


2U8-NNhrUTYUL ZUUULUULN UL

LLCUEGH

2U8-rNkrUUYUL ZUUULUULULE

utrru

SroPyUUULEUUSPUUYUL
B4 fFuUuUL @PSNRE3NPULLED

Nel

2032 Zpuinupulysnipinil
Bplwt 2018



POCCHUMCKO-APMSIHCKUI YHUBEPCUTET

BECTHHUK

POCCHUHCKO-APMSIHCKOI'O
YHUBEPCUTETA

CEPUA:

PU3NKO-MATEMATHYECKHE
N ECTECTBEHHBIE HAYKHU

Nel

UznareanctBo PAY
Epesan 2018



[leyaTaercs no peuenuo YueHoro copera PAY

Bectauk PAY, Ne 1. — Ep.: U3n-Bo PAY, 2018. — 80 c.

Pe,[[aKI_[I/IOHHaH KOJLJICTUA:

I'maBHBIN penakTOp Ambapyyman C.A.
3aM. TIIaBHOTO pelaKkTopa Aeemucan I1.C.
OTBETCTBEHHBIN CEKpPETAPh Llazunan P.C.

UneHsl PECAKOJUICTHUH

P.I'. Apamsan, 0. ¢.-m.n., npogh.; A.A. Apaxensan, x.0.H., u.o. ooyeuma,
I Acampsn, 0.m.1., npog.,; O.B. becos, unen-xop. PAH, 0.¢).-m.1., npop.;
B.U. bypenxos, 0.¢p.-m.n.,npoq.; I'.I'. [lanaeynan, unen-xop. HAH PA, 0.x.H.,
npog.; H.J[. 3acrasckuii, unen-xop. HAH PA, 0.¢p.-m.u.,npogh.; I'.I". Kaza-
pan, 0.¢p.-m.u.,npo.; .M. Kazapan, akaoemux HAH PA, 0.¢h.-m.1., npogh;
I'A. Kapanemsn, 0.¢p.-m.n., npog.; B.H. Komnonnes, 0.c.x. H., npo@.;
I'.b. Mapanooican, unen-kop. HAH PA, 0.¢p.-m.n.,npogh.; B.U. Myponey,
0.0.H., npog.; A.A. Ocanecan, «.6.H., ooyenm,; A.O. Menuxsau, uieH-Kopp.
HAH PA, 0.¢p.-m.n., npogp.; b.C. Hacanemsn, unen-xop. HAH PA, 0.¢).-m.H.,
npog.,; A.B. Ilanosn, unen-xop. HAH PA, 0.¢p.-m.n., npogh.; C.I". [lempocsn,
unen-xkop. HAH PA, 0.¢p.-m.n., npog.; A.A. Capxucsm, O0.¢h.-m.H., npogh.;
I'3. Capxucsn, k.¢p.-m.1.; A.M. Cepeees, akademux PAH, 0.¢p.-m.H., npo .

JKypHasl BXOIUT B IIEPEUYEHB NIEPUOJINUECKUX U3JaHUM,
3apeructpupoBanHbix BAK PA u B 6a3y nanubsix PUHI

Poccuiicko-ApmsiHckuit yHuBepcurer, 2018 .

ISBN 1829-0450
© MznmarennsctBo PAY, 2018



Becmnuxk PAY M 1, 2018, 5-17 5

MATEMATHUKA

VK 510.64

ON SOME PROPERTIES OF SEVERAL PROOF
SYSTEMS FOR NON CLASSICAL
PROPOSITIONAL LOGICS

A. Chubaryan’, A. Karabakhtsyan®, G. Petrosyan®

Yerevan Sate University, Russian-Armenian University
Russian-Armenian University
3Yerevan State University

achubaryan@ysu.am, ar man.karabakhtsyan@gmail.com,
garik.petrosyan.1@gmail.com

ABSTRACT

In this work we investigate 1) the relations between the proofs complexities
of strongly equal tautologies and 2) the relations between the proofs complexities
of minimal tautologies and of results of substitutions in them for some sequent
propositional systems of intuitionistic, Johansson’s and monotone logics. We show
that 1) strongly equal tautologies can have essential different proof complexities in
the same system and 2) the result of substitution can be proved easier, than
corresponding minimal tautology, therefore the systems, which are considered in

this paper, are no monotonous neither by lines nor by size.
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Keywords: strongly equal tautologies, minimal tautology, sequent proof

systems, proof complexity measures, monotonous system.

1. Introduction. The traditional assumption that all tautologies as
Boolean functions are equal to each other is not fine-grained enough to
support a sharp distinction among tautologies. The authors of [1] have
provided a different picture of equality for classical tautologies. They have
introduced in [2] the notion of “determinative conjunct”, on the basis of
which the notion of strong equality of classical tautologies was suggested in
[1]. The idea to revise the notion of equivalence between tautologies in such
way that is takes into account an appropriate measure of their “complexity”.

The relations between the proof complexities of strongly equal
classical tautologies in some proof systems are investigated in [3-5]. It was
proved that the strongly equal tautologies have the same proof complexities
in some “weak” proof systems, but the measures of proof complexities for
strongly equal tautologies can be essentially different in the most traditional
proof systems of Classical Logic (Frege systems, substitution Frege systems,
sequent systems with and without cut rule). In this work we introduce the
notions of strongly equal non-classical tautologies and show that the proof
complexities of strongly equal non-classical tautologies can be also
essentially different in some sequent propositional systems of intuitionistic,
Johansson’s and monotone logics.

