity for a more comprehensive understanding of
the effect.

Keywords: Time Series, Clustering, Stationarity.
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1. Introduction

Clustering analysis comprises a set of unsupervised learning methods
aiming to find groups of clusters of observations within a data set. The
clustering procedure requires determining the number of groups and is used
in many fields, such as statistics, biology, and pattern recognition. The
greater the homogeneity within the groups and heterogeneity between the
groups, the higher the quality of the cluster analysis (Makhlouk, 2018).
When performing clustering, two important design criteria are the clustering
algorithm and the distance measure. There are three main categories of
algorithms: partitional, density-based, and hierarchical. In this work, we
use a popular K-means algorithm, and for the K-means, the centroid may
not be an actual data center (Javed, Lee and Rizzo, 2020). This partition-
based algorithm requires that the number of cluster k be specified, and given
k, the algorithm iterates with two stages: (1) calculates centroids, and (2)
assigns data points to the closest centroid, until a termination condition (e.g.,
number of iterations) is met. For improving clustering accuracy, one can
perform z-score normalization (Mohamad and Usman, 2013) or experiment
with the random seed parameter for selecting clusters with the highest intra-
cluster similarity and lowest inter-cluster similarity. Clustering analysis has
important applications for time series data, which is a sequence of variable
values ordered by time. The applications of time series clustering include
financial portfolio building, personalized drug design, and cancer sub-type
identification (Javed, Lee and Rizzo, 2020).

This work is part of Whole time series clustering, where we apply
conventional clustering on discrete objects defined as time series. We work
with two datasets that contain an n-set of time series variables regarding
Masters and PhD education in Armenia and conduct relevant experiments,
which we name, Masters Experiment and PhD Experiment. Although
unsupervised learning techniques have been widely explored, their
applications in the time series analysis content have gained particular
attention for the recent few years.
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2. Literature

Clustering time series data has been used in diverse scientific areas to
discover insights from complex datasets, from gene expression data in
biology to stock market analysis (Aghabozorgi, Seyed Shirkhorshidi and
Ying Wah, 2015). A time series is classified as dynamic data because its
values change as a function of time and is also a type of temporal data.
Usually clustering such objects leads to a discovery of valuable patterns in
time series datasets, and time series clustering is the most used approach as
an exploratory and subroutine technique in more involved data mining
algorithms such as rule discovery or anomaly detection (Chis, Banerjee and
Hassanien, 2009; Aghabozorgi, Seyed Shirkhorshidi and Ying Wah, 2015).
Time series clustering is formally defined as follows.

Definition 1 Time Series clustering. Given a dataset of n time series
data D= {Fi,F2,..,Fn}, the process of unsupervised partitioning of D into
C={C1,C,,..,Ck}, in away that homogeneous time series are grouped based
on a similarity measure, is called Time Series clustering. Ciis called a
cluster, where D=U-:Ci and Ci N Cj= @for i 6=]j.

Most of the work in time series clustering is classified into three
categories: Whole time series clustering, Subsequent clustering, and Time
point clustering (Aghabozorgi, Seyed Shirkhorshidi and Ying Wah, 2015).

Aghabozorgi, Seyed Shirkhorshidi and Ying Wah (2015) state that
from the existing literature time series clustering has four main components:
dimensionality reduction or representation method, distance measurement,
clustering algorithm, prototype definition, and evaluation. The
dimensionality reduction is especially important when there are memory
requirements, and distance calculation among raw data is computationally
expensive, and reduction speeds up clustering (Lin et al., 2003; Keogh and
Pazzani, 2000). Examples of dimensionality reduction approaches are
Discrete Fourier Transform, Discrete Wavelet Transform, Sngular Value
decomposition, Discrete Cosine Transform, Sngular Value Decomposition,
Chebyshev Polynomials, Clipped Data, etc.

Formally, a representation method is defined.
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Definition 2 Time Series representation. Given a time series data
Fi= {f1,...,F,..,Ft}, representation is transforming the time series to another
dimensionality reduced Fi={fi,...,Fx} where x < T and if two series are
similar inthe original space, then their representations should be similar in
the transformation space too.

Essentially there are four main types of distance measure in the
literature, which are Shape-based, Comparison-based, Feature-based and
model-based. The Shape-based similarity measure is to find the similar time
series in time and shape, such as Euclidean, DTW, LCSS, MVM measures
and is used when working with short time series. Comparison-based
method is suitable for both short and long time series data and includes
measures such as CDM, AutoCorrelation, Pearson Correlation Coefficient.
Feature-based, Model-based measures are suitable for long time series data.
The observations of similarity/dissimilarity measures show that most
effective distance measures are based on dynamic programming, which,
however, are very computationally expensive. For defining cluster centers
or prototypes, there are usually three approaches, which imply choosing the
medoid sequence of the set, the average sequence of the set, or using local
search. In terms of time series clustering algorithms, the most common
approaches are Partitioning, Hierarchical, Grid-based, Model-based,
Density-based, and Multi-step Clustering. One of the most used algorithms
for Partitioning Clustering are k-Means, k-Medoids, and Fuzzy c-Means.
Hierarchical Clustering uses agglomerative or divisive algorithms for
clustering, considers each item as a cluster then gradually merges them
bottom-up, unlike divisive, which starts as a single cluster and then splits
the cluster to reach clusters with one object. These algorithms cannot adjust
the clusters after splitting, so generally, they are combined with other
algorithms (Aghabozorgi, Seyed Shirkhorshidi and Ying Wah, 2015). For
validating clusters, there are metrics such as Cluster Smilarity Measure,
Folkes and Mallow index, Jaccard Score, F-measure, Entropy, and
Slhouette Score.

Limited literature regarding time series clustering addressed non-
stationary in their work. Examples of such works are the one of (Xiong and
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Yeung, 2002), who apply differencing operations to remove non-
stationarity from the time series before proposing a mixture of ARMA
models for clustering, and the work of (Wang et al., 2004), who test their
proposed clustering approach on both raw time series data as well as the
remaining time series after detrending and deseasonalizing.In this section,
we also present the methodologies used in this work!.

2.1. Distance Metrics

For calculating the distance between the clustersin the K-means
clustering algorithm, we use euclidean, Dynamic Time Warping (DTW),
and Soft-(DTW) as our main metrics. DTWmeasures similarity between two
temporal sequences, and one of the main advantages is that it can compute
distances of time series with different lengths. Soft-DTW builds upon DTW
and is a differentiable loss function proposed by (Cuturi and Blondel, 2017).

2.2. Silhouette Index

When the number of clusters is not known in advance, the Silhouette
Index can be used to obtain the optimal number of clusters. For a given time
series X in our dataset in the clusterCi, we calculate:
« its average dissimilarity with respect to all other time series in the same
cluster

1
a(z) = |C:——1| X Z d(z,y)

yeCi,y#x

« its average dissimilarity with respect to all other time series in the
nearest cluster
(z) = 111111 Z d(z,y)
537 |C I yeC;

« the Silhouette value

'The code can be found in karen-gishyan/time-series-clustering (github.com).
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.‘s‘(.’l‘.') — mul.r{b(.::)‘ﬂ-(-f'J} ’ !'-f|ca| > 1
0,if|Ci| =1

« and Silhouette index by

IC|

1 1
Sil(C) = il Z. (ﬁ > s(x)

xeC;

Silhouette index produces outputs from the range of [-1,1] (Potikyan,
2020), and higher values indicate well-separated clusters.

2.3. Normalization

We use a min-max normalization, which has the following form.

X — Xm.i.u

X = —m —
“Anorm
JY:mm' - X.:m'u

where X 1s a series in the dataset.
2.4. Differencing

For making our datasets stationary?, we use first-order differencing,
which is defined as:
AXt = Xt — Xt—1

2.5.PCA

For the Principal Component Analysis (PCA), p-dimensional vectors
are projected into a lower g-dimensional subspace without losing too much
information. The outcome is principal components, which span the
subspace in ( directions (Shalizi, 2012).

The confidence interval for stationarity is taken as 90%.
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3. Dataset

The datasets are taken from the Statistical Committee of RA and
regard Masters and PhD studies in Armenia®. The original Masters dataset
and PhD dataset include 60 and 103 columns (time series), respectively. We
reduce the number of series to 18, which are the same series for both
datasets and can be seen in Table 1.

4. Methodology

We conduct first-order differencing for both Masters and PhD
datasets and test stationarity for each time series. To obtain our final dataset,
we later identify all non-stationary columns and remove them from both
datasets. This leaves us with 9 final time series which are again the same
for both datasets. Experimenting with the same set of time series across
different stages allows us to have a better understanding of the effect of the
conducted technique. We calculate the silhouette index for the original,
first-order differenced, and final datasets using Euclidean, DTW, Soft DTW
distance metrics. We name the relative experiments asMasters experiment
and PhD experiment. We later conduct PCA using Soft DTW to observe
how clustering performance changes with a reduced set of features to obtain
our conclusion.

Stationarity Check

One can remove non-stationarity from the dataset by using methods
such as Seasonal Additive/Multiplicative decomposition, STL decomposi-
tion, Differencing, etc. We experiment with all three approaches, but as we
have yearly data, decomposition methods become less suitable for this task
and do not fully remove stationarity, so only the results with first-order

3The data setscan be obtained from PX-Web - Select table (armstatbank.am) under‘Master
Programe education institutions by indicators and years’and‘Post-Graduation by indicators
and years’.
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differencing are presented. We conduct an Augmented Dickey Fuller test
for the time series in the Masters and PhD datasets, which tests the null-
hypothesis that the series is non-stationary. To make non-stationary series
stationary, we do first-order differencing as described in Section 2.5, and
present the results in Table 1.

Clustering and Dimensionality Reduction

We use a min-max normalization as described in Section 2.4 for all
the time series variables in Masters and PhD datasets, which scales them
from 0 to 1. This method decreases the outlier effect in distance calculation
and addresses the negative observations resulted from first-order
differencing. To select the best k for clustering, we iterate over the K cluster
parameter ranging 1 to 10, perform a k-means clustering, and calculate the
silhouette score for each k. This procedure is repeated for both Masters and
PhD experiments. Later we conduct PCA on the original, first-order
differenced, and final datasets across both experiments. As a distance
metric, Soft DTW is used.

5. Results

Our results are summarized in five tables. We reduce the datasets to
include the same set of time series features for both Masters and PhD
datasets for comparability and better evaluation. The results from Table 1
show that even though the original PhD dataset contains four stationary
variables compared to Masters one, on average the PhD dataset is less
stationary than the Masters dataset (closer the P-value is to 1, the less
stationary the series i1s), which can be seen by looking at the P-value results
of the Original column for both datasets. Table 5 shows how correlated on
average the datasets are. We see that the Masters dataset is extremely
correlated on average, which is another problem to clustering as shown by
(Sambandam, 2003) and should be handled. We notice that differencing
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helps to decrease average correlation for a highly correlated non-stationary
dataset, while has little impact on a low correlated non-stationary dataset.
We also observe that stationarity/non-stationarity does not yet imply
high/low correlation. We conduct differencing, which makes the majority
of the variables stationary under 90% confidence interval, but the impact in
terms of stationarizing the series is more for the Masters dataset. To obtain
our final dataset, we take the union of non-stationary variables from both
datasets, and drop from each, making sure the final Masters and PhD
datasets again have the same time series set, and the final set for each dataset
contains 9 time series. We consider differencing for each distance metric
and each dataset.If we compare the performance of the original series across
Table 2 and Table 3, we see that the clustering results are higher for all
distance metrics for the PhD experiment, thus we cannot claim that K-
Means for non-stationary dataset performs worse than on a stationary
dataset.However, we are less interested in the performance of the original
datasets and more interested in seeing whether making them stationary
improves performance. By looking at Table 2, we see that except for Soft-
DTW for k = 7, first-order differencing either keeps the same or improves
clustering performance with Euclidean, DTW, and Soft-DTW distance
metrics. From the results of Table 3 for the PhD experiment, although the
mixed results, first-order differencing is not very effective. With the
Euclidean metric, differencing mostly impairs results, for DTW,
differencing improves performance for k=2 and k= 3, but there is a reduced
performance for the remaining clusters. For Soft DTW, except for clusters k
= 3 and k = 6, Soft DTW improves performance. For the final datasets for
both experiments, we mostly observe a decrease in performance compared

to the first-order differenced datasets.
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Table 1: Stationarity for two datasets.
Time Series | Stationarity (P-value)
| Masters Dataset PhD Dataset
Original First-Order Original First-Order
£ Differenced | ="' Differenced
Number of woman entrants, persons 0.318 0.004 1.0 0.0
Number of man entrants, persons 0.353 0.0 1.0 0.06
Number of state order training woman entrants 0.586 0.0 0.837 0.08
Number of state order training man entrants 0.270 0.904* 0.953 0.197*
Number of paid training woman entrants 0.264 0.006 0.0 0.001
Number of paid training man entrants 0.147 0.0 0.304 0.780*
Number of woman students 0.746 0.001 0.840 0.144%
Number of man students 0.00 0.745 0.974 0.011
Number of state order training woman students | 0.653 0.009 0.639 0.0
Number of state order training man students 0.710 0.86% 0.001 0.011
Number of paid training woman students 0.991 0.0 0516 0.323%
Number of paid training man students 0.390 0.077 0.505 0.002
Number of woman graduates 0.997 0.154* 0.0 0.0
Number of man graduates 0.565 0.0 0.683 0.530*
Number of foreign woman entrants 0.195 0.0 0417 0.001
Number of foreign man entrants 0.640 0.0 0.0 0.25%
Number of foreign woman students 0.382 0.53* 0.908 0.033
Number of foreign man students 0.502 0.0 0.191 0.0

Asterisk (*) denotes a non-stationary time series, which is removed to obtain our final set of series

for both experiments.

Table 2: Masters Experiment Results.