The second theme of our investigation is connected with relation
between the proof complexities of minimal tautologies, i.e. tautologies,
which are not a substitution of a shorter tautology, and results of a
substitution in them. There is traditional assumption that minimal tautology
must be no harder than any substitution in it. We introduce for the
propositional proof systems the notions of monotonous by lines and
monotonous by sizes of proofs. In [6,7] it is proved that many traditional

classical proof systems of 2-valued and many-valued logics are no
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monotonous neither by lines nor by size. Here we prove the analogous result

for some systems of non-classical propositional logic as well.

2. Preliminaries. We will use the current concepts of a propositional
formula, a classical tautology and non-classical tautologies, sequent, sequent
systems for non-classical propositional logic [8] and proof complexity [9].
Let us recall some of them.

2.1. The considered sequent systems.

Sequent system uses the denotation of sequent I' > A where T’
(antecedent) and A (succedent) are finite (may be empty) sequences of
propositional formulas.

For every formula Cand for any sequence of formulas I" the axiom
scheme of propositional intuitionistic (PI) system is C,I' = C. For every
formulas A, B, for any sequence of formulas I' and sequence A, which is

empty or consists of one formula, the logic rules are.
A>B,'=A and B,I'-=A Al'- B
-2

D —
ADB,I'->A '-A>B
A AVB,T>AandB,AVB T - A I' > Aorl' - B
V- -V
AVB T - A r-AvVB
AJANB,T - AorB,AAB, T - A ' - Aandl’ - B
N— -A
AANB,T'-> A '-AAB
-A,T - A AT -

T ar-sa  To-a

For propositional Johansson’s (minimal) system (PM) axiom sxeme
and inference rules are the same, but A must be empty [9]. Note that the order
of formula ocurences in antecedents (succedents) are immaterial in above
systems.

The propositional monotone system (PMon), where only monotonous
logical functions are used for construction of formulas, we define follow
[10].

The axioms of PMon systemare A > A, | > T,T > T,
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where A is any formula, T is sequence of formulas, by | and T are denoted
“false” and “truth” accordingly
For every formulas A , B and for any sequence of formulas I',T", A and

A the inference rules are.

[LAAAST I[AB A>T r-r ABT > A
(L) — (L) (L) +(Ly) :
IAJA->T IB,AL A>T A>T AABT - A
AT > AandB,T > A’
(LS) ’ ’
AVB,I,T > A A
R )F’—)F,A,A,A(R )r'—>r,A,B,A(R ) '->T R I > AAB
Yrsroaa YI'sOBAA I'sA “I'-AAVB
F—)A,AandF’—>A',B
(Rs) , ,
LT > AA,AAB
. SAA AT >A!
To all above systems can be added cut-rule of inference ﬁ

We use the well known notion of proof in all above systems.
Any sequent I' = A is called I-valid sequent (M-valid sequent, Mon-
valid sequent) if it is deduced in the system PI (PM, PMon). Any formula A
is called I-tautology or M-tautology if sequent — Ais deduced in the
corresponding system PI or PM. Any formula ADB is called Mon-tautology
if sequent A —B is deduced in the system PMon.
Let I' > A be some sequent, where I is a sequence of formulas
Ay, A,, ..., A; (I = 0) and Ais a sequence of formulas By, B,, ..., B, (m = 0).
The formula form of sequent (f.f.s.) I' = A is the formula ¢r_,, which is
defined usually as follows:
YA ANA; AN .ANA; DBy VB, V..VB,l,m>1,
2)A; ANA AN ANADLfor>1,m=0,
3)ByVB,V..VB,, forl =0and m > 1.
It is well-known that I' = A is classical (intuitionistic, Johansson’s,
monotone) valid sequent iff its f.f.s. is classical (intuitionistic, Johansson’s,

monotone) tautology.
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. D ,DandD’
For every inference rule = ( -

(i.f.f.) the formula f.f.s. DSffs.E (ff.s.DO(ff.s.D ffs.E)).

Sometimes we’ll use term tautology (valid sequent) for all types of

) we call inference formula form

above mentioned tautology (valid sequent) further.

2.2. Some properties of tautologies (valid sequents).

2.2.1. Determinative disjunctive normal forms

Following the usual terminology we call the variables and negated
variables literals for classical logic. The conjunct K (clause) can be
represented simply as a set of literals (no conjunct contains a variable and its
negation simultaneously).

In [1,2] the following notions were introduced for classical logic. Each
of the under-mentioned trivial identities for a propositional formula v is
called replacement-rule:

0&Y = 0,P&0 =0,1&Y =y, Pp&1 =9y, 0VY =Y, V0 =1,
1vy=1,yvi1=1,
0oyYy=1LyYyo>20=—y,1oyYy=y,py>1=1,-0=1,

-1 =0,-—¢ =.

Application of a replacement-rule to some word consists in the
replacing of some its subwords, having the form of the left-hand side of one
of the above identities, by the corresponding right-hand side.

Let ¢ be a propositional formula, P = {p4, p,, ..., pn} be the set of all
variables of ¢, and P’ = {p;,, p;,, -, Di,,} (1 < m < n)be some subset of P.

Definition 2.2.1.1. Given ¢ = {o04,6,,...,0,,} € E™, the conjunct
K® = {p;,°*, pi,% -, Pi,,°™} is called ¢ — 1 — determinative (¢ — 0 — deter-
minative) if assigning 6;(1 <j < m) to each p;; and successively using
replacement-rules we obtain the value of ¢ (1 or 0) independently of the

values of the remaining variables.
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Definition 2.2.1.2. DNF D = {K;,K,, ...,Kj} is called determinative
DNF (DDNF) for ¢if ¢ =D and every conjunct K;(1 <i<j) is I-
determinative for ¢.

Definition 2.2.1.3. DNF D = {Ky,K;, ..., K;} is called determinative
DNF (dDNF) for ¢if ¢@ =D and every conjunct K;(1 <i <j) is 1-
determinative for ¢.

Some arguments for the following definition were given in [1].

The classical tautologies @ and P are strongly equal if every
determinative conjunct for ¢ is determinative conjunct for Y and vice versa.

It is not difficult to see, that dDNF for classical tautology can be
constructed directly. As the non-classical validity is determined by
derivability in some accordingly propositional proof system, the above
definition of dDNF for non-classical tautologies is not applicable. In [2]
some algorithm for construction of dDNF for classical tautologies on the base
of their resolution refutations was given. The analogies of dDNF for
intuitionistic and Johansson’s tautologies (¢ — I-determinative DNF and
@ — M-determinative DNF accordingly) were constructed on the base of
proofs in intuitionistic and minimal resolution systems [11], where were
showed, in particularly, thatonly variables with one or double negations are
the literals in I-determinative conjuncts and p D1 and (p DL1) D1 type
formulas are literals inM-determinative conjuncts. The Mon-determinative
DNF for every Mon-tautology ADB can by constructed by analogy on the
base of some PMon-proofof sequent A— B .As literals for monotone logic
can be p* and p, depending of positive or negative occurrence of variable p
in the axioms of PMon-proofof sequent A— B .

Definition 2.2.1.4. DNF is called dDNF for a valid sequent if it is
dDNF for its f.f.s..

Main definition 1.The classical (intuitionistic, Johansson’s)
tautologies ¢ and ) are strongly equal if every dDNF (I-dDNF, M-dDNF)
for @ is dDNF (I-dDNF, M-dDNF) for 1 and vice versa. The classical
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(intuitionistic, Johansson’s, monotone) valid sequents I' > A and "' —> A’
are strongly equal if every dDNF (I-dDNF, M-dDNF, Mon-dDNF) for1" —
A'is dDNF (I-dDNF, M-dDNF, Mon-dDNF) for 1" — A' and vice versa.
2.3. Essential subformulas of tautologies (valid sequents)
We generalize for non-classical tautologies the notion of essential
subformulas, introduced in [12].

Let F be some formula and Sf(F) be the set of all non-elementary
subformulas of formula F . For every formula F', for every @€ Sf(F) and

for every variable p by F’ is denoted the result of the replacement of the

subformulas @ everywhere in F' by the variable p . If p& Sf(F), then F
is F.

We denote by Var(F') the set of all variables in F'.

Definition 2.3.1. Let p be some variable that p¢ Var(F) and
@e Sf(F) for some classical tautology (I-tautology, M-tautology, Mon-

tautology) . We say that @ is an essential subformula in F iff F is not

classical tautology.

The set of essential subformulas in tautology ' we denote by Essf(F),
the number of essential subformulas — by Nessf(F) and the sum of sizes of all
essential subformulas by Sessf(F).

Definition 2.3.2. A tautolgy is called minimal if it is not a substitution
of a shorter tautology.

Definition 2.3.3. Sequent I — A is called minimal valid if its formula
form ¢r_,, is minimal tautology.

We denote by S(¢) the set of all formulas, every of which is result of
some substitution in a minimal tautology ¢.

If F' is minimal tautology, then Essf(F)=Sf(F).

Definition 2.3.3. The subformula ¢ is essential for valid sequent I' =

A if it is essential for its formula form.



12 On some properties of several proof systems for non classical propositional logics

Proposition 2.3. Let F be some of above proof system (with and

without cut rule), F' be a valid sequent and @€ Essf(F'), thena)in every F-
proof of F'subformula ¢ must be essential either at least in some axiom,

used in proof or in i.f.f. for some used in proof inference rule,b)there is some
constant ¢ such that the number of essential subformulas for every axiom of
F and of 1.f.f. for every inference rule of F is no more, than c.

Both statements of this Proposition can be proved by immediate
examination every of axioms and inference rules in each of above systems.
The analogous statements for traditional proof systems of classical systems
are proved in [12].

2.4. Proof complexity measures

By | ¢| we denote the size of a formula ¢, defined as the number of all
logical signs in it. It is obvious that the full size of a formula, which is
understood to be the number of all symbols is bounded by some linear
function in |¢ |.

In the theory of proof complexity two main characteristics of the proof
are: t-complexity (length), defined as the number of proof steps, I-complexity
(size), defined as sum of sizes for all formulas in proof [13].

Let @ be a proof system and I' = A be a valid sequent. We denote by
tfi A (ll(?_, ) the minimal possible value of #-complexity (I-complexity) for all
®-proofsof I' = A.

Main Definition 2. Sequent proof system ® is called t-monotonous

(lI-monotonous) if for every valid sequent I' — A and for every sequent

['1 - Al such that ‘Pl‘l—ml ES((pI"—MI) t?—)A =< t?"bl—mll (l?:—mlslf")l—ml)'

3. Main Results
3.1. Auxiliary statements. Before we prove the main theorems, at first
we must give some easy proved auxiliary statements. Let us consider the

following sequences of sequents:
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n

Dn=p—pVp@Vp@V..Vv(PpVp)...)),

n

Ei=p—pA@A{@PA..A(PAD)...)),

n

Fo=p—=gvpAPA@PA..AN(pAD)...)),

n
Gn=p—=@AP)VPA@A@A..A(PAD)...)).
Lemma 3.1.

a) There are constants ci, c2, c3 andcs such, that for every n

tﬁ:’ on< cz,tgﬁ" o" < crand lﬁff " < csn, lgff' "< cqn.

b) There are constants ki, k2, k3 andk+ such, that for every n

tg! > kintp! > kon and 1! > ksn?, IF] > km?.