Cluster Number | Euclidean DTW Soft DTW
.. First-Order o First-Order . First-Order .
Original Differenced Final | Original Differenced Final | Original Differenced Final
2 0.24 0.26 0.22 0.16 0.33 0.22 0.34 0.67 0.5
3 0.17 0.29 0.27 0.09 0.19 0.16 0.35 0.58 0.44
4 0.1 0.32 0.34 0.14 0.17 0.26 0.38 0.55 0.654
5 0.11 0.28 0.24 0.14 0.17 0.25 0.36 0.46 0.443
6 0.16 0.24 0.19 0.11 0.13 0.15 0.33 0.52 0.726
7 0.244 0.35 0.06 0.09 0.13 0.08 0.29 0.2 0.59
8 0212 0.32 0.1 0.09 0.13 0.1 0.09 0.44 0.59
9 0.227 0.26 0.1 0.1 0.01 0.39
10 0.214 0.25 0.1 0.07 0.29 0.4
Table 3: PhD Experiment Results.
Cluster Number | Euclidean DTW Soft DTW
- First-Order .. L First-Order . - First-Order .
Original Differenced Final | Original Differenced Final | Original Differenced Final
2 0.35 0.26 0.244 0.33 0.34 0.34 0.65 0.65 0.63
3 0.36 0.26 0.21 0.18 0.19 0.31 0.61 0.5 0.49
4 0.29 0.23 0.20 0.19 0.18 0.21 0.53 0.6 0.19
5 0.27 0.22 0.22 0.24 0.17 0.16 0.47 0.49 0.09
6 0.30 0.20 0.20 0.25 0.14 0.10 0.46 0.22 -0.07
7 0.26 0.14 0.09 0.24 0.12 0.3 0.34 0.36 0.2
8 0.26 0.13 0.11 0.21 0.14 0.04 0.20 0.60 0.04
9 0.27 0.12 017 0.15 0.11 0.27
10 0.29 0.14 0.17 0.11 0.11 011
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Table 4: PCA Results with Soft D'TW.

Cluster Number | Masters Experiment PhD Experiment

Original I‘%r.’\_l__()lqﬂ Final | Original l*|lr_.x‘|~‘()n‘lcr Final
n=10 Differenced e n=10 Differenced a6

n=10 n=10
2 0.63 0.55 0.36 0.43 0.57 0.56
3 0.30 0.37 0.21 (.68 0.47 0.57
4 0.27 0.30 0.58 0.58 0.34 0.35
5 0.37 0.29 0.24 0.49 0.32 0.07
6 0.35 0.27 0.31 0.42 0.27 0.06
7 0.06 0.30 -0.03 0.32 0.05 0.26
8 0.07 0.37 0.22 0.38 0.16 0.20

9 0.24 0.10 0.39 0.40

10 0.09 0.06 0.26 0.35

Table 5: Average correlation per Dataset.

Dataset Average Correlation
Masters 0913
Masters Differenced 0.379
PhD (0.243
PhD Differenced 0.245

To be able to understand how much of this is due to limiting the
number of features and what role stationarity plays in such results, we
conduct a dimensionality reduction using PCA and observe the clustering
results with the Soft DTW metric, which overall provides the best results
among three distance metrics for each experiment. We select the maximum
number of components to optimally describe the data. For both experiments,
the number of components is 10 for the original and first-order differenced
datasets, and 6 for the final ones, and this is a further indication of the overall
similarity of the experiments. For the Masters experiment (see Table 4),
PCA significantly improves performance over the original dataset, while
reduces performance over the first-order differenced and final datasets. This
finding demonstrates three points. The first one is that we only gain
information while conducting a dimensionality reduction on a highly
correlated non-stationary dataset, while loose information on partially and
fully stationary datasets, even with the optimal number of clusters.
Secondly, our first order differenced and final datasets from Table 2 contain
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more information. This may also indicate that the drop in the performance
of the final stationary dataset in Table 2 is mostly due to an information loss
after dropping stationary time series features with a union operation, which
removed stationary columns such as Number of paid training man entrants,
Number of paid training man entrants, Number of woman students, Number
of paid training woman students, Number of man graduates, Number of
foreign man entrants. From the PhD experiment results in Table 3, we
observe a performance drop in all the original, differenced and final
datasets, unlike the Masters Experiment results, where the performance
improved over the original dataset. Our findings allow us to summarize the
results in a few key points.

« For highly correlated non-stationary datasets (e.g., Masters
Experiment), irrespective of the distance metric, applying first-order
differencing for making the dataset stationary improves the clustering
results. Furthermore, our PCA findings show that for such datasets,
applying clustering on the original dataset will hurt the performance and
much better results can be obtained with a reduced number of features.
For partially stationary and stationary datasets, PCA is unable to
improve performance, and performance deterioration is observed. PCA
improves the performance of a non-stationary dataset, which, however,
is not as good as the one achieved with differencing. Whether
dimensionality reduction can fully substitute the stationarity procedure
needs to be further explored.

For low correlated non-stationary datasets (e.g., PhD Experiment),
making the datasets stationary has a nonsignificant impact on the

performance improvement. We attribute this to the fact that in such
cases, differencing further removes variable cointengration and may
hurt the results. we also observe that good clustering in terms of the
evaluation score may be achieved with nonstationary series as well. In
such cases, PCA hurts the results no matter the series are non-stationary,
partially, or fully stationary.
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6. Conclusion

This paper explored stationarity, a condition whose effect and
significance on the time series clustering performance has been little
investigated. We show that for non-stationary datasets with high
correlation, stationarity should be applied as a standard clustering procedure
as it helps to improve clustering performance. Further insights are obtained
with dimensionality reduction, which shows that in such cases the
performance can be significantly improved over the original dataset,
indicating that applying clustering on raw time series datasets may lead to
a reduced performance. In such cases, PCA improves results of non-
stationary datasets, the impact of which is still less than the clustering results
of a partially stationary dataset achieved with first-order differencing. We
also conclude that with lowcorrelated nonstationary datasets, achieving
stationarity with differencing may hurt cointegration and further worsen the
results, so one may need to particularly handle non-stationarity if the
variables are highly correlated. To observe the full effect of non-
stationarity, as part of our future work we may need to conduct experiments
with multiple little non-stationary low/highly correlated and highly non-
stationary low/highly correlated synthetic datasets.
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BJIMAHUE CTAIITMOHAPHOCTHU HA KJIACTEPU3ALIUIO
BPEMEHHBIX PAI10B

K.M. I'uwsan, X.C. Cmbamsan

Yuueepcumem bam (Beauxobpumanus),

Epesanckuii I'ocydoapcmeennviii Ynusepcumem
AHHOTALNUA

B nanHOIl Hay4HOM CTaThe pedb UJICT O TOM, YTO OOJIBIIMHCTBO CYIIECTBYIO-
LIIMX [MPUIOKEHUH KJIaCTepU3alliil BPEMEHHBIX PAIOB IOJaraloTcs Ha BBIIOJHEHHE
KJIaCTEpU3alMU UCXOAHBIX WM HEOOPaOOTAHHBIX JAHHBIX. B 3TOM KOHTEKCTE MBI 00-
HapyXHBaeM OOJBIION IIPOOEN B IUTEPATYPE, OCKOIBKY TaKOH ITOIX01 HTHOPHPYET
CTallMOHAPHOCTh, KOTOpas MpeAroiaraer, 4To CpeiHee 3HaYeHUe, AUCIIepCus 1 aBTo-
KOpPEJSIIUS psifia OCTAIOTCS MOCTOSHHBIME BO BpeMeHH. J{71st AByX HaOOPOB JAHHBIX C
HaOTIOICHUSMI BPEMEHHBIX PSAIO0B, KOTOPHIE OYCHb HECTAMOHAPHBI M MO3KE MPeod-
pas3yroTcsl, YTOOBI CTaTh YACTUUHO CTALHIOHAPHBIMU U CTAllMOHAPHBIMU, MBI UCCIEIY-
€M [IPOU3BOAUTEIBHOCTD AJITOPUTMA KIACTEPU3ALIUU C TPEMS IIOKA3aTENIIMU PacCTOs-
HUS, a 3aTEM BBINIOJIHSIEM YMEHbIIEHHE pa3MepHOcTH ¢ oMolupto PCA g nanpHeil-
nied OLEHKU Pe3yJIbTaTOB. MBI PUILIK K BBIBOLY, YTO, XOTA HECTALMOHAPHOCTDH HE
MOJKET YXYALUTH IPOU3BOAUTEIBHOCTD KJIACTEPU3ALUY, BBIIIOIHEHUE CTAlMOHAPHO-
ro Habopa JaHHBIX IJIs1 BBICOKOKOPPEINPOBAHHBIX HECTAIMOHAPHBIX HAOOPOB TAaHHBIX
MOXET 3HAUNUTEBHO YIy4IINTh IPOU3BOAUTEIBHOCTD KIACTEPU3AIUHU U TOJDKHO OBITH
YacThIO CTAaHAAPTHOM MpOLEAYpHl KIAacTepU3aliy BpeMEHHBIX PsiioB. JlanpHeimas
paboTa MOXKET BKJIOYATh U3Y4YEHHUE IPOU3BOAUTEIILHOCTH HECKOJIBKUX HAOOPOB JaH-
HBIX C Pa3HOI CTENEHbIO MYIbTUKOUTMHEAPHOCTH U CTAlIMOHAPHOCTH IS OoJjIee MmoJl-
HOro MoHuMaHus 3¢ dexra

KiroueBble c10Ba: BpEMEHHBIE Psi/ibl, KIIACTEpU3aLysl, CTALIMOHAPHOCTb.
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ABSTRACT

In this paper, we present a novel extendable fuzzing framework. The
framework can be extended to include new functionalities, which improve
testing results. In order to achieve extendibility, the framework supports a
flexible plugin management mechanism. All features of our fuzzing tool are
added as plugins and controlled via plugin manager. The framework supports
a number of default plugins for different tasks, such as input data mutations,
internet of things (IoT) devices fuzzing, network protocol testing, dynamic
symbolic execution invocation, target program run, coverage collection, etc.
The tool is capable of performing fuzzing for different inputs: files, standard
input, network, command-line arguments, and environment variables.

During the experimental setup, the tool found more than 280 defects on
14 programs under different Linux distributions. Also, it has found 15 unique
crashes on the Samsung Smart Things application, which were approved by
Samsung Electronics R&D.

Keywords: fuzzing, loT, mutation.

1. Introduction

Fuzzing [1] is one of the most used and efficient dynamic analysis
methods. It finds various types of defects through the execution of the target
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program. Fuzzing tools generate test cases and pass them to the target
program as input data. They usually repeat the following steps: 1) generate
input data, 2) execute target program with generated data, and 3) follow
execution process to record crashes/hangs. The results of testing are closely
dependent on generated input data.

AFL [2] is a state-of-the-art fuzzing tool. It can test programs, which
receive input data through a file or standard input. AFL collects code
coverage and uses a genetic algorithm to improve the quality of generated
data. It uses two types of instrumentation for code coverage collection:
dynamic and static. Static instrumentation is performed during program
compilation. Modified compiler referred to as AFL-GCC injects special
instructions for coverage collection to binary code basic blocks (BB). For
dynamic instrumentation, AFL uses a modified version of Qemu [3]. In the
latter, the program’s source code is not required. Lib Fuzzer [4] is intended
for the testing of separate functions. The user should write extra code from
which the target function is called. Peach [5] is a protocol fuzzing tool,
which uses special descriptions for target protocol.

Special attention should be paid to the library function testing.
Besides testing each function separately, an effective fuzzing tool should
test a combination of library functions (chains of library functions call).
Library function combination testing may reveal defects, which will not be
detected in the case of a separate testing. To the best of our knowledge, for
the testing of [oT [6] software there is no fuzzing tool, which can construct
functions call chains, where the return value of one function is used as an
argument in the other.

Existing fuzz testing tools cannot fully test software that receives
input in several ways. In addition, no testing tool will take into account the
chain of the library function calls. Therefore, we design and develop a fuzz
testing framework which is applicable to Linux and Windows operating
systems. It contains a flexible and extendable plugins management engine.
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2. Proposed fuzzing tool overview

2.1. Fuzzing framework description

To make the proposed fuzzing framework easily adaptable for

different tasks we have developed a plugins mechanism (picture 1). All

basic components of the framework are released as plugins. Users can add

custom functionality if existing plugins do not fit the solution of the

problem. All plugins have direct access to program execution trace and DB,

which keeps internal representation of target binary. More information

about implemented plugins can be found in [7] paper.
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Picture 1. Fuzzing tool overview.
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The core of the framework implemented in C/C++ as a platform-
independent unit. For parallel and distributed execution, we have
implemented a separate tool. The tool is responsible for the run and
management of fuzz instances. It only requires a shared folder between
distributed machines. Each fuzzing instance creates its working directory
on that shared folder and keeps execution results there. Periodically
instances synchronize with each other (import new discoveries from other
instances). Users can interactively increase or decrease fuzzing instances
count.
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Picture 2. API fuzzing wor kflow.

2.2. API fuzzing description

API fuzzing is fully automated and does not require any manual
intervention. For that purpose we added three separate plugins to ours. The
first plugin gets a jar file as input and generates annotations for its functions
and classes. Annotations contain all necessary information about the classes



J. Hakobyan 121

and functions (names, arguments list for each function).Input generator uses
annotations to generate a valid chain of function calls with corresponding
arguments. The second plugin uses annotations to generate functions calls
chain interpreters. The interpreter works on the target environment and
performs API functions calls. The interpreter gets functions calls chain,
iterates through them and makes calls. During function calls, the interpreter
follows the status of execution. If a defect is detected then the interpreter
interrupts execution and sends a message about the defect. After the
execution of the whole functions calls chain, the interpreter collects code
coverage and sends it back to the fuzzing tool. The last plugin is intended
for communication between the fuzzing framework and target environment
(it may be a separate device or virtual machine), where target library
functions are executed. The plugin sends generated functions calls chain
and receives execution status and code coverage.

Functions call chain generator:1) randomly selects functions from the
library as initial call chain,2) iterates through arguments list of initial chain
functions, 3) for each function argument finds other function from the
library that returns a value of the same type,4) inserts calls of detected
functions into initial call chain, then uses return values as arguments for
corresponding functions,5) if no function is detected for given argument,
corresponding object constructor is called to generate required value. Users
can manage the length of the call chin through a configuration file. The
platform keeps all interesting chains and does mutations on them. More
information about the platform can be found in [8] paper.

Usually, IoT systems are made as libraries and have public methods
for communication. The main goal of our tuned framework is testing loT
systems.

3. Results
We have evaluated the developed framework on different binaries

from different OS. Found more than 280 defects on 14 programs under
different Linux distributions (Table 1). All results are manually verified.



122 Design and develop methods for fuz: testing improvement
Table 1.
Results of experimental testing of ISP-Fuzzer
Name OS Plugin | Error type Number of
defects
colcrt Ubuntu-18.04 - Crash 19
column Ubuntu-18.04 - Crash 7
gthl Ubuntu-18.04 - Crash 20
troff Ubuntu-18.04 - Crash 4
tbl Ubuntu-18.04 - Crash 24
exiv2 Ubuntu-16.04 - Hang 1
captoinfo Ubuntu-16.04 - Crash 1
gtbl Ubunut-16.04 - Crash 20
infotocap Ubuntu-16.04 - Crash 1
exiv2 Ubuntu-16.04 | DSE Crash 1
bison Ubuntu-16.04 - Hang 2
Jjasper Ubuntu-16.04 | DSE Crash 19
colcrt Ubuntu-16.04 | DSE Crash 1
iptables-xml | Ubuntu-16.04 | DSE Crash 2
dc Ubuntu-16.04 | DSE Crash 4
teckit_compile | Ubuntu-16.04 | DSE Crash 1
tic Debian 6.0.10 | DSE Crash 2
tbl Debian 6.0.10 | DSE Crash 153

Besides the mentioned defects, IoTAPI fuzzing revealed15 unique

crashes in the Samsung Smart Things [9] application (Plugin Base API
library). All of them were approved by Samsung Electronics R&D.

4. Discussion

In this paper, we presented anew extendable and efficient fuzzing

platform. It can easily be adapted to new fuzzing tasks. API fuzzing
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approach proved its efficiency based on obtained results for real-world loT
applications. Experimental results have shown that the platform can

efficiently detect defects in real-world software.
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HNCCJIIEJOBAHUE U PABPABOTKA METOJOB HAIIPABJIEHHBIX
HA ITOBBIINEHUE D®PEKTUBHOCTH ®A33ZUHT A
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AHHOTALNUA

B nanHON Hay4HOH cTaThe NpeNCTaBIIAETCS HOBas U pa3BUBAIOLIAsCS cpela
¢as3-tecTupoBanmsl. JJaHHas cpena MOKET pa3BUBATHCS M BKIIIOUATH HOBBIC (DYHKIIHU-
OHaJIbHBbIE BO3MOXKHOCTH IJIsl YJIy4YIIeHHs pe3yJjbTaToB TecTupoBaHus. Cpena
COCTOHT W3 IIATHHOB, KOTOPHIE BO3MOXKHO HM3MEHSATH WM OOABIATH, WCIIONB3YSI
MEHe/DKep IUIaruHoB. DpedMBOpPK COAEPKUT pSAI PeaM30BaHHBIX ILIATHHOB,
KOTOpbIe oO0ecIe-uyMBalOT IIUPOKUH Habop (QyHKIMOHATA: MyTalMyd MJaHHBIX,
¢azzunT uHTEepHET Bemel (IoT), TecTHpoBaHHE CETEBBIX MPOTOKOJIOB, MHTETPAITUIO
JTUHAMHYECKOTO CHMBOJIBb-HOTO HCIIONHEHUS, 3allyCK IIeJICBOM MpOrpaMMbI U T.JI.
Cpena MOXXeT BBINONHATH (ha3-3uHT s (aiima, cTaHAZapTHOTO BBOJA, CETH,
apryMEHTOB KOMaHIHOW CTPOKH, ITepe-MEHHBIX OKPYKCHUSI.

Bo BpeMs sKCIEpUMEHTANBHOTO 3allyCcKa JaHHBIH HHCTPYMEHT BBISIBHI Ooee
280 nedekToB B 14 mporpammax B pa3HbIX aucTpuOytuBax Linux. Kpome Ttoro,
ObLTH BELIBIICHBI 15 yHUKaNBHBIX cOOeB B mprioskeHnd Samsung Smart Things. Bee
OHHM TIOJITBEPKACHBI OTIENIOM HCCiIeIoBaHul U pazpabotok Samsung Electronics.

KiroueBbie cjioBa: $a33uHT, HHTEPHET BElIeH, My TallHs.
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ABSTRACT

The growing popularity of cryptocurrencies attracts increasingly more
amount of people into the market. Such popularity and increasing number of
newcomers into the market, creates a fertile field for fraudsters to cheat on
public. One of the popular ways of fraud is the new formation of conservative
pump-and-dump schemes. By the time, pump-and-dump schemes attracted
the attention of cryptocurrency regulators and exchanges trying to predict
pump-and-dump events beforehand in order to make exchanges more secure
for the general user base. Such an algorithm can help them prevent pump-
and-dump events from happening by limiting buy and sell volumes of the
coin predicted to be pumped. As a result, cryptocurrency trading can
potentially become more secure. Other works in this field have information
about applying machine learning models trying to predict upcoming pumps.

Keywords: Machine Learning, Classification problems, Financial
analysis, Crypto market, Pump and dump events.

Introduction

Traditional pump-and-dump manipulation schemes are based on the
sequence of actions where the perpetrator first acquires a large long
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position, then publishes false information to induce market participants to
push prices up by buying the asset, and finally liquidates his own long
position at a profit [1]. Pump-and-dump schemes are used for a long time
in the conventional stock markets[8], however, as cryptocurrencies and
modern communication technologies such as Telegram allow for more
anonymity, these schemes started to occur on crypto exchanges as well [11].

In crypto exchanges pump-and-dump events mostly occur on coins
with low market capital as shown later in the research. We will analyze
features of the market and patterns of pump-and-dump events in order to
train a machine learning model predicting them with high accuracy [7].
Some of the remarkable works in the field are researches conducted by
Jiahua Xu [5] and Kamps, Josh and Kleinberg [10]. We used the research
mentioned above to compare the results of different algorithms with Jiahua
Xu's results to test new algorithms that may behave better with higher
accuracy.

1. Background to pump-and-dump events

Pump-and-dump schemes are based on the sequence of coordinated
actions, which brings to a short-term increase of price resulted from high
demand in the exchange [5]. These actions are coordinated by the
perpetrator/admin, who first acquires coins for himself, then publishes
information to other participants to start acquiring coins, which results in
high demand, therefore higher prices. After the prices spike, the
perpetrator/admin sells the acquired amount of coins in order to get profit.

1.1. Described process of pump-and-dump event

Pump-and-Dump event is organized by individuals or groups. Pump
organizers coordinate actions of people who buy and sell crypto coins.
People participating in the pump-and-dump event follow the signals of
pump organizers to start buying a particular coin. Admins broadcast a
message about the upcoming pump beforehand, giving the exact time and
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name of the exchange where the pump should happen. A few seconds before
the announced time, the name of the coin is published, usually in a form that
is hard to recognize by computer vision algorithms. Immediately after the
pump started, the price of the coin inflates, sometimes increasing several
folds. Eventually, the first price drop will appear, and members start to sell
coins as fast as possible, which results in the deflation of price, and usually,
price drops lower than the before-pump price. Such schemes are most
profitable for the administrators of the groups, as they buy coins beforehand
with low prices and sell them with inflated prices during the event getting
great profit.

2. Depth review of Pump-and-Dump schemes

Even though Pump-and-Dump events differ from each other by the
pump amount, sell and buy volumes, etc., they all have a common pattern
that can be detected to be implemented into the algorithm. To understand
those patterns, we will analyze multiple real pump-and-dump cases in
crypto exchanges.

We chose four pump events that happened on the “Binance” to work
with. The pump-and-dump events were targeting coins named WINGS,
VIA, STORJ and GXS, and happened in the timeframe from December 15,
2018, to February 20, 2019.

2.1. Phases of Pump-and-Dump event

Before analyzing the features and patterns of the pump-and-dump
events, we will break down such events into three diverse and abstract
phases. As mentioned in section 1.1, pump administrators acquire coins
beforehand at a lower price to maximize their profit. However, as the coins
that pump-and-dump targets have low market capital, as a result, the act of
acquiring coins by administrators also affects the price. We are going to
name this timeframe the “pre-pump phase”. This phase will be the main
target for the ML model. The timeframe after the start of the pump event
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and before the first price drop will be called “pump phase”. And lastly, the
timeframe after the first price drop will be called “dump phase” [12].

2.2. Price change patterns

The four graphs (Figure 2, 3, 4, 5) presented below illustrate the price
change, accompanied by volumes of buy and sell starting from one hour
before the pump and up to 4 hours afterward. These graphs perfectly show
the spike that happens during the pump. On these graphs, we can observe
normal prices and a relatively flat line before the pump start, described as
the “pre-pump phase”. After the first few seconds, the volumes of buy
orders increase significantly. The increased volumes of buy orders result in
immediate inflation of the price in the “pump phase”. After the first price
drop, the buy volumes decrease while sell orders increase, which brings the
prices back to the price of the coin before the pump as is typical to “dump
phase”.

Figure 2. Price plot of WABI. Figure 3. Price plot of GXS.
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Figure 4. Price plot of VIA. Figure 5. Price plot of STORJ.
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2.3. Volume change patterns

As it has already been stated, during pump events, the price of coin
inflates, resulting from the increased volume of people trying to buy the
same coin at the same time. The graphs represented in Figure 6 show how
the pump phase is accompanied with increasing volumes of buy orders,
which is natural to observe. Moreover, all four graphs show the increasing
amount of sell orders as soon as the prices started to drop, which was
described in section 2.1 as the “dump phase”. However, on the first graph,
representing the pump event of the GXS coin, we can see that after the
pump, in the dump, phase volumes started to increase one more time.
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Figure 6. Volume Plots of WABI, GXS, VIA and STORJ
during corresponding pump events.
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3. Analyzing Pump-and-Dump Data

In order to be able to analyze data and calculate features that are most
efficient for a machine learning model, data has to be gathered and cleaned.
First of all, hourly historical data of coins has to be collected. Afterward,
data about past pump-and-dump events has to be collected and combined
with actual historical data.

3.1. Collecting Historical Data

To collect hourly data of coins, we will need to fix three important
variables: the set of exchanges, the set of coins, and pairs. For this research,
four exchanges are chosen to be observed in addition to global data are:
“Binance”, “Yobit”, “Bittrex” and “Cryptopia”. A set of 577 unique coins
will be fixed to collect from all above-mentioned exchanges paired with
BTC.

The public API of “Crypto Compare” is used to collect data, giving
access to hourly OHLC (open, high, low, close) and volume data of given
pair in the selected exchange. Another important parameter is the Market
Capital of the coin. In the conventional stock market, it is expected for
pump-and-dump events to be orchestrated on stock with low market capital
[7]. The pattern has to be the same for the crypto market as well, as lower
market capital allows easier manipulation of price [5]. For this matter, we
will use API from “Coin Market Cap” to gain the market capital of all coins
at a fixed timeframe of December 1, 2019 [5]. We believe that other features
of coins are not important enough to affect the results of the machine
learning algorithm, thus we do not collect them.

3.2. Collecting and Combining Pump-and-Dump data

After the historical data of coins is available, the corresponding data
of pump-and-dump events has to be collected. “Pump Olymp” provides a
list of ended pumps for the needed time interval. The data includes the name
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of the coin, exchange, timestamp, estimated profit, etc, which is more than
enough to analyze and combine with actual historical data.

Given the historical OHLC data for the coins and exchanges, the data
has to be combined with pump-and-dump events. For this purpose, we need
to find the best fitting timestamp in historical data for each timestamp of the
pump-and-dump event. This can be accomplished by calculating the
minimal difference between all possible combinations of data points.
However, it is important to be attentive for the difference to be less than
3600 seconds, as most pumps do not take more than an hour, and we do not
want to label data without the pump happening as a “Pump”. As it can be
observed from the graph in Figure 7 most points, do not differ from each
other for more than a half-hour, and others are exactly the same, which is
an excellent result. This means that the data can be combined without
significant information loss.
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Figure 7. Difference of historical data and pump data timestamps.

3.3. Importance of the Exchange

Pump-and-Dump events have to happen in one of the exchanges
available.“Binance” and “Bittrex” are less popular as they mainly host coins
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with large market capitals. In comparison, “Cryptopia” and “Yobit” host
coins with lower market capitals which are easier to manipulate, resulting
in higher popularity among pumping groups. This suggestion can be
confirmed by pump-and-dump data in each exchange seen below (Figure
8). Based on this data, we will focus on pump-and-dump events that
happened in “Cryptopia”.
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Figure 8. Distribution pump-and-dump events between the exchanges.

4. Predicting Pump-and-Dump Events
4.1. Choosing Features for the Machine Learning model

As the paper has already shown, pump-and-dump events have
patterns that repeat. Thus, theoretically, there is a possibility to use market
indicators and features based on them to predict upcoming pump-and-dump
events. When combining historical data and pump-and-dump event data, we
will mark each point with a Boolean value representing either being a pump
event or not. Moreover, as we have already seen, pump organizers start
buying coins prior to the pump to maximize their profit. As a result, we can
base our features on time windows of different lengths, which will provide
us with data of coin state before the pre-pump phase and state during the
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pre-pump phase. In order to achieve such results, timeframes of lengths 3,
12, 24, 36, 48, 60, and 72 hours are chosen.

Given the timeframes that will be used, features have to be chosen to be
calculated on them. One of the most common descriptors of the trend of the
market is the price return [7]. In this paper, an x hour return will be
calculated with 1-hour margin from the pump signal

_ Pr_1 —Pt—1)—x

Tx

Pito1y—x

where x € [3, 12, 24, 36, 48, 60, 72] and ¢ is the time of the pump signal.

We also want to know how much the one-hour return fluctuated [7]
in the given time frame. For that reason, the variance of one-hour returns
will be calculated, which is also known as return volatility

returnvolatility, = Var (")

where n € [3, 12, 24, 36, 48, 60, 72] and 11" is the set of one hour returns
in the time frame t-1 to (t-1)-n.

Given the returns and return volatility, the algorithm can track the
price changes. However, we have seen in the analysis that buy and sell
volumes change as well and have small fluctuation in the pre-pump phase
and great changes during the pump phase. As a result, the volume-from and
volume-to and their volatility can be considered as features. Volume-from
and volume-to represent data points from the collected dataset at the given
timestamp of t—x and defined as vx. The volatility of volume-from and
volume-to is defined as follows

volumevolatility, = Var(v,)

where n € [3, 12, 24, 36, 48, 60, 72] and va is the set of volume-
from/volume-to for the time frame t-1 to (t-1)-n.
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In addition to these parameters, last hour price, return, volume-from,
and volume-to will be added as features. Through experiments on the
machine learning models described later, the market capital was classified
redundant (not affecting the accuracy of the model).

4.2. Creating Training Dataset

In order to create data to train machine learning models on, historical
data and pump data have to be used to create a new dataset with the features
mentioned above. A python script will find the closest historical data point
for each pump case, retrieved from pump dataset. After that, for every coin
fixed, the above-described features will be calculated, getting the label
“pumped = False,” and only the coin mentioned in pump data will get the
label “pump = True”. As a result, for each pump case in the pump dataset,
576 “pump = False” labeled data points will be added.In the pump dataset,
approximately 192 pump cases were retrieved. The above algorithm results
in data consisting of 192 pumps and 110592 non-pump datapoints. Such
data can be considered extremely skewed and requires subtle handling in
the models. Finally, with all features calculated, the dataset will have the
columns illustrated in Figure 9.