Proof of point a) is obviously. Really for every n sequent D, can be

proved in PMon as follow
p—>p
n—1
p=>p,pV@EVEV.VEVP)...))
Dn
For every n sequent G, can be proved in PMon as follow

p - pandp = p
p—>p/\pn

P2PADPA@AQ@A..A(PAD)...))
Gn
For proving of point b) note that for each i (/<i<n) the formula
i
pAPA..AN(pAp)...)) is essential both for E, and F, therefore
Nessf(En)>n, Nessf(Fr)>n and Sessf(Ex )>n?/2, Sessf(En ) >n?/2. Now we
must use the statements of both points from Propositional 2.3. A

Corollary. Above statements for sequents D» and E» are true in the
systems PI and PM as well. Above statements for sequents G and F are true

in the systems PM and PMon as well.
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Theorem 1. a) The intuitionistic, Johansson’s and monotone valid
seguents Dyand E,are strongly equal.

b) For every of above mentioned system F (with and without cut rule)

tp, = O()and I, =O(n), butty =Q(n)andly =Q(n?).

Proof. It is not difficult to see that I-dDNF of D,and E,,is {—p, 7—p},
M-dDNF ofD,and E,is{p DL, (p ©1) o1}, and Mon-dDNF ofD,and E,
is { p*, p’}, therefore seguents D, and E, are strongly equal.

Proof of point b) follows from Corollary of Lemma 3.1.

Theorem 2. Every of above mentioned systems F (with and without
cut rule) is neither t-monotonous nor l-monotonous.

Proof. It is not difficult to see that for every n sequent F, is minimal
valid sequent and corresponding sequent Gy is result of substitution in Fj .
From Corollary of Lemma 3.1. it is follow that tgn = (0(1)and lgn =0(n),but

tr. =Q(n)and Iy =Q(n?).

4. Discussion. We want to note, that for every » the sequent G is result
of substitution in the other minimal valid sequent p—(p Ap)V q, t-
complexity and [-complexity of which is bounded by some constant in all
above mentioned systems. We can introduce the following definition: the
sequent proof system @ is called t-strongly monotonous (l -strongly

monotonous) if for every valid sequentl’ —> A there is minimal valid

sequent I'y > Ay such that Qr_ € S(Qr,.,,) and t?l_ml St?_,A

(l?ﬁ A S l?_> 4)- It is interesting to investigate the following problem: are

the above non-classical systems as well as the classical systems strongly
monotonous? It seems that answer must be positive. Analogous question for
tree like proofs was stated in [14]. Investigation of this questions are in

process.
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O PSIJIE CBOMCTB HEKOTOPBIX ITPOMO3UIIMOHAJIBHBIX
CUCTEM BbIBOJOB HEKJIACCHYECKHUX JIOTHUK

A. Yyoapan, A. Kapabaxuyan, I'. Ilempocan
AHHOTANUA

B nmammo#t paGore MBI mcciaemyeM: 1) OTHOIIEHHS MEXKIY CIOKHOCTIMHU
BBIBOJIOB CTPOTO SKBHBAJICHTHBIX TABTOJOTHA W 2) OTHOIIECHHS MEXAY CIOXK-
HOCTSIMH BBIBOJIOB MUHHMMAJIbHBIX TABTOJIOTHI U PE3YJIBTATOB ITOJACTAHOBKH B HUX
JUI. HEKOTOPBIX MPOMO3UIMOHAIBHBIX CEKBEHIIMAIBHBIX CUCTEM HHTYHLIMOHMCT-
ckoif, loraHCOHOBCKOW W MOHOTOHHBIX JIOTHK. Jloka3zaHo, uTo 1) cTporo skBu-
BaJIEHTHBIE TaBTOJOTMHM MOTYT UMETh COBEPIIEHHO pa3lMYHbIE CI0KHOCTH BBIBO-
JIOB B OJTHOW M TOM K€ CUCTEME U 2) pe3yIbTaT MOACTaHOBKH MOYKET ObITh BBIBEICH
MIPOIIE, YEM COOTBETCTBYIOIIME MHUHUMAJIbHBIE TaBTOJIOTUH, CJIEOBATENBHO,
PaccMOTpPEHHBIE B 3TOW CTaThe CHCTEMBl HE MOHOTOHWYHBI HU TIO IIaram, HH II0

JJIMHE BBIBOJOB.
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KiroueBble ciioBa: CTPOT'0 SKBUBAJICHTHBIC TaBTOJIOTHHU, MUHUMAJIbHAA TaB-
TOJIOTHUSA, CCKBCHIMAJIBHBIC CUCTEMbI BBIBOJOB, BCIIMYHUHBI CIIOKHOCTEH BBIBOJIOB,

MOHOTOHHWYECKHNEC CUCTCMBEI.