‘Name", 'Symbol', 'datetime', 'pumped’', 'last price', 'last volumefrom',
'last volumeto', 'last return', ‘return3h', 'returnizh', ‘return2ah’,
"return3sh’, 'return4sh’, ‘returneeh’, 'return72h’', 'returnvola3h’,
"returnvolaizh’, ‘returnvolazah', 'returnvola3eh’, ‘returnvolaash’,
‘returnvola6eh’, 'returnvolaz2h’, ‘volumefrom3h', ‘volumefromizh',
‘volumefrom24h', 'volumefrom3sh', ‘volumefrom4sh', 'volumefroméeh’,
‘volumefrom72h', 'volumefromvela3h', 'volumefromvolaizh',
‘volumefromvolaz24h', ‘volumefromvola3eh', ‘volumefromvolaash®,
'volumefromvolaseh', ‘volumefromvola72h', 'volumeto3h', 'volumetoiz2h’,
‘volumeto24h', 'volumeto3eh', 'volumeto48h', 'volumetogeh’,
‘volumeto72h', 'volumetovolazh', 'volumetovolalzh', 'volumetovola24h’,
"volumetovola3eh', 'volumetovola4as8h', 'volumetovolaeeh',
‘volumetovola72h'

Figure 9. List of columns of training dataset.
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4.3. Handling Imbalanced Datasets

The imbalance of the dataset affects the training and testing of the
machine learning model. Both training and testing datasets have to be
chosen carefully to get real and precise measurements of the model's
performance. There are two popular ways to model evaluation train-test
split and k-fold cross-validation. Both of these algorithms are excellent
when working with balanced data but can result in inaccurate results in case
of imbalanced data [6]. In the case of the classification model, evaluation of
the accuracy is more important and more complicated. In order to evaluate
a classification model, a set of labeled data different from the train dataset
is necessary. To acquire such data, developers use the train-test split, where
the dataset is cut into two parts with a certain percentage (50-50%, 80—
20%). However, as already mentioned, both of these algorithms fail to give
accurate results in case of highly imbalanced datasets. The reason for the
failure is that generated testing dataset will be imbalanced as well, and
because it is only a sample from the big dataset there is a high probability
of having only a few datapoints of the minor class. We will use the
technique of changing the accuracy measurement. Instead of measuring the
percentage of right prediction from whole data, one of the measures of
“Confusion Matrix”, “Precision”, “Recall” and “F1 Score” can be used [6].

4.4. Selecting Models

To predict upcoming pumps, we will use different algorithms of
classification and logit regression [17]. As it was already mentioned, the
training dataset is heavily skewed, which results in bad performance for
some models. We will use some of the best performing models used in
classification problems, such as Adaptive Boost, Gradient Boosting, KNN,
and Random Forest. We do not expect Adaptive Boost and Gradient
Boosting to perform well as these algorithms are not suited for working well
with skewed data [13]. On the other hand, the KNN algorithm can show
good performance but needs Hyperparameter tuning to increase
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performance [15]. Finally, the specifics of the Random Forest algorithm
allowing to choose a random sample for training of each sub-tree allows to
handle skewed data. The process of choosing random sub-samples or
otherwise called stratification, allows us to give weights to classes in the
sample, thus eliminating the skew of data. Moreover, this algorithm handles
a big number of features remarkably, which in our case is 50. However,
Random Forest is not intuitive in providing information about feature
importance [16]. For the logit regression model, GLM or Generalized
Linear Model will be used. In contrast to Random, Forest GLM performs
poorly in the case of overfitting features (feeding too many features).
However, GLM has a very optimized algorithm allowing it to handle big
datasets with ease while still providing acceptable results. Finally,
performance measures for all above mentioned models are available In
Figure 11. For Random Forest and Adaptive Boosting Model the ROC
Curves are illustrated in Figure 12.

4.5. Adaptive Boosting Model

In order to implement the ADA boost algorithm, we will use “Scikit-
learn™ [3] library's ensemble package [14] containing a great amount of
different ensemble classification models [16]. For the ADA boost classifier
hyperparameter, “n_estimators=100” will be defined. After setting up the
train dataset and importing all needed modules, the ADA boost classifier
can be trained. The classifier was trained on train data, which is an 80%
split of calculated data. Other 20% was used for testing purposes.

We will be looking for three parameters: ROC curve, Precision, and
F1 Score to analyze the model's performance. Figures 11 shows that
precision for predicting pumps is 56%, with an f1 score of 0.21.

4.6. Gradient Boosting Model

Gradient Boosting Model will be trained in the same way as previous
model. For this model,we will define Hyperparameters “n_estimators=100",
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“learning_rate=1.0", “max_depth=10" However, as we can see from
performance measures of Gradient Boosting, the model performed bad with
low accuracy and f1-score for pump cases as it was expected.

4.7. GLM Model

For the GLM model, we will use the implementation of “Stats
Models” [4]. We will train two generations of the GLM model, each getting
different parameters, by purging the ones marked as non-important by the
previous generation. For the first GLM, we will not remove any features.
After that, we can choose a set of features to be dropped. For the second
generation, we will keep only columns representing 1, 36 and 48-hour
returns and print report to evaluate the performance (Figure 12).

4.8. K-Nearest Neighbors model

The KNN model is also implemented using the “Scikit-learn” model.
The KNN requires three hyperparameters of leaf size, the number of
neighbors, and the type of distance to use, either Euclidean or Manhattan.
In order to find the best parameters for the model, we do hyperparameter
tuning using GridSearch CV (implemented from “Scikit-learn”). We fixed
possible parameters of leaf size in range (1, 30), the number of neighbors in
(1, 10), and parameter “p” responsible for distance measurement algorithm,
which can be either 1 or 2.The GridSearch results for train data showed
optimal parameters of “leaf size = 30", “n_neighbors=7", and “p =2”. After
training the KNN model with the following hyperparameters, we see

precision for predicting pumps is 75%, with an f1 score of 0.86.
4.9. Random Forest Model
As it was already mentioned, Random Forest can use stratification in

order to handle imbalanced data and created a balanced sample. In the
python implementation, the stratification cannot be controlled precisely by
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giving a number of elements from each class like in R. In this case, we will
use the arguments “bootstrap = True” and “class weight = balanced
subsample”. These arguments allow the Random Forest classifier to stratify
the main dataset by selecting entries from each class while keeping the
balance in the subsample.

For this model, precision for predicting pumps is 92% with an f1 score
of 0.70, which is an excellent result.

Model Name "Not-Pump" Precision "Pump” Precision "Not-Pump" Recall "Pump” Recall “Not-Pump" fl-score "Pump" fl-score Accuracy
Adaptive Boosting 10 0.56 1.0 0.13 0.21 0.21 10
Gradient Boosting 0.99 0.04 0.17 0.95 0.29 0.08 0.29
K-Nearest Neighbors 10 0.75 0.99 10 0.99 0.86 0.99
Random Forest 0.98 0.92 1.0 0.56 0.99 0.78 0.98

Figure 10. Model measures report.
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Figure 11. ROC Curves of AdaBoost and Random Forest Classifiers.
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Generalized Linear Model Regression Results
Dep. Variable: pumped No. Observations: 47114
Model: GLM Df Residuals: 47113
Model Family: Binomial Df Model: @
Link Function: logit Scale: 1.9@0e
Method: IRLS Log-Likelihood: -517.91
Date: Sat, 10 Apr 2821 Deviance: 1835.8
Time: 02:04:07 Pearson chi2: 4.57e+04
MNo. Iterations: 18
Covariance Type: nonrobust
coef std err z P>|z]| [@.a25 8.975]
datetime -4.316e-09 8.29e-11 -52.047 2.e00 -4.482-09 -4.15e-89
last_return 4.4484 0.813 5.47@ 2.e00 2.854 6.042
return36h 1.4267 1.106 1.297 @.195 -0.729 3.583
returnds8h 2.1819 1.e8@ 2.020 @.043 8.064 4,299
Figure 12. GLM?2 Results.
Conclusion

As a conclusion of the study conducted, we showed that it is possible

to predict the upcoming pump-and-dump events using machine learning
algorithms. Testing different models, while considering the fact that data is

severely skewed, we found out that out of five models tested, Random

Forest showed the best performance. Thanks to the stratification algorithm

in Random Forest was able to get 92% accuracy in predicting pump events.

For future research, an algorithm for handling skewed data, possibly

including stratification, before feeding to the model can be developed. Such

algorithm can allow usage of wider range of machine learning models that

can potentially perform better than the Random Forest.
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OBHAPYXEHUWE U NIPEJCKA3AHUE CIIYYAEB
HAKAYKH U CBPOCA ITIOCPEJACTBOM IPUMEHEHUA
MOJIEJIE MAIIIMHHOI'O OBYYEHMUSI

0. 3ozpaésan, I'. I'pucopan

Epesanckuii I'ocydapcmeennviii YHusepcumem

Hlanxavickuti Ynusepcumem Ixonomuku u Qunarncoodc

AHHOTAIUA

B nanHO#1 cTaThe peub UAET O MOMYJISIPHOCTA KPUNITOBAIIIOT, KOTOPHIE ITPHUBJIC-
KaroT Ha PHIHOK Bce OoutbIie jiroiei. Takas MmomyssipHOCTh M POCT YKcia HOBUYKOB Ha
PBIHKE CO3al0T OJIArOJJaTHYIO TOYBY JUISl MOIIIEHHUKOB, YTOOBI 00MaHyTh 0OIIecT-
BeHHOCTh. OIMH U3 MOMYJISPHBIX CIIOCOOOB MOIIEHHUYECTBA — 3TO HOBOE (hOPMHUPO-
BaHHE KOHCEPBATHBHBIX cxeM pump-and-dump. B HacTosiiiee Bpemsi cXeMbl HAaKaYKH
u cOpoca MPUBJICKIN BHUMAHUE PETYJISTOPOB KPUIITOBATIOTHI ¥ OUPIK, MBITAIONTUXCS
3apaHee Tpejicka3aTh coObITUs pump-and-dump, uToOBI cienats 0OMeHbI Oonee 6e30-
MACHBIMU JIJIs 00MIei 6a3bl MmoJib30BaTeNel. Takol alrOpuT™M MOXKET MTOMOYb UM TIpe-
JIOTBPATUTh COOBITUSI HAKAYKH M COpOCa, OrpaHUIMBasi 00bEMBI TIOKYTIKH U TIPOJaXKH
MOHETBI, KOTOpasi, 10 MPOTHO3aM, OyJIeT HakadaHa. B pe3ynbTare TOproBis KPUITO-
BAJIIOTOM MOTEHI[HAILHO MOKET CTAaTh Oosiee O€30macHOii.

KiroueBble c10Ba: MaluHHOE 00y4eHHe, IpoOieMsbl KiIaccupukanuy, puHan-

COBBIN aHAIN3, KPUITOPHIHOK, COOBITHS HAKaYKH U cOpoca.
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ENABLING IN-FIELD OPERATION
PROGRAMMABILITY FOR BUILT-IN SELF-TEST
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National Polytechnic University of Armenia
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ABSTRACT

This paper describes Built-in self-test (BIST) solution with in-field
operation programmability. This feature allows to have flexible test
operation set for BIST. This can be configured after design stage of System
on Chip (SoC). Thus, the custom algorithms, which could not be used for
solutions with fixed operation set, are now available through this method.

Keywords: Memory Testing, System-on-Chip, Programmable Ope-
rations.

1. Introduction

The reliability of the memories in integrated circuits (IC) is one of the
most important factors for the normal behavior of systems on chip (SoC).
Different solutions, in general a BIST, were made to increase that reliability
[1-3]. Usually, BIST solution is a processor, which has control over the
memories in an IC, has control logic for the test sequence execution,
coordinates its possible configurations and programming with other
intellectual properties (IP) through provided interface.

To test a certain type of memory, the possible defects of that should
be investigated and corresponding fault models should be defined [4]. After
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the definition of that fault models, the algorithm, which can detect required
types of such faults, is defined. The algorithm consists of operations, which
drive the memory ports. The operation set is hardwired in current
implementations of BIST processors, it is defined during design stage and
some combinations cannot be applied on the memory ports. In other words,
there is no possibility to declare new test operations after production. The
more operations in BIST processor, the wider possibilities for testing
memories. The programmability of these operations allows to have
flexibility during execution of an algorithm, which can be useful not only
for testing memories but also for their diagnosis.

2. BIST components
2.1. Programmable array for operations

At first, it is necessary to understand what the programming of an
operation means.

Operation Array

Operation 1 —

Operation 2

Operation
Programming/Selecting
inputs

Operation 3

Memory Driver
> (Bus/Direct
Connetion)

Operation N

v
Current Operation |_

Fig 2. Operation Array Block Diagram.
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Operation array consists of words (registers), which carry the code
of operations, the input multiplexer which enables the connection to a
word, and the register, which carries the reference (address) value of the
corresponding word. The presence of such a structure increases the area
of the processor depends on array size.

In Fig. 2, operations 1, 2, 3,..., N (N can be defined by the user at
design stage) are responsible for enabling or setting some bits in final
operation register, which drives the ports of the testing memory. The
single operation element, carrying certain code, configures the memory
driver in such a way, how it is loaded in the final operation register with
specified format. The size of the element in array is determined by
considering the memory ports, which should be driven, data patterns and
other factors as well. It is not required to have all these descriptors in
single operation cell, which means, that, for example, data pattern can be
common for all these cells. As an example, for simple write operation
with solid pattern (all “0”s/”1”s) the operation register should be
configured in this way (the enabling of one signal is done by its setting
logical “17)

OP_WRITE_0=000...000 0 1

Usually, operations have their own names, which is more
understandable to users and it is more convenient to work with them.

In this example, the least significant bit (LSB) is directly connected
to write enable bus of the processor. The nextbit is responsible for data
pattern (for solid pattern one bit can be expanded by length of the bus
data size, for other patterns it becomes larger). The data pattern can be
generated by another component, so the existence of the corresponding
bit(s) is(are) optional. Below scheme shows a brief view of one operation
structure (Fig. 3).
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Data Pattern

i i S dart 2 g ), A -
Custom Port N Custom Port 2 Custom Port 1 Bits Write Enable

Operation
Code

(OP_WRITE _0)

Driver
(Memory Inputs)

] pout

Memory

Fig 3. Write Operation Configuration.

The operation selection and programming are done through
multiplexers, so, to make a march algorithm, only operation references
(positions) are used.

Besides the ports, which are driven by processor, some flags (for
example comparison flag) should be set when reading data from the
memory. If operation contains comparison event, then the corresponding
flag is transmitted to the comparator which gives an information about
comparison. For operations, which contain comparison event, the
expected data is givenconsidering the data pattern and special memory
ports which can affect during write operation.

An 8x32 memory (Fig. 4) will be used as an example. Its portsare

described Table 1.
Table 1.

Pinout description for memory 8x32.

Port Name Description
WE Write Enable
ME Memory Enable
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D Input Data
ADDR Address
BE Byte Enable
Q Output Data
P1...PN User Specified Ports
Memory 8x32 /k 32 bits
e N
WE /_’ »\
=) =
ME
= =
D[31:0] - —p- > Q[31:0] >
- > -
Pl > >
E—— —> —>
PN
— — —>
ADDR[2:0] 4 4 4 4 ADDR[2:0]
|
BE[3:0]

Fig 4. Memory 8x32.

Using the different approaches to implement the test environment
for the memory [5-6], the final view of the system is presented in Fig. 5.
The description of the operations for this memory is presented in Table
2.
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WE
00 111111 control >
contro! ME
o1 | 101111 signals >
10 110000 D[31:0]
11 | 100000 >
ADDR][2:0]
Data and .
Address
External Algo Box Generator/ BE[3:0]
oy [nterface Controller
Controller f P1...PN
| TG =y —
APB €IC.) lupl  Controller
Compare enable
Data
31:0
Comparator » L

Memory
8x32

Fig 5. The usage of the programmable array for the operations for the memory 8x32.

Table 2.
Pinout description for the memory 8x32
Operation Name ME WE BE Operation | Operation
address pattern
OP_ WRITE_<D/!D> active | active all 00 1.1 1111
inactive
OP READ <D/!D> active | inactive all 01 1 01111
inactive
OP_WRITE B<D/!D> | active | active all 10 1 1 0000
active
OP READE B<D/!D> | active | inactive all 11 1 0 0000
active

3. Conclusion

The wide range of the operations allows to have fully control over

testing memories which can be reached by the suggested programmable
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operation array. This feature allows to have operations after the design
stage and change these operations for the different test sequences by
increasing the areaof the processor.The operation format is described.
The working principle of this array and the execution of the operations
are introduced.
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CO3JJAHUE BO3MOXHOCTH NPOI'PAMHUPOBAHUSA OIIEPALIIUN
A1 BCTPOEHHOI'O CAMOTECTUPOBAHUA

A.B. babaan
Hayuonanvnoui Ionumexnuueckux Ynusepcumem Apmenuu
AHHOTALUSA

B nanHOI cTaThe MPEACTaBIAETCS BCTPOCHHOE CAMOTECTUPOBAHUE C BO3MOXKHOCTBIO
MIPOrpaMMHPOBAHUs omlepanuu. JTa (QyHKIUS MO3BONISIET UMETh THOKUil Habop orme-
panuii TeCTOB [T caMOTeCTHPOBaHuA. JlaHHBII HA00p MOKHO HACTPOUTB ITOCTIE dTara
MpoeKkTupoBaHus cucteMbl Ha Kpucramie (SoC). Takum oOpa3oM, MOJIB30BATEIbCKUE
ITOPUTMEI, KOTOPBIE HENB3s OBIJIO MCHOB30BaTh IS PEIICHUH ¢ (PUKCHPOBAHHBIM
Ha0OpOM Omepanuii, Tenepb JOCTYITHH Yepe3 JaHHBIH METO.

KiroueBble cjioBa: CaMOTECTUPOBAHME BCTPOCHHOM NaMATH, CHCTEMa Ha
KpHCTaJlIe, IPOrpaMMHUpPyEMBIE OIIepaIyy.
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BEHYMAPKHUHI' UTHCTPYMEHTOB CPABHEHUA
BUHAPHOI'O KOJA TIPOI'PAMM
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Poccuiicko-Apmanckuii Ynusepcumem!'

Epesancxuii I'ocyoapcmeennviii Yuueepcumem?
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AHHOTALNUA

B nannOi#i cTaThe paccMaTPUBAIOTCS MHCTPYMEHTHI CPaBHCHUS OMHAPHO-
ro KOZla IPOrpaMM, KOTOPBIE HIMPOKO MCHOIB3YIOTCS IS aHAIN3a YsI3BH-
MOCTEH, MOUCKa BPEJOHOCHOTO KOJIa, 0OHAPYKEHHS HApYIIEHUI aBTOPCKUX
npaB u T.1. B cTatee paccMaTpuBaloTes JIydIine 1Mo pe3yibTaTaM TPHU HHCT-
pyMeHTa u3BecTHbIX Ha MOMeHT — BCC, Bin Diff, Diaphora. MHcTpyMeHTHI
OCHOBaHBI Ha CTATHYECKOM aHaJM3e Mporpamm. B kauecTBe BXOAHBIX JIaH-
HBIX MTOJYYalOT IBE BEPCHH MPOTrpaMMBI B OWHApHOI popme U comocTaBis-
10T uX (yHKIH. [[enbro cTaThy SBIACTCS OIICHKA KAUYSCTBA BBIICYTOMSHY-
TBIX HHCTPYMEHTOB. J{71s 3TOr0 HaMu pa3paboTaHa CHCTEMa TECTUPOBAHUS
IUTST aBTOMATHYECKOTO ONPENeNIeHHS TOYHOCTH U TIOJHOTH KaXKIOTO MHCT-
pymenTa. F1 — Mepa Ha pa3paboTaHHO crcTeMe TECTUPOBAHUS Il HHCTPY-
meHTa BCC — 85.6%, nns BinDiff — 82.4%, nns Diaphora — 64.7%.

KuroueBsle cioBa: ananu3 ounaproro kona, BCC, BinDiff, Diaphora.

BBenenune

WHCTpyMEHTBI CpaBHEHHSI OMHApHOTO KOJA MPOTPaMM CIIYXKaT st
CpaBHEHUSI IBYX BEPCUH MPOTPaMM C TICIIbIO BBISIBIICHUSI KX CXOJICTBA U pa3-
mnuuii. CpaBHEHHE MOKET ObITh Ha YPOBHE 0a30BBIX OJI0KOB, PYHKIUI HITH
HEJBIX IporpaMM. YacTo UCXOHBIN KO IPOTrpaMMbl HEJIOCTYTICH, TOITOMY
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B TakKMX CIy4asX CPaBHEHHE JBOMYHOIO KOJA MMEET OCHOBOIIOJIArarollee
3HAYCHUE.

BbolsiBieHHE CX0XKECTH U pa3IndMil UCHOJHSAEMBIX (ailyioB sBIsETCS
CJIO’KHOM 3aJa4eil, MIOCKOJIbKY M3-3a MPOLECCa KOMIWISLUN MOXKET Tepsi-
ercs (B 3aBUCUMOCTH OT ONTHMU3ALNNA) OOJbIlIas YaCTh CEMAHTUKH MPO-
rpaMMBl, BKJIIOYasi IMEHA NIEPEMEHHBIX, IMEHA (YHKIUN M ONpeIeTCHHs
CTPYKTYp AaHHBIX. boyiee TOro, pe3yabTUPYIOIIMI ABOUYHBINA KOJ MOYET
3HAQYMUTEJIBHO M3MEHMUTHCS IPHU HCIIOIB30BAHHM Pa3HBIX KOMIIWISATOPOB,
pa3HBIX ONTUMH3ALMIA 1 BEIOOpE Pa3IUYHbIX IIEJIEBBIX ONEPAIIMOHHBIX CHUC-

TE€M U apXUTEKTYP.

Hcxonnsiit ko 1 Bepcuu nporpaMMbl

v

Kommumnsirop 1 Kommnumnstop 2

Hcxonuslil Ko 2 BEpCHU IIPOrPAMMBI

bunapHslit ko 1 BepCHHIIPOrpaMMBI ¢ bunapHslii KogBEpPCHU 2[IPOrPaMMBI €
0Tia10uHOit uHMOopMarueit omiagoyHoHrH(OpManueit

CorocrapieHne GYHKIHN Ha OCHOBE UMEH

DraioHHbIe Tapbl HYHKINI

Puc 1. Onpeoenenue nap gpynrxyuii, Komopwvie 8 UOCAIbHOM CIyYae OONNCHbL HAMuU
UHCTPYMEHMObL.

CpaBHeHHE OMHAPHOTO KO/1a TPOrpaMM UMEET IIMPOKHHA CTIEKTp TpH-
MEHEHHS — TaKOW, KaK MOUCK OMIMOOK, 0OHApy>KEHHE BPEIOHOCHBIX MPO-
rpaMMm, X IIPOUCXO0KICHHUE U KJIaCTepU3als, aBTOMaTU4YECKask FeHEPALMS
WCTIPaBJICHUH, aHAJIU3 UCIPABICHUH, NEpeHOC MH(OPMAIMH MEXIY Bep-
CHSIMH TIPOTPaMM U OOHapyXeHHE HapYIICHUI aBTOPCKHUX MPaB MPOTpaMm-

MHOT'O 00€eCTIeUeHHUS.



152 Benumapxunz uncmpymenmos cpasHenus Gunapnozo Kooa npozpamm

CyniecTByloT MHOTO pPa0OT, IMOCBSIICHHBIX aHAIN3Y W3MECHCHUU
nporpaMM. B craThe mpencTtaBieH 0030p M CpaBHEHHE WHCTPYMEHTOB
BinDiff (T. Dullen & R. Rolles, 2005).

Diaphora (Koret) m BCC (Aslanyan, Avetisyan, Arutunian,
Keropyan, Kurmangaleev, & Vardanyan, 2017), koTopbie Ha JaHHBIA MO-
MEHT IMOKa3bIBAIOT HAWIYUIINEe Pe3ynbTaThl. sl cpaBHEHUST MHCTPYMEH-
TOB pEaJM30BaHA TECTOBAs CHCTEMa, C MOMOIIBI0 KOTOPOW MOXHO BBISI-
BUTH, HACKOJIBKO XOPOIIO pabOTaIOT HHCTPYMEHTHI.

O030p HHCTPYMEHTOB

B uncrpymente BinDiff (Bepcus 6) [1] peanusoBansl pa3Hble METpu-
KU JJIs1 CONOCTaBICHUs QYyHKIMNA. METpUKH CYMTAIOTCS HAa OCHOBE TpadoB
MOTOKA ynpaBJieHus U rpadoB BeI30BOB GpyHKLUH. B paboTe aBTOpHI NIpe-
naratot metoj Beruucienus (MD-index) xema mist rpados. Jlanee MD-
Index ucnonp3yercs A BBIYUCICHUS METPUK Ha rpadax.

WNuctpyment Diaphora (Bepcust 2.0.3) [2] comocTaBusieT GyHKIIUU C
MIOMOIIBIO Pa3IMYHBIX HAOOpPOB 3BPUCTHK («IyYILIHE COIMOCTABICHUSY,
«YaCTUYHBIC Y HEHAJIC)KHBIE COMOCTABJICHUS», «HEHAIS)KHBIE COTIOCTABIIC-
HUS»). DBPUCTUKU IPUMEHSIOTCS TI0 OU€PE/I; €CIIU MOCIIe TPUMEHEHUS Te-
KyILeH 9BPUCTUKHU OCTAIOTCSI HECOMOCTABICHHBIE (PYHKIUH, TO TPUMEHSET-
cs1 npyrast QyHKIHSL.

Pa6ora unctpymenta BCC [3] nenutcs Ha aBa sTama. Ha mepBom sta-
e MPOUCXOAUT TeHepauus rpados 3aBucumocteil nmporpammsl (I'3I1) u
rpada BbI30BOB (yHKIHMH. Ha BTOpOM 3Tame mpouCXOIUT COTOCTABICHHE
(byHKIMH HAa OCHOBE CTEHEPUPOBAHHBIX I'Pa)OB. ANTOPUTM COMTOCTABICHHUS
byHKIMH cocTouT M3 ABYX STamoB. CHavyana (yHKIMH COMOCTABIISIOTCS
IIpY MOMOIIIHX psiia 3BpUCTUK. Hanmpumep, nmapbl GyHKINN COTOCTABISIOTCS,
€CITM XEUIN acceMOJIEPHOTO KOJla OJMHAKOBHI. Te (QyHKIUHM, KOTOpBIE HE
COIOCTABJISUTUCH C TIOMOIIBIO ABPUCTHK, COMOCTABIIAIOTCS C MTOMOIIBIO aJjl-
ropuTMa onpezeneHust MakcumanbHoro obmiero noarpadga 311
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BuHapHbiii Koo 2 BEPCHM NPOrPaMM bl ©
oTAanouHon HHpopMaumei

Ynanewwe cumsonos

BuHapueiit kog 2 Bepcun
nporpaMme Bes cumBonos

BuHapHuit koa 1 Bepcui nporpaMmel ©
oTragouHoimidopmaumei

STanoHHbE Naps
dyHHLmi

ToumocTs, noaHoTa

Puc. 1. Onpedenenue moynocmu u ROIHOMbL UHCIPYMEHMOB.

CxeMa TeCTOBO# CHCTEMBI

Cxema TecTOBOH CHCTEMbI COCTOUT U3 JIBYX YacTeld — aBTOMaTH4ec-
Kasl TeHepalys TECTOB U TECTUPOBAHNE MHCTPYMEHTOB C MCIOJIb30BAHUEM
reHepupoBaHHbIX TecToB. Ha Puc. 1 mpencraBieHa cxeMa aBTOMaTHYECKOM
reHepanuu TecToB. [Jjist 3Toro ncnosb3yroTces ABe Bepcuu (He 0043aTeNbHO
pa3HbIe) OJIHOM U TOM ke porpaMMbl. CHauama UCXOTHBIN KO 000MX Bep-
CUH KOMIWIMPYETCS C OTJIAJOUYHON MH(POPMAIIMEH, YTO MO3BOJIIET COXpa-
HUTh UMEHA CUMBOJIOB, B YaCTHOCTH, PYHKIMH B 6a3e gaHHbIX. KoMmnuis-
U MOXKET BBITIOJHATHCS pasHbIMU (praramu ontuMusanuii. [lanee u3
OWHAPHOTO KOJIa IPOTPAMM COTIOCTABIISIOTCS (PYHKIIMH, KOTOPBIE IMEIOT OJTU-
HakoBbIe UMeHa. [TorydeHHbIN pe3yIbTaT COAEPKUT Maphl PYHKIHI, KOTOPBIE
JIOJKHBI HAUTH MHCTPYMEHTBI aHAJIN3a U3MEHEHUH B HICAIIbHOM CITydae.