N2 tuUl4uUL SCUUULULARE3NPLLEP UUNP3E-USEL
2UC4Yb N0OT ZUUUYUCQECE UP TULNL 2USUNbhE3NRLLESP UTURL

U. Qmpupguls, U. Tupuwpuingrul, 9. MEwnpnuyub
uvonNemuU

Unyb wpnwinmipiniunid dkup hbinwgnunt) kup hinnithghntthutnwljwl,
Snhwtunth U dhthdw] wpudwpwinipmnitiiph wunypwhtt hwydh npny
huwdwlwpgbipnid 1) whun hwdwpdtp tnyuwpwunipniiubnh wpnwsnid-
utinh puppnipniutitph hwpwpkpnipmniup b 2) hwpwpbpnipniutibpp dhuthdwg
unjiwpwunipniuukph b tpwighg wbnungpnipjudp unugduws wpnwsnid-
ubtph pupymipnitutinh dholi: Unyugnigyty k, np 1) vhttinyt hwdwlwpgbpnud
huthuwn hwdwpdtp inyuwpwimpnibtpp wpnwsnidubph jupnn o niabiug
Fuwybu wwppbppupnnipnibitip b 2) wbnunpdwt wpyniipp Jupnn &
wpunwsyb) wykh wwupg, pwt dhthdwy inytwpwtnipniup, hknmbwpwp, unyh
hnnjuwénid nhinnwuplyus hwdwupgbpp dntininnhy sk ny puin wpnwsdw
puykph, ny pun tpw Epjupnipuie

Zhdilmpmnhp‘ upunn hwdwpdtp tnytwpwnipinitiukp, dhthdwy uny-
bwpwtimpinibttp, wpnwsmdubph uklytughw] hwdwupgbp, wpunwsnid-
ubph puppmipjut Ukdnipnitutp, Untuninnuhl hwdwlunpgkn:
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I'MIO3JUVIMIITUYHOCTDH U ITOYTHU
I'NMIOJUVIMIITUYIHOCTD B TEPMHUHAX
CPABHEHUS IOAMHOI'OYJIEHOB

B.H.Mapzapsan

Poccuiicko-Apmanckuii ynueepcumem
vachagan.margaryan@yahoo.com

AHHOTALIMUA

B pabore HaiizeHbl HEOOXOAWMBIE, TOCTATOYHBIE YCIOBUS THIIOAIIIHIITAY-
HOCTH M MIOYTH TMIIO3JUTUITUYHOCTH B TEPMHHAX MTOJMHOTOWIEHOB HCCIIEAYEMOTO
MHOTOYJICHA.

KiroueBble c10Ba: TUIOAUIMNTHYECCKHE, TOYTH THITOJUTUIITHIECKUE MHO-

TOWICHBI, CPABHECHNE MHOT'OYJICHOB.

ITycte N — MHOMXECTBO HaTypalbHBIX uncel, N, = N U {0}, N§ (ne N )

— MHOXECTBO # -MEPHBIX MYJIbTUUHICKCOB O = (al,...,an ), e o JEN,

(j=1,...,n), R" — n-MepHOE BELIECTBEHHOE IBKIIMIOBO IMPOCTPAHCTBO TO-

sk §=(8,...¢,), a C"=R'xiR", #=-1. ltn {eR" u aeN;

n

1
0003HaYHUM |§|=(g“12+...+§,,2)5, o= +..+a, u EF=EN LN

Mycts P(&)= Z;/aé‘“ — MHOTOYIEH C IOCTOSHHBIMU KO3 duIineHTamy,
o

re CyMMa pacHpoCTpaHseTcsi MO KOHEYHOMY HaOOpy MyJIbTUHHICKCOB
(P)={ore Ny 7, # 0}
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Onpeodenenue 1. (cm. [1] onpedenenue 11.1.2 u meopema 11.1.3).
Mnocounen P nazvisaemcs eunosirunmuueckum, eciu Oasi  ar06020

oe Ny,

0{| :tOnpu|§| —> o0

5
v o]
1+[P(E) 1+[P()

Onpeoenenue 2. (cm. [2]) Mmuocounen P naszwieaemcs noumu cuno-

QNIUNMUYECKUM, eciu ¢ Hekomopou nocmosnuou C >0

Y|P < c(p)+1). Eer.

Onpeoenenue 3. (cm. [3] ) Craoicem, umo muozounen P mowmnee mmo-

eounena (pyukyuti) Qu sanuwem, ymo Q <P, eciu ¢ nexomopoi no-
cmosmnou C >0 |Q(§)| < CQP(§)|+1), e R".

Teopema 1. Ilycmv mHo20OUNEH

P&, )=P an“ &=6n0m)

noumu 2unosiaunmuyen. Tozoa
1) P < PO, j=0,...,m:= max{an,(a',an)u (P)}, 20e

a' .
Z 7/ , Jj=0,...,m
(0! ')
2) P,-noumu ecunosnnunmuuen kax MHO2041€H om &,

Joxaszamenvcmeo. Tax Kak, O4E€BUIHO, 4TO P, (&)= l'(D,{ P)(f',O),
J!

i=0,,....m, To B CUJIy YCIIOBUS TEOPEMbl C HEKOTOPOW NOCTOSHHOMU

) &er, 10

C, >0 mmeem, uro [P, (&) = l_'(D,{P)(f’,O) <¢,(p,(£",0)
, 7

€CTh Pj. <P,, j=0,1,...,m.DOTHM yTBepKIcHNE ITyHKTa | 10Ka3aHa.
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JokasxxeMm yTBepkaenue myukra 2. Jlns mo6oro o’e N~' ¢ Hexko-