Bo BTOpoit yacTu TecToBoit cuctemsl (Puc. 2) 3amyckaroTcsi HHCTPY-
MEHTHI Ha TECTaX U CYUTBHIBAETCS TOYHOCTH U ITOJIHOTA. TOYHOCTH U IIOJIHO-

Ta OMPEICIISIOTCS CIICAYOIUM 00pa3oM:
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KOJIMYECTBO NPAaBUJbHO HalIEHHBIX pe3yJIbTaTOB UHCTPYMEHTA
ToyHoOCTBb =

KOJIN4YeCTBO BCEX HaﬁﬂeHHle pe3yJibTaTOB UHCTPYMEHTA

KOJINY€CTBO IIPABUJIBHO HaﬁAEHHbIX pe3yJbTaTOB UHCTPYMEHTA

[TonHoTa =
KOJIMYECTBO BCeX HpaBI/IJIbeIX pesyanaTOB

[lepBpIM 1Iarom sBISETCS COXpaHEeHUE oToOpakeHus (B Oaze maH-
HBIX) HAYaJIbHBIX aJIpECOB U MMEH (PYHKIIH A1 OMHAPHOTO KO/Ja BTOPOM
BepcHUH MporpaMmsbl. Jlanee, U3 HEro yJIalstOTCS CUMBOJIBI (TaKKe yIas-
I0TCS MMeHa (YHKIIMI) ¢ TOMOIIBIO YTUIIMTHI stripu3 coreutils [4], momy-
YCHHBIM OWHAPHBIN (aiiin u OMHAPHBIN (aiiin mepBol BEpCUU MPOTrPaMMBbI
nepeaTcs UHCTPYMEHTY aHanu3a OuHapHoro kopja. llenbio ynanenus
CUMBOJIOB M3 OuMHapHOro (haiina sSBISETCS MaKCHUMAallbHOE MPUOIMKEHHE
TeHEPUPOBAHHBIX TECTOB K peajbHBIM MIPUMEpaM, Tak Kak Takas nHpopma-
Ul IOYTH BCETJja HEIOCTYITHA B aHATTU3UPYEMBIX ITPOrpaMMax.

WNucTpyMeHTBl cpaBHEHUS OMHAPHOTO KOJa MPOrpaMM BBIJAIOT CO-
MocTaBlieHHbIEC Tapbl (PyHKINNA, KOTOPbIE CPAaBHUBAIOTCA C Mapamu, Moiy-
YeHHBIMU U3 MIEPBOM YaCTU TECTOBOW cucTeMbl. B cucrteme TecTupoBaHus
aBTOMATUYECKH Pa30UpaAIOTCs Pe3yJIbTaThl HHCTPYMEHTOB U MPUBOISTCS K
enuHOU (opme. [ kaxaoi HainenHoi napsl Gpyukuuit (f, f') Boccra-
HABJINBAETCS OPUTHHAIBHOE MM f, UCIIONB3Ysl €€ afapec, U 0a3a JaHHbIX,
B KOTOPOH 3apaHee XpaHWIM OTOOpaKeHHE HadaJbHBIX aJpECOB U MMEH
byHKIU 1u1si GMHApHOTO KOoJia BTOpOM Bepcuu nporpammbl. Eciu opuru-
HalbHOE UM f' ABIsETCS [, TO PE3YJIbTaT CYNTAETCS UCTHHHO-IONOMKH-
TEJbHBIM, B IPOTUBHOM CIy4ae — JIOXKHOIOJIOKUTEIbHBIM. Ha ocHOBe mo-
JyYEHHBIX Pe3yJbTaTOB CUUTAIOTCA TOUHOCTH U MOJHOTA.

PesyabTaTsl
Pesynprarel monydensl Ha 105 mporpammax, BXOASIIMX B HaOOp

coreutils [4]. Mcxomubie daitnbl ObUTH CKOMITMIMPOBAHBI KOMITHIIITOPAMH
g++ [5] u clang++ [6] ¢ pasHbIMH Quiaramu onTUMU3aUUK A x86—64
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apxutekTypbl. B Tabn. 1 npuBenensl pesyibTaThl uHCTpyMeHTa BCC,
BinDiff u Diaphora:

Bepenst | Bepenst | Kommsitop, | Kovnuwasitop, | BCC BCC BinDiff | BinDiff | Diaphora | Diaphora
coreutils| coreutils | orrruMuz AN | ONTHME3ALMY | CPEAHSIS | CPEIHSIA | CPEAHSISl | CPEAHSISL | CPEAHSIst | CpeXHsist

1 2 1 2, strip TOUYHOCTE | IOJHOTA | TOYHOCTE [ HOJIHOTA | TOUHOCTE | 110JIHOTA
8.29 8.30 gt++ o0 g+t o0 97.8% 98.2% 97.8% 97.8% 97.6% 72.5%
8.29 8.30 g+t o2 gt o2 97% 82.2% 96.6% 81.4% 96.3% 52.8%
7.6 8.30 gt++ 00 gt+ 00 72.1% 69.5% 62.9% 62.9% 92.5% 35.5%
7.6 8.30 g+t o2 gtto2 85.4% 77.9% 83.4% 76.5% 95.1% 46.5%
8.30 8.30 clang++ o0 clang++ o0 98.8% 98.3% 98.8% 97.9% 98.3% 75%

8.30 8.30 clang++ 02 clang++ 02 97.2% 85.6% 98.3% 85.9% 97.5% 59.2%
8.30 8.30 clang++ o0 clang++ 02 79.3% 67.4% 72.2% 61.5% 93.1% 34.3%

8.30 8.30 clang++ 02 clang++ 03 90.7% 81.2% 86.6% 76.6% 97.2% 41.2%
8.30 8.30 gt+ 00 g+ 00 98.8% 98.3% O8.8% 97.9% 98.3% 74.7%
8.30 8.30 gt+ o2 g+t o2 98.2% 82.4% 98.2% 81.7% 97.3% 55.2%
8.30 8.30 g++ ol gt+ o2 84.8% 69.2% 75.5% 63.7% 91.3% 34.5%
8.30 8.30 g++ ol clang++ o0 94.9% 39.4% 91.2% 85.4% 95.6% 38.1%
8.30 8.30 g++ o2 clang++ 02 89.1% 76.1% 81.1% 71% 93.8% 36.7%
8.30 8.30 g+ o0 clang++ 02 78.9% 67.7% 71.2% 61.5% 93% 34.5%
8.30 8.30 g+t o2 gt++ 03 90% 7% 88.7% 75.4% 93.5% 44.8%

B cpejtnem 90.2% 81.4% 86.8% 78.5% 95.4% 49.0%

W3 Tabnuiibl MOXKHO YBUAETH, YTO MOJIHOTA PE3YJITATOB HHCTPYMEH-
ta BCC mnpeBblaeT KOHKYpPEeHTOB. Hauimydiryro TOYHOCTb MOKa3bIBaeT
uHCTpyMeHT Diaphora, ojHaKo mojHOTa pe3ysibTaTOB MHCTPYMEHTA HaM-
HOro MeHbIle octaibHbIX. B cpennem Fl-mepa (2*Tounocts*nonnora /
(Tounocts + nonHoTa)) st BCC — 85.6, st BinDiff — 82.4, ansa Diaphora
— 64.7. Ilputom pazuuna F1l-mep uHCTpyMEeHTOB OoJblle, KOT/Ia pa3HUIA
MEXKIy BEPCHSAMH aHAIM3MPYEMbIX MPOrPaMM GojibIras (MHOTO H3MEHe-

HI/II>'I) HJIM OHU CKOMIIWJIMPOBAHBI PAa3HbIMHA ONIIUAMHA KOMITHJIATIHUHN.

3akiaouyeHue

B crartbe cpaBHHMBaIOTCSA TpU HMHCTPYMEHTA aHAINW3a H3MEHEHUH
nporpamm. BeiGop 3THX HHCTPYMEHTOB 00YCIIOBIIEH TE€M, YTO OHH MOJIEP-
KHUBAIOTCA, IIMPOKO MCIIONB3YIOTCS M MOKA3bIBAIOT HAMIIYUIIHE pe3yJibTa-
Thl. CpaBHEHHE POBOJMIIOCH Ha psizie MporpamMm Habopa coreutils. Pe3yib-
TaThl IOKA3aJIM, YTO TOYHOCTh ¥ OJIHOTA HHCTPYMEHTOB BBICOKA, KOTJIa pa3-
HUIIa BEPCUEH MEXTy aHAJTM3UPYEMBIMH IPOrpaMMaMH MEHbIIIE M KOT1a OHH

KOMITWJIMPOBAHLI OAHUMU U TEMH K€ OIITUMU3ALUAMU KOMITWIATOPA.
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BENCHMARKING OF PROGRAMS BINARY CODE
COMPARISON TOOLS
M. Arutunian, H. Hovhannisyan, Kh. Smbatyan

Russian-Armenian University

Yerevan State University
ABSTRACT

Binary code comparison tools are widely used to analyze vulnerabilities, search

for malicious code, detect copyright violations, etc. The article discusses the best three
tools known at the time — BCC, BinDiff, Diaphora. The tools are based on static
analysis of programs. Tools receive as input data two versions of the program in binary
form and match their functions. The purpose of the article is to assess the quality of
the tools. For this, we developed a testing system to automatically determine precision
and recall of each instrument. F1-score on the developed testing system for BCC
instrument is 85.6%, for BinDiff — 82.4%, for Diaphora — 64.7%.

Keywords: binary code analysis, BCC, BinDiff, Diaphora.
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ABSTRACT

In a number of radio engineering systems, the use of circularly polarized
antennas has become extremely important and relevant. Currently various
solutions are being proposed to create antennas with a new type of circular
polarization and to increase the axial ratio of existing antennas. It is also
necessary to create such antennas that will have a small size and mass and
will be integrated into radio engineering circuits. A microstrip antenna with
elliptical polarization was investigated and designed, from which circular
polarized antenna with dual feed has been obtained. The design was carried
out in the FEKO software environment. The calculated results are presented
in the form of graphs. The developed antenna can be used in 5G system.

Keywords: circularpolarization, microstripantenna, dual feed, axialratio,
FEKO environvent, 5G.
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Introduction

Microstrip antennas are flat resonators, that include dielectric,
earthing plane, radiant surface and feed chain with permittivity &, and
thicknessh.These are the advantages of such antennas: they are small,
convenient, and do not take up expensive resources. Disadvantages: low
efficiency, high quality, inaccurate polarity behavior, narrow band, due to
high quality, size in the low frequency range is very large and it is advisable
to use the antenna in the microwave range. Circular polarized antennas are
widely used in satellite communication and global positioning system
(GPS). The rationale for use in such systems is that the characteristics of
circular polarity eliminate the effects of multi-channel spread and provide a
fixed position angle between the transmitter and the receiver. The
advantages of circular polarity: the receiver antenna always accepts a signal
component regardless of the angle of its position, it is more stable to
atmospheric extinctions, there is no need for direct visibility and it easily
bypasses the barriers [1].

Type of this antenna and other circularly polarized antennas tend to
suffer from high cross-polarization levels.

Nowadays it’s process different methods for increasing microstrip
antenna axial ratio.

Methodology

It’s researched and designed notched circular patch antenna (Figure
1). Effective radius of the patch:

X' npc

Aeff = 3 /e D,

where X',,,, are the zeros of the derivative of the Bessel function J,, (x) of
order n, as is true of TE-mode circular waveguides. The lowest-order mode,
TM4 uses
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X'y, = 1.84118

Antenna physical radius:

a= Seff ),

2h Ta
J1+nagr(ln(ﬁ)+1.7726)

where h is the substrate thickness [2].

Microstrip antenna was designed for 3 GHz frequency. As a
dielectric, the FR4 brand was chosen, the parameters of which are €, = 4,6;
h =1,6mm; tgé = 0,017.Calculating the antenna radius by 1: r =
13,12mm.

A dual feed circuit has been built, which is a quadrature hybrid
directional coupler. Such a circuit provides matching between the antenna
and the generator for a given frequency and the phase difference of the
signal at the outputs is 90 degrees. Dimensions of the quadrature coupler:
wy = 2,6mm (line with a impedance of 50 Q); w; = 3,5 mm (line with a
impedance of 35,35 Q) [3]. Thus, the antenna is fed in two ways (Figure 1),
between which the phase difference is 90 degree. So, the radiated electric
field vectors create a circular polarity.

Figure 1. Structure of dual feed microstrip antenna.
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By dual feeding, the input impedance of the antenna changes and
losses increase, because of which the antenna gain factor decreases. It is
necessary to coordinate the resistance. The matching was carried out by a
linear matching circuit. To calculate the size of the transformer in the
software environment, two directions of the antenna input impedance were
solved. Thus, the impedance of 50 () must be matched with the resistance
of 100 €. Transformer dimensions: [ =16 mm, wy,, =2,7 mm,

Whottom =0,5 mm. The total size of the antenna: 11,5x7 cm.

Results

The main characteristics of the developed antenna obtained in the
FEKO software environment are presented [4]. Figure 2 shows the
frequency dependence of the microstrip antenna's voltage standing wave
ratio (VSWR) with sided feeding. In the 2,98...3,03 GHz frequency range:
VSWR< 2.As shown figure 3 antenna axial ratio maximum value is —5,3
dB at 3 GHz.

I\ )
TR <
2 et

R -

[ Minimun: (3 GHz, 1.71706) |

1
290 292 294 296 298 3.00 302 304 3.06 308 310
Frequency [GHz]

Figure 2. Frequency dependence of the VSWR of the microstrip antenna.
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Figure 3. Antenna axial ratio at 3 GHz frequency.

Figure 4 shows a graph of the frequency dependence of the VSWR of
a dual feed antenna, and Figure 5 shows the frequency dependence of the
antenna gain on the main radiation direction. 2,95 ....3,362 GHz in the
frequent range VSWR< 2, Gain> 0dB. The impedance bandwidth
approximately doubles compared to the singly fed patch. At a frequency of
3 GHz: Gain = 2.5 dB. The main lobe width in 8 plane is 26, = 80,5°,
in @ plane is 2¢, 5 = 77,15° (Figure 6).

/

/——\ (3.362GHz, 2)

Frequency [GHz]

Figure 4. Dual feed antenna VSWR-frequency dependency.
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Figure 5. Frequency dependence of the antenna gain in the main radiation direction.

Phi =0 deg

Phi = 90 deg

Figure 6. Radiation pattern of the antenna by dual feed at a frequency
of 3GHz in the 8 and ¢ planes.

Figure 8 shows the dependence of the axial ratio of dual feed antenna
at 3; 3,16; 3,3 GHz frequencies from 8 angle. The maximum value of the
axial ratio of the antenna at a frequency of 3 GHz is -0,15 dB. The AR value
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is close to zero, hence the antenna has a high circular polarized with an axial

ratio.

Frequency = 3 GHz

Frequency = 3.16 GHz

Frequency =

3.3GHz
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Figure 7. Antenna axial ratio 8 dependency for 3; 3,16 and 3,3 GHz.