TOpOI71 MOCTOSHHOU C2 >0 B CWJly YCIOBHUA TCOPEMbl HMECM, UYTO
D, (&) =[(DP)&"0) < C,(P(£7.0) +1)=C,[P,(£)

€CTb PO — IIOYTH THUIO3IJIMIITHYCH KaK MHOI'OWJICH OT é:’. TeopeMa

+1, &eR"', 10

JI0Ka3aHa.
Jdemma 1. Iyemo P(E) u O(E) (f'e R”_') — MHO20UNIEHbL C NO-

cmosiHHblMu Ko3ppuyuenmamu, me N, re N, r<m. Eciu munoeounen

e <P, mo npu |£]| — e

P ecunosnnunmuuen u |Q

n—1

5 00(¢) / [+ p(&)

Jloxazamenvcmeo. YTBepkaenue neMMmbl mpu r =0 Hemocpen-

m-—=r
m =0,

CTBEHHO crefyeT u3 paGotsl [4]. JlokaxeMm yTBepKIeHHE IEMMBI s
1<r<m-1. O6o3uaunm uepes d,(&’) paccrosmme touku &'e R™ ot
MHOKECTBA {f'e c', P(f')zO}. B cuy nemmer 10.4.2 paGotsr [1] ¢

HeKoTopoi nocrosiHHoil C; >0 nmeem, 4to

n—1

2.|p0(¢&)

=1

’

n'|<d, (&),

dp(‘/:,) < Q(élvdp(‘f,)) <C sup|Q(§’ + 77,)| &'e R

2
7€ JUIsl TAHHOTO MHOTOYIEHA ¢ U Yuchat, g (f’,t)z( > D“'q(f')ztz‘“ ] :
a’eN{

Orcrona, B Cuily yclioBUS JeMMbl Ha ocHoBaHuu JiemMm 10.4.2 u 11.1.4
paboTsl [1] C HEKOTOPBIMH MOCTOSSHHBIMU C, C, C, > 0 uMeeM, 4To

m—r

m

] <c[Blena, @) <

5 D0, ()< ¢, suplp(e +7)

-r

<c,(PE)+1)n, &er
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TaK Kak, B CHIy YCIOBHS JTeMMbl, d (&) — oo mpu |§'| — oo (cm. [1] Teope-

Ma 11.1.3), To oTCIOZa HEMTOCPEACTBEHHO TOJy4aeM yYTBEPKICHUE JIEMMBI.
Jlemma 1 nokasana.

Cneocmeue 1. [Ipu ycrosuu nemmsl 1, koeoa
1<r<m-1 |Q(§')/HP(§')+ 1|] —0 npu|§'| —> oo,

JlokazaTenbCTBO HEMOCPEACTBEHHO CIEAYET U3 JIEMMBI 1, Tak Kak u3

YCIJIOBUS TUHOAUIMITUYHOCTH MHOrowieHa P umeewm, uro P(f')%oo npu

£

—> oo,
Jemma 2. [Ipu ycrosusix nemmol 1, koeoa
l<r< | gn ’;’Z_§|D1Q(§,)| 0 |§| |(é:’ é: X
<r<m- = —~—0 npu |g|=|(¢",5, ) = .
1+|&|" +[P(&)

Jlokazamenvcmeo. 1lpeanonoxuM o0paTHOE, YTO CYIIECTBYIOT YUCIIO

53‘

C >0 u nocienoBaTenbHOCTD {53}3,:1 eR" —> oo MIPH § —> co IS KO-

TOPBIX
£slpoley)
&l +[pley )

O‘-ICBI/II[HO, 34 CHCT MNepexoaa Ha NOAIOCICAOBATCIBHOCTD MOCICI0BATCIIb-

>C s=12,... . (1)

1+

oo

HOCTH {é" ’ }5:1 BO3MOYKHEI CJICTYIOIIUE CITyYan:

1) cymectByeT nocrosinnas M >0 Ttakasi, 4To

&y &
2) cymecTtByeT noctosiHHass M >0 Takas, 4To
El<M,s=12,..., (£
EN<M ‘(f’)é —> oo TIPH 5 —> o,

B cnyuae 2) B cuity cneactBus 1 npus — o UMeEM

<M,s=12,...,

—> co MIPU § —> ©o;

—> oo IIPU § —> ©0;

3)
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lnl

DQ((f)] s |pol(¢)]

<

@) =] 7T

4TO ITPOTUBOPCYHUT OLCHKE (1)

B cinydae 1) ¢ Hekotopoii nocrostHaol C| = C; (M,Q) >0mpu s — oo

,Sl c

11+

r

S
S

IA

YTO OISATH IIPOTHUBOPEYUT OLICHKE (l)

B cnyuae 3) B cuity 1eMMBl 1 Ipu s — oo UIMEEM, 4TO

'(»w)
|Epele 1
U, = —0.
1+[P(&)
Ilycte ¢, = Usz(’”"r), s=1,2,... Torna ¢ NMpUMEHEHUEM HEpaBEHCTBA

m

ol

I'engepa npu s — oo UMeeM, 4TO
m
m—r —— "71
m

((5')51 <;5;'” ;
1_ 1+(&

o

m
ro— m-r, -~
S—t/ +——U, ZUS — 0.

m m
[TomyueHHOE COOTHOLIEHUE MPOTUBOPEUNUT OLIEHKE (l) 1 JIOKa3bIBaeT CIIpa-

BCIJIMBOCTH YTBCPIKACHUA JICMMBI. Jlemma 2 JOKa3aHa.

Teopema 2. Ilycmo P(E)=P(E, &)= i EIP (&), 20e By eunosnmun-

j=0

muuen xax muozounen om &, P (&)=1 u‘P"" i <P, j=1,...,m=1. Ecmu

¢ Hekomopou nocmosauuou C >0
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1+[PE) 2 CY.

EP(E), £e R, )

mo muoeounern P eunoaniunmuuen.

Jloxazamenvcmeo. B cumy paboTh [5] JIOCTaTOYHO MOKa3aTh, YTO

npn|§| — 00

§|DIP(§)| /[1 +[P()]—o. (3)

O‘IeBI/II[HO, qTO MJIA A0Ka3aTCJIbCTBA COOTHOIICHUA (3), JOCTAaTO4YHO

II0Ka3aTh, 4TO IS TF000r0 5, 0<s<m npn|§| —> o0

/[1+|P(§)|]eo. (4)

B cuny onenku (2), cootHomenne (4) SKBUBAIEHTHO CIELYIOUIEMY

> Iplp, ()

COOTHOLICHHIO:
Sipler )/

ITpu j =0, Tak xak P, (&)=1 nmeem, uto

g = ee. 5)

ij,»(cf’)ﬂ—m,

n

IS SIDR(E)
=1 < =1 RN 0,
S jem @) 1A HRE)
J=0
Koraa |§| —> oo,
ITpu j = m, Tak xak P, (5') =1 nmeem, 4TO
E‘Dlgn Pm (5 X < m fn m-l N 0’

1+

S

1+ )P () "R ()

Koraa |§| —> oo,

Ilycte 1< 7 <m -1, Torna
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n-1
’ r ’
Pr(g) gn ZDIPr(g)
=1
r ’ ’ :
P+ [R()

n r—1

Soer)] 76

ey lemE)

+

n—1

DAY

=] -0

"+ R (&)

|§| —> oo, TO JIJIA JIOKA3aTEIbLCTBA COOTHOIICHUS (5) o1t 1<r<m-1 gocra-
én Pr (f’x

&M +ER(E)+[R(&)

[Tpeanonoxum obpaTHOe, YTO [UIs HEKOTOporo 7,:1<r <m-1 cy-

S

1+

Tax kak B cuity gemmbl 2 ipu 1< r <m—1, npu

r—1

— 0, xoraa |§| —> oo,

TOYHO II0Ka3aThb, 4YTO
1+

mectByeT noctosiHas C, >0 M MoceioBaTelbHOCTH {é‘é L ER", &>

pH |s| —> oo, JUISL KOTOPBIX

r—1
&, ())
e— ->C,, s=12,... (7)
el g P, €+ R (€)

U3 onenku (7) crexyer, uto P ((f')s);t 0, s=1,2,... .3acuer nepe-
X0J]a Ha MOANOCIEI0BATEIbHOCTh OCIEA0BATEIbHOCTH {fs}; BO3MOJKHBI

CJICYIOIINE JIBA CTydast
D (&

2) cymectByeT yuciao M >0 Takoe, 4TO

—> oo TIPU § —> o}

El<M, s=12,...

B ciydae 1) umeem, 4to npus — oo

&, () S
&' @+ R()] I

-1

m

+

o

1+

S
n
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B cnyuae 2) umeem, uto ‘(5')‘9‘ —> oo MPU § —> oo U CIEAOBATEIBHO, B
CHITy clieAcTBHA | moaydnm
gRMer) e
e el e, @Y +R(@y] 1+ R

HOJ'Iy‘-ICHHLIe COOTHOLICHUA ITPOTHBOPEYAT OLICHKE (7) n AO0Ka3bI-

ro—1

m

+

o

1+

BaloT, 4To MpHu 1< 7 <m, BepHbl COOTHOUICHHUIO (6) OTUM yTBepKIeHUE

TCOPCMBI 2 J0Ka3aHo.
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HYPOELLIPTICITY AND ALMOST HYPOELLIPTICITY IN TERMS
OF COMPARISON OF SUBPOLYNOMIALS

V. Margaryan
ABSTRACT

In this paper, the necessary, sufficient conditions for hypoellipticity and
almost hypoellipticity are found in terms of the subpolynomialsof the polynomial
under study.

Keywords: hypoelliptic, almost hypoelliptic polynomials, comparison of
polynomials.

ZbNNLPNSPUNRESNRULL U ZUUUN8U Z2PNAELPISPuNkE3NhLL
GLEURUQUULTUULELD ZUUTBUUSNRE3UL SELUPLLENNY,

4. L. Uwpqupyulb
uvoenenhu

Ushumnuwtipmid qunijus tu hhynkjhywuphlnipjut b hwdwpw hhwn-
Hhywuhynipjut wthpwdtown, pudupup wwpdwbtbp htwnwgnuynn pug-
dwinuuh Eupwpuquuinuuh mkpdhutbpny:

hdiwpunkp hhynhhyunwlwh, hwdwpyu hhynhhyunulwh pug-
dwtinudubp, puquuiunudutpph hwdbdwwnnipniu:
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ON TWO REPRESANTATIONSOF COSETS
A. Minasyan
Yerevan State University

ashot.minasya@gmail.com
ABSTRACT

In this paper two different representations of a coset (affine subspace) over a
finite field, by system of linear equations and by root polynomials are described.

Algorithms to transform from one representation to another and vice versa are

presented.
Keywords: linear algebra, coset, root polynomial.