Conclusion

180

e A microstrip antenna with elliptical polarity was studied and
designed and from that a circular polarized antenna with dual feed
was obtained.

e The operating frequency range of the antenna is 2.95...3.362 GHz,
where the VSWR< 2.

e Ata frequency of 3 GHz: Gain = 2.5 dB. The main lobe width in 8
plane is 26,5 = 80,5°, in ¢ plane is 2¢y5 = 77,15°.

e The maximum value of the axial ratio of the antenna at a frequency

of 3GHz is -0,15dB. As a result, a circular polarized antenna with a
high axial ratio is obtained.

e The antenna can be used in 5G mobile communication systems.
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METO/ HOBBIINEHUA KO®PUIIUEHTA 3JUVIMIITUYHOCTHU
AHTEHHBI C QJUITMNITUYECKOM MOJIAPUSAIIUENA

A.I'. Cmenansnn, T.A. I'puzopan, /I.A. Kazapan, J1.X. Xauampan

Hayuonanvnweiii Ilonumexnuueckuti Ynusepcumem Apmenuu
Hucmumym Ungpopmamuru u TenekOMMYHUKAYUOHHBIX MEXHOI0UU U DKOHOMUKU

AHHOTALUA

B nmanHO# cTaThe pedb UIET O TOM, YTO B P paAHOTEXHUUECKUX CUCTEM HC-
MI0JIb30BaHME aHTEHH C KPYTOBOH MOJISIpU3AINEN CTaI0 Ype3BhIUAHO BaKHBIM U aK-
TyallbHBIM. B Hacrosiee BpeMsi Ipeuiaralorcs pasjiiyHble pelleHus s CO3JaHus
aHTEHH C KpyroBOH MoJsipu3anueil HOBOTO TUMA U yBeIndeHus ko3 uiimenTa sumn-
THYHOCTH aHTEHH. Tarxke HeoOXOJUMO CO3/7aTh TaKWe aHTEHHBI, KOTOpPbIC OymyT
UMETh HeOOJbIINe pa3Mepbl U Maccy U OyAyT MHTETPUPOBAHBI B PAIUOTEXHUYECKHE
cxemsl. MccneoBana U CKOHCTPYHPOBaHAa MUKPOIIOIOCKOBAsI aHTEHHA C AJUINITHYEC-
KOW ToJIsIpU3alpen, U3 KOTOPOM IMOJyYeHa aHTEHHa C KPYyroBOW MOJISIpU3aluen C
JIByXMIOPTOBBIM NuUTaHueM. lIpoekTupoBaHre MPOBOJWIOCH B MPOrpaMMHOM cpeze
FEKO. Pe3ynbTarhl pacyeToB mpecTaBlieHbl B Bujie rpadukos. PaspaboTannyro aH-
TEHHY MO>KHO UCIIOJIb30BaTh B cucteme 5G.

KuroueBsble cjioBa: Kpyropas MONSPU3AIMs, MHUKPOTOIOCKOBas aHTEHHA, C
JIByXTIOPTOBBIM THTaHWEM, KO3(D(HIMEHT 3IUIMITUYHOCTH, MpOrpaMMHasi cpera
FEKO, 5G.
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AHHOTANUA

B nmanHOl pabGoTe mpeacTaBieHBI pe3ysbTaThl CO3JaHUS YIAOOHOTO
WHCTPYMEHTa i 00pabOTKH pe3yJbTaTOB MOJEKYJSIPHOTO JIOKMHTA C
WCTMONBb30BAHUEM METOJIOB KJIacTepu3aluu W Busyanuzanuu. OgHOW U3
OCHOBHBIX 3a/lad COBPEMEHHOW OHOMH(MOPMATHKU SBJSCTCS aHAIN3
OONBIINX JaHHBIX, TMOJIYYEHHBIX B pPe3yJbTaTe MEIUKO-OMOJOTHYECKUX
HCCIICIOBaHU.

KaroudeBble ciaoBa: OuoumHpOpMAaTHKA, MOJCKYJISPHBIA JTOKHHT,
AutoDockvina, FOREL, knactepusarusi.
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BBenenue

C KaXXIbIM TOI0M YBEIUYMBACTCS KOJTUYECTBO OMOJIOTMUECKUX JIaH-
HBIX. DTO SIBJIETCS Pe3yJbTaTOM OBICTPO PA3BUBAIOLIMXCS SKCIECPUMEH-
TAJIbHBIX M TEOPETUYECKUX 3HAHUN O OMO0OBEKTAX, U B TAHHOM KOHTEKCTE
ajanTauys U NPUMEHEHUE HOBBIX METOJI0B 00pabOTKHM OOJBIINX JaHHBIX
CUMTAeTCs OAHOM M3 NPUOPUTETHBIX 3aJja4 COBPEMEHHOI OnonHpopmaTu-
ku [1]. IIpu 3TOM 06paboTKa OJyYEHHBIX PE3YIIbTATOB SBJISETCS JOBOJBHO
TPYAOEMKHUM IIPOLIECCOM, CBA3aHHBIM C OJIHOBPEMEHHBIM UCIIOJIb30BAaHUEM
Pas3IMYHBIX IPOIPAMMHBIX TAKETOB U MOJIYJI€H, I'/1€ BHIXO/IHBIE PE3YJIbTAThI
0TOOpaxkaroTcs B pa3HbIX QailioBeIX popMaTax ¢ UCIOJIB30BAHUEM Pa3HBIX
anroputMoB [2]. ABToMaTtHueckasi 00paboTKka, yrnpaBiieHHWe, aHAJIu3 JaH-
HBIX, TIOJyYEHHBIX IKCIEPUMEHTAIbHBIM ITyTEM, CYIIECTBEHHO O0JIETYaIOT
IIPOLIECC MHTEPIIPETALIMH [TOJIYYEHHBIX PE3ybTaTOB. BaxkHennen 3agaueit
JUTS peIICHUs] TAHHOUM TPOOIeMbl SBISIETCS KIIACCH(HUKALNSA U CTPYKTYpH-
3alys MOJYYEHHbBIX pe3ysbTaToB, IPKUM IMPUMEPOM KOTOPOI'O CUMTAETCA
IIPOLIECC KJIACTEPU3ALMU C UCIIOJIb30BAHUEM MAIIMHHOIO 00yueHus [3].

KnacrepHblil ananu3 (kinactepuzaius, caMooOydyeHue, ooyueHue 6e3
YUMTENS WIA TAKCOHOMMS) UCIIOJIb3YETCS JJI1 aBTOMATHYECKOIO CO3JaHUs
CHHcKa I1a0JIOHOB C OMOIIBIO 00y4YaeMbIX TaHHbBIX [4]. Bee nmpenmeTsl, To
€CTh MOAJIeXKAIlNE KIAaCTEpU3allii JAHHbIE NPEACTABISAIOTCA CUCTEME, HE
yKa3blBasi, K KAKOMY THUITy OHM npuHaaiexart. [Ipeanomnaraercs, uyto aaH-
Hbl€, U3y4aeMble B 00JIACTH CBOICTB, COCTOST U3 psAa «ILIApoBy. 3ajnaya
CUCTEMBI — BBISIBUTh U CHOPMYJIMPOBATH UX. DTO O3HAYAET, YTO METOJIbI
KJIACTEPHOT'0 aHaJIN3a MTO3BOJISIOT Pa3/IeIUTh 3a/laHHY0 IPYIITy JaHHbIX Ha
HOJrPYIIBl MOAOOHBIX OOBEKTOB, HAa3bIBAEMBIX «KJIACTEpaAMM», «KJjacca-
MM WJIH «TakcoHamm» [5].

OpuuM u3 OMOMH(POPMATHUECKUX METOA0B MPOTHO3UPOBAHUS B3aU-
MOJICHCTBUSI OMOJIOTMUECKH aKTUBHBIX COCTMHEHUN (JTUTaH) 1 OMOMaKpo-
MOJIEKYJION (MMILEHB) SBIISETCS METOJ MOJEKYJsipHOro AokuHra [6]. ITo-
Jy4Y€HHbIE IPOCTPAHCTBEHHO-3HEPIreTUUYECKUE PE3YJIbTAaThl MOJIEKYJISIPHO-
rO JIOKMHTA SIBIISTIOTCS. OLEHOYHON (DYyHKIMEH Al TOHMMAaHUS TIPOLIECCOB
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KOMIIJIEKCOOOpa30BaHMsI CUCTEMBI JIMTaH-MUILIEHb. B mporecce o6pabot-
KU TIOJIy4Y€HHBIX Pe3yJIbTaTOB YacTO MPUXOJUTCS CTAIKUBATHCS € MPOOJIe-
MO KOHBepTHpOBaHHUs (ailioBbIX (HOpMATOB, CHCTEMATU3ALUEH MT0JTyYeH-
HOW MH(pOpMaLuy, BU3yanu3auuei u T.1. [6].

Pa3paboTka yHHBEpCaIbHOIO HHCTPYMEHTA, IPUBOJIAIIAS K aBTOMa-
TU3aLMM Ipolecca 00pabOTKH U BU3yalHU3aLUU Pe3yJIbTaToB insilico Kc-
IIEPUMEHTA, B YaCTHOCTH, PE3YJIbTATOB MOJIEKYJISIPHOTO JOKUHIa, HAMHOTO
yIpa3IHsAeT MPOLECcC HHTEPNPETAUU JAHHBIX, COXPaHss P 9TOM BpeMsI
U pecypcsl. B nanHOi paboTe npeacTaBieHbl pe3yibTaThl CO3JaHUs yaA00-
HOTI'0 MHCTPYMEHTA AJisi 00pabOTKU pe3yJIbTaTOB MOJIEKYJIIPHOTO JOKUHIa
C MCIOJIb30BAaHUEM METOIOB KIACTEPU3ALNN U BU3yAJIN3ALIHH.

MarepuaJibl 1 METObI

Paspaborannas Hamu nporpamma Oblia peanu3oBana B cpene Python
[8]. Anropurm knacteproro aHaimsza FOREL peann3oBan 6e3 ucnoian3oBa-
Hus Kakux-m1u6o oubamorek. FOREL oTHOCHTCS K Kiaccy TaKCOHOMHYEC-
KHUX aIropuTMoB [9]. MHOXKECTBO 00bEKTOB, MOIITHOCTh KOTOPBIX paBHA M,
MO>KHO pa3ie’uTh Ha k TakcoHoB (k < m) HECKONBKUMH Pa3IHYHBIMHE CIIO-
cobamu. FOREL ucnonb3yer F-kpurepuii, OCHOBaHHBIN Ha THIIOTE3€ KOM-
nakTHOCTH. OOBEKTHI, MPUHAATIEKAIIUE OTHOMY U TOMY K€ TAaKCOHY, pac-
MIOJIOKEHBI OJIM3KO JPYT K APYTY MO CPaBHEHUIO ¢ 00BEKTaMHM, MpHHAJIE-
KallUMHU pa3HbIM TakcoHaMm. B pesynbrare moigyyaem mapoBHIHBIE TaKCO-
HeI [10].

OnpeneneHne reOMeTPHUUECKOr0 pacCTOSIHUS 0ObEKTOB B MHOTOMEP-
HOM TPOCTPAHCTBE MPOBOJMIICS C HCIONIb30BaHHEM pacueta EBkinaoBoro
paccTosIHUSA 110 YPAaBHEHHMIO 1.

Q[—

dlx,x) = Z |xk—x]2|q (1)

k=1
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s pabotel ¢ daitnamu *.pdbqt MCIOIB30BAJICS MPOMEKYTOUHBIN
MOJIYJIb U3BIICYCHHUSI MAPAMETPOB HAMITYUIINX KOH(GOPMEPOB C MCIOIB30-
BaHueM 6ubmmotek BioPandas [11], Pandas [12], Numpy [13]. Buzyanu3za-
IIUs1 KJIACTEPOB MTPOBOAMIACH C MMOMOIIbI0 OubaroTexu Matplotlib [14].

B kadecTBe MCXOIHBIX JAaHHBIX OBUIH B3SATHI PE3YIbTATHI TPEX pas-
JUYHBIX MOJIEKYJISIPHBIX JOKMHIOB ¢ 00pa3oBaHUEM OJHOTO, JIBYX U TPexX
00IbIINX KIACTepOB KOoH(opMepoB. MccneayeMbie MOJIEKYIIpHbIE MOEIN
MuIIeHel ObuH B34ThI U3 6anka qaHHbsIx RCSB [15] ¢ cooTBeTcTBYIOIIIMMHU
unentudukamonasiMu HoMepamu PDB ID: 1TBG, 6W9C, 4X7Q. B ka-
YeCTBE JINTAH/I0B ObLIN B3SThl MOJIEKYJISIPHbIE MOJENIN OMOAKTHUBHBIX COE-
JTUHEHUM, IpeiocTaBlieHHble HayuyHO-TeXHOIOTHYECKUM IIEHTPOM OpTaHu-
yeckoil u papmaneBtuueckoit xumun HAH PA [16].

Jist TecTrpoBaHus pa3paboTaHHON HAMH MPOTPAMMEI B KauecTBe 0a-
30BBIX MApPaMETPOB ObUIM B3ATHI MOJYYCHHBIC PE3YyJIbTaThl JIOKUHTA ISt

TpeX KOMIUIEKCOB Juranj-muieHs (Tabmumna 1).

Tabnuma 1.
ba3oBble mapaMeTpbl MOJICKYJISIPHOIO TOKMHIA
JJIA TPeX B3auMoJdeicTBHI
m

1 o = i

25 | &, - :

g 0 2 5 2. =

o = g g & g 5
a R 5o 2 2 = £ = < w <
5 8 52 | E &% S g 3 2 <
N 2 m = g o = = B = =ge)
g A 2 ¢ o B ¢ 2 = = o ©n
S & £ X 2 o o g 2 > ==
= 8% | 5 &> S ¢ 2 ©

= 2 3 2 g = =

5 I 5 5 = =

c g = 8 o

z ® S S

< A A
4X7Q 100 25 200 <1,9
6W9IC 100 15 7 200 ,
3. 1TBG 100 20 6 200 <1,
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MoneKynspHBIi TOKUHT TPOBOIMIICS C UCIIOIB30BAHUEM ITPOTPaMMBbI
Auto Dock Vina [17], KOTOpbIil UMeEET MIMPOKOE NPUMEHEHHE B 00JIACTH
6uonHpopmMaTiKu U buomMoaenupoBanus. B ocHoBe nmporpammsl Jiexut Jla-
MapKCKHH reHeTH4ecKuil anroput™. OgHUM U3 0COOEHHOCTEH ATOT0 Mpor-
PaMMHOTO ITaKeTa SBJSIETCS BO3MOXHOCTH NMPOBEJCHUS «CIENOro JOKHH-
ra», MO3BOJIIOLIETO U3y4yaTh B3aUMOCHCTBUE JINTAHI-MULIEHb JJa)KE B TOM
cllyyae, KOrjja akTUBHBIN LIEHTp MMILIEHH Heu3BecTeH. [Iporuosupyrommii
(akTop JAHHOTO MPOTrPAMMHOIO MAKeTa, HHaue roBOps, TOUYHOCTh insilico
SKCIIEPUMEHTA, I0CTaTOYHO BbIcOKa [18].

AutoDock Vina Conformer screening ) FOREL
file name [res.”; out."] RMSDLb.>0u<2A : Ed=4A
file format[*.log; *.pdbaqt]
¥ ¥

Cyclel. MODEL 2.

X Y z

-14.230 -43.486 27.348
-14.853 -42.695 26.364
-14.938 -43.139 25.021
-14.375 -44.400 24.697
-13.759 -45.194 25.688

Energy calculating

‘——* Best mode i i e

Data vizualisation « _——— Subcluster +——————————— Big cluster

Puc. 1. Aneopumm pazpabomannou Hamu nPocpammbol.
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CpaBHUTENBHBIN aHAJIN3 NOJIYYEHHBIX IPOCTPAHCTBEHHBIX MTapaMeT-
POB HaWITY4IINX KOH(OPMEPOB, BBIOPAaHHBIX HA OCHOBE pa3pab0TaHHON Ha-
MU [IPOrpamMMBbl, ObUT pean30BaH ¢ UCIOJIb30BaHHEeM porpaMmMbel BIOVIA
Discovery Studio Visualizer [19]. B kauecTBe orieHOYHON (QyHKINU HUCH-
TUYHOCTU KOH(POPMEPOB OBLT UCIOIB30BAH METO/] Cyllep NO3ULIMOHUPOBA-
Hus [20] (koaTpoasHbIi MeToa). Ha Puc. 1 mpuBenen anroputMm pas3pabo-
TaHHOM HaMU IIPOTPAMMBI.

PesyabTaTsl 1 00cy:Kk1eHNS

[Iporpamma, pa3paboTaHHass HAMH, TIPEICTABISETCS HAOOPOM U3 Hec-
KOJIbKUX OJIOKOB. [lepBbIif OJIOK — 3TO MCXOJHBIE TAHHBIE MOJIEKYJISIPHOTO
JIOKWHTA, KOTOPBIE OTOOpasKaroTcs ABYMs (ailjlaMu ¢ 3aIaHHBIMH TTapaMH
dbopmaroB *.log u *.pdbqt. Pe3ynbpTaThl MOJIEKYISIPHOTO TOKHWHTA TIEPEIAtOT-
cs1 B 6J10K 0TOOpa (BTOpOH 0J10K), r71e 00padaThIBAIOTCS MOJTyYEeHHBIE JaHHbI-
e. B pesynbrarte 3TOr0 3Tana npou3BOJUTCS OTOOP JIyYIINX KOH(POPMEPOB
JUIsL TIOCTIEYIOLIETO aHanu3a. B kauecTBe ycioBusi 0TOOpa MCIIONB3YETCs
3HaYeHHe CpeHeKBaipaThueckoro otkaonenus (RMSD 1.b.>0 u <2 A).

B pesynbraTe 115 KaXX0T0 IMKIIA IPOBOAUTCS 0TOOpP KOH(OPMEPOB,
COOTBETCTBYIOIIMX YCJOBHUIO C JalbHEHIINM n3BiIeueHueM u3 *.log. Cie-
JYIOLIUM IIaroM MPOBOJUTCS OTOOP MPOCTPAHCTBEHHBIX TAPAMETPOB JIyy-
mux KoHpopmepoB u3 daitnos *.pdbqt B KaKI0M LHUKIIE C TOCIEIYOLUIIM
nepemMenieHueM B *.csv gaiin.

Takum o0Opa3om, B pesynbrare paboThl O6J0Ka 0TOOpa MOMyUYaroTCs
psa daitnoB *.csv, KOTOpPbIE OMUCHIBAIOT MOJIOKEHNE AaTOMOB B TPEXMEPHOM
MPOCTPAHCTBE B pe3yJbTaTe B3aMMOJCHCTBUS TydlInX KOHGOPMEPOB MO-
JIEKYJISIPHOW MOJIeNIM JIUTaH/a 10 OTHOIICHUIO K MumIeHu. Ha sToM stamne
OTOMPAIOTCS TAKXKE DHEPTEeTHUYCCKHE 3HAYCHHS B3aUMOACHCTBUN JTyUITNX
koH(popmepos. [locnennuii ykazan Bo 2-m crtonbue ¢aitia *.log. 3amaya
OCHOBHOTO 0JI0Ka (TpeTuil 6JI0K) COCTOUT B TOM, YTOOBI BBITIOJHUTH Kjlac-
TEPHBINA aHAIH3 JIYYIIUX KOH()OPMEPOB, OTOOPAHHBIX MPH MTOMOIIH OJIOKa
oTtbopa.
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Ha mannoM sTarne kaaplii KoH(pOpMep cuuTaeTcs OTACIBHBIM 00BEK-
TOM, B KQU€CTBE XAPAKTEPUCTUKH OINUCHIBAIOLIUICSI TPEXMEPHBIMU KOOPIHU-
HaTaMu Kaxkaoro atoma. Mcnonbsys anropurtm FOREL, onpenensercs pac-
npezesieHue JTyqIInX KOHPOPMEPOB B TPEXMEPHOM MPOCTPAHCTBE OTHOCHU-
TeNbHO ApYr Apyra. CXoacTBO 00BEKTOB OMPENENsIOCh IBKIMIOBBIM pac-
CTOSIHUEM, UCTIONb3Ysl (PUKCUPOBAHHOE PACCTOSIHUE B KAYECTBE KPUTEPHUSI.

After main clustering the big clusters are: 1.

1 class: ['cycle_7_model_&.csv', 'cycle_7_model_2.csv', 'cycle_7_model_é.
csv', 'cycle_4_model_3.csv', 'cycle_4_model_é.csv', 'cycle_7_model_3.csv',
'cycle 5 model 5.csv']

The amount of the 1 Class: 7

2 class: ['cycle_6_model_9.csv', 'cycle_6_model_4.csv', 'cycle_2_model_5.
csv', 'cycle_3_model_9.csv', 'cycle_6_model_12.csv', 'cycle_2_model_é4.csv'
, 'cycle_1 model 9.csv', 'cycle_3_model 5.csv']

The amount of the 2 Class: 8

After main clustering the big clusters

#er+Q=n -

Puc. 2. Buzyanusayus pe3yismamos kiacmepusayuu u noayienus 601uuux Kiacmepos.
1. Cnucok nyuwux kougopmepos, 6xo0sauux 8 6oabuiUe KIACTEDDL.
2. Pacnpedenenue koHgopmepos 8 mecmax ces3vléanusi (nonyuena Ha ocnoge BIOVIA
Discovery Studio Visualizer). 3. Buzyanuszayus mex dx#ce KOHQOpMepos, NOIyYeHHbIX NPU
nomMowu Haueli NPOSPamMMbl.
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Heo0xoauMo 0OTMETHTB, YTO KIACTEPHBIN aHAJIHM3 C MCIOIb30BaHUEM
anroputMa FOREL npoBowics B ABa 3Tamna Ajs JOCTHKEHHS 00JIee TOYHBIX
pe3ynbraTtoB. Ha mepBoM 3Tame A KaXka0ro U3 Jy4IuxX KOH()OPMEPOB BbI-
YUCIIAJICA «LUEHTP TSDKECTH» IyTeM pacuera cpegHeapu(MeTHIecKoro 3Ha-
YEHUsI IPOCTPAHCTBEHHBIX APAMETPOB O MOJIOKEHUH ATOMOB (KOOPAUHATHI
X, Y, Z). Cnenyromum 1aroMm sBJsiFOTCs MOJYUYEHHbIC 3HAUEHUS «LIEHTPOB
TSDKECTU», 1€ B KaUeCTBe KpUTepusi GUKCUPOBAHHOT'O PACCTOSHUSA OJIM30C-
T Obl1a BEIOpaHa gucTanmys B 4 A. B pe3ynbTare GbUIM HOJTyYeHbI GOIbIIIE
knactepsl (bigclusters).

BropeiM 3Tamom paccmaTpuBarOTCS CXOACTBAa IMPOCTPAHCTBEHHBIX
MOJIOKEHUI aTOMOB KOH(QOPMEPOB, BXOISAIINX B OOJBIINE KIIACTEPHI, TIC
(uxcupoBanHoe paccrosHue 6muzocTu paBHO 2 A+ 5%. B sToM ciydae
OBKJIMJIOBO PAcCTOSHUE MEXIY aTOMaMHU KOH(GOPMEpPOB HE MPEBBIIIAIOT
YCTaHOBJIEHHOE paccTosiHue. B pesynpraTte B O0/bIINX Ki1acTepax oopasy-
I0TCS CXOXkHe cyOkmactepsl (subclusters) (Puc. 3).

[MTorydyenne nHGOpMAIH O CyOKITacTepax SBISICTCS KIFOYEBBIM (DaK-
TOpPOM AJi1 0TOOpa HAaWJIYYIIEro MOJOXKEHUS KOH(POPMEPOB B OOJIBIIOM
kiactepe. HeoOXoammMo OTMETHTh, YTO BU3YyaIM3allus pe3yJIbTaTOB 0TOOpa
KOH(OPMEPOB OCYILIECTBISAETCS IPU paboTe OCHOBHOTO OJI0Ka ¢ 0TOOpaxke-
HUEM B TPEXMEPHOM IPOCTpaHCTBE. M3BECTHO, YTO MPOCTPAaHCTBEHHO-
HHEPreTUYECKUE XapaKTEPUCTUKU KOMIUIEKCOOOPa30BaHUs OMMCHIBAIOT
CTPYKTYPHO-(PYHKIIMOHAIbHBIE 0OCOOEHHOCTH B3aUMOJICHCTBHA. DTH 0CO-
OEHHOCTH MO3BOJSIOT HWAECHTU(QUUMPOBATh HAWIyullne KOH(pOpPMEpHI,
UMEIOIIME ONPEAEICHHOE MOJ0KEHHE OTHOCUTENIEHO MHUILIEHH U BBICOKHE
HHEpPreTUUeCcKre 3HAueHWs MpH KOMIUIEKcooOpa3oBaHMU. B pesyinbrare
porpaMma BbIOMpaeT «kKOH(POPMEPHI-JINAECPb» Ha OCHOBE IPOCTPAHCTBEH-
HO-DHEPTEeTHYECKUX XaPAKTEPUCTHK KOMIUIEKCOOOPA30BaHUS U MPEIICTAB-
JISIeT MOJIb30BATENIO AJIs AajbHelel pabotel. [lonyyeHHble HaMU pe3yJib-
TaThl CBHJICTEILCTBYIOT, YTO KIIACTEPHl M CyOKIIaCTephl, MOyYEeHHBIE ITy-
TEM KJIACTEPU3allU C UCIIOJIH30BAHUEM MPOTPAMMBI, TIPAKTUYCCKH HJICH-

TUYHBI C TCMHU K€ PE3yJIbTaTaMU, IMOJTYYCHHBIX KOHTPOJBbHBIM METOJ0OM.
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After second clustering the subclusters are:

1 cluster's subclusters are:

[['cycle_4_model_é.csv', 'cycle_5_model_5.csv', 'cycle_7_model_é.csv'], [’
cycle_7_model_3.csv'], ['cycle_7_model_2.csv'], ['cycle_4_model_3.csv'l, [
‘cycle_7_model_&4.csv']]

The amount of subclusters are: 5

2 cluster's subclusters are:

[['cycle_3_model_%.csv'], ['cycle_2_model_5.csv', 'cycle_é_model_12.csv',
‘cycle_1_model_9.csv'], ['cycle_3_model_5.csv'], ['cycle_6_model_4.csv'],
['cycle_2_model_é&.csv', 'cycle_6_model_9.csv']]

The amount of subclusters are: 5 SR

amount = 5

3 @ amount =1
. amount = 5
5 amount = 3
amount = 5
&) amount = 4
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5. subcluster L => 5 subcluster 2 => 5 subcluster 3 => 5 subcluster 4 => 4
subcluster 5 => 3 subcluster 6 => 1

subcluster 7 «> 1 subcluster § => 1

N

Puc. 3. Pesyniomamul kiacmepusayuu 07ist ROLYYEHHbIX CYOKIACMEPOS.

1. Cnucok Hauryywux kongopmepos 6 cyoxracmope. 2. Omrionenue
APOCMPAHCMEEHHBIX NAPAMEMPOS KOHDOPMeEPO8 Hympu CyOKIacmepd, noLy4eHHbIX
KOHMPOIbHBIM Memooom. 3. Busyanusayus nonyuennvix cyokiacmepos 6 mpexmepHom
npocmpancmee. 4. Buo cyoxiacmepa na ocHoge KOHMPOIbHO20 MEMOOd.

5. KauecmeenHo-koMuuecmeeHHble XapaKmepucmuKky NOJLyYeHHbIX CYOKIACmepos,

B8X00AWUX 8 OONBLULOU KTAcmep.
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Takum 00pa3oM MOKHO KOHCTaTHPOBATh, YTO pa3pabOTaHHAS HAMH
porpaMMa MOJTHOCTBIO COOTBETCTBYET TPEOOBAHUAM U IIOCTABJICHHBIM 3a-
JlauaM IMOJTHOM aBTOMAaTHU3allMM MHOTOCTYIIEHYAaToro mpoiecca o0paboTku
PE3yJIbTATOB MOJICKYJIIPHOTO JIOKHHTA IyTeM KJIacTEpPU3aLUU U BU3yalu-
3anuu. JlaHHas mporpamMma MOXKET CTaTh yJAOOHBIM HHCTPYMEHTOM JUIS
OBICTPOrO ¥ TOYHOTO aHAJIN3a PE3YJIbTATOB, MOIYUYCHHBIX MOJICKYIIAPHBIM
JOKWHTOM, TIPU 3TOM COXPAaHUTh 3aTPaThl HA PECYPCHI  BPEMsI, YTO SIBIISI-

CTCA HEMAJIOBAKHBIM.
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PROGRAM DEVELOPMENT FOR THE CONFORMATION ANALYSIS
AND VISUALIZATION OF THE RESULTS OF MOLECULAR DOCKING
USING CLUSTERING METHODS

V. Ghamaryan, Ch. Movsisyan, L. Hunanyan, A. Hovakimyan

Russian-Armenian University

ABSTRACT

One of the main tasks of modern bioinformatics is the analysis of big data
obtained from medical-biological studies. Within the framework of the work, a system
has been created that automatically classifies and visualizes the data obtained as a
result of molecular docking with the help of clustering methods, ensuring their accurate
selection and processing.

Keywords Bioinformatics, molecular docking, Auto Dock vina, FOREL,
clustering analysis.
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