1. Introduction
Let F, be the finite field of q elements and F;* be the vector space of

dimension n over F;. A coset of subspace L in Fj' is a translate of L, i.e. a

setv + L = {v+ x| x € L} for some vector v.
Any k-dimensional coset in 7' can be represented as set of solutions
of a certain system of linear equations over F; of rank n — k and vice versa.

11X + A1px + o Ay Xy = Py
(p1X1 + AppXy + *+* AppXy = Po (1)

Am1X1 + ApaXy + o An Xy = By
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If the rank of the system (1) is n — k and it has at least one solution
then the solution set forms a coset of dimension k. The linear subspace of the
coset is the solution set of the corresponding homogeneous system
Br=Br==B=0)

Another representation of a coset is introduced in [1, 2]. Finite field

Fqn can be regarded as vector space of dimension n over F; (F;'). Let

{Bq, ﬁqz, ,8‘13, IO ﬁqn_l} be a normal basis of Fjn . One can check [3] for the
existence of a normal basis and an algorithm to find it. Then we have the
natural 1 — 1 correspondence:
v = (v, 1) EF v f+v,p7+ v3ﬁq2 + -
et 1, BT € Fom )

We use a normal basis, because algorithms described here extensively
use the operation of raising q-th power of field elements. The operation of
raising to the power q (and consequently any power ¢™) in the normal basis
is the cyclic shift of the coefficients, since

V8 = 0,8 + 0BT+ 0,87 + -+ Vg BT = (U, Vr, o, V)

With each coset L in F;* we associate a polynomial

pL(x) = [laer(x — a) 3)
which is called the root polynomial of L.

To determine the nature of root polynomials, we need to look into the
automorphisms of Fyn over F,;. As is well known [3], each automorphism
has the form ¢,,,: x = x7" where0 <m <n—1. Any linear combination,
with coefficient from Fgn of these n automorphisms can be written as a
polynomial over Fyn of degree at most ¢"~*. Such polynomials are known
as Ore polynomials. Each Ore polynomial p(x) induces a linear operator on
F;* over F. In fact, all linear operators on F* arise this way. A simple count
reveals that there are (¢g™)™. Ore polynomials, the same number as the

number of n X n matrices over F,
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Following facts are proven in [2].
Preposition 1

The root polynomial of a k-dimensional linear subspace L of F7* is an
Ore polynomial of degree q".

Preposition 2

Any non-zero term of the root polynomial of a k-dimensional coset
in F7* has degree 0 or degree g™, where 0 < m < k.

If L is a subspace and C = v + L is a coset, then p-(x) = p,(x —v) =
p.(x)—p,(v). This means that the root polynomial of a coset is Ore
polynomial plus a constant term.

Bellow we describe algorithms for transformations between the above

mentioned two representations of coset.

2. Constructing root polynomial from the system of equations

Let a system of equations of form (1) represent a k-dimensional coset
in F;'. One way to find the root polynomial is to solve the system, get all g™
solutions and multiply all terms in formula (3), but this may not be practical
for large cosets.

Another approach is to use the method of undetermined coefficients.
Coefficients of the root polynomial are calculated using its properties.

p(2) = 29" + A 29" 4 4 Az + Agan
Denote p’(z) the homogeneous part of the root polynomial.
p(z) = 29 + A z9 " + -+ Az

As noted above, it is an Ore polynomial which evaluates to 0 on
elements of the subspace of the coset. Let ey, -*-, e, be a fundamental basis
of solutions of the homogeneous system (1) and b be one of the solutions of
the system. Those can be found using Gaussian elimination algorithm.
ey, , e and b are vectors in F'. We regard them as field elements using the

correspondence (2). The following system of linear equations holds:
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(p’(eﬂ = e1qk ‘|'A1e1qk_1 + -+ Are; =0
4 p'(ey) = ezqk "‘1‘11ezqk_1 + -+ Age, =0

Lp’(ek) =0 + A0, T 4+ Aye, =0
The system has a unique solution because it has rank k, otherwise
ey, *, e, would not be basis. Ay,:-, A, are calculated using Gaussian
elimination algorithm.

A4 1s calculated using the fact

p(b) = b9 + A b7 + o+ Agb + Ayq

3. Constructing system of equations from the root polynomial

It is given a root polynomial p(z) = 79" + Alzqk_1 +-+ Az +
Ag1. The solution set of vectors of p(z) = 0 is a coset in F* of dimension
k. We find the system of equations of form (1) that represents the coset.

It is a fact that homogeneous part of root polynomial p(z) = 29" +
Alzqk_1 + -+ A,z 1s an Ore polynomial which is known to be a linear
operator of rank n — k on F*. It is clear that the kernel of the operator is the

linear subspace of the coset.

We use the matrix representation of the linear operator. Let
{BY, B, BT, -, ﬁqn_l} be the normal basis of Fn. Correspondence (2) is
used to find vector representations of field elements. First we find the values

of the operator on basis elements.

p'(B) = (Bi1,+, Bin)
p’(ﬁq) = (521""13211)

' n-1 )
p (ﬁq ) = (Bn1, > Bnn)
Now the value of the operator on any vector (xq,::,Xx,)can be

calculated in the following way: p(xy, -+, %) =p' (X8 + x,89 + -+ +
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xnﬁq"‘l) = x:p'(B) + x,p" (B + ---xnp'(ﬁqn_l). The matrix form of

operator p'(z) would be:

P11 - Pm X1
, X
p (xl' "'lxn) = '812 'an :2
ﬁln Bnn Xn
If Agr1 = (v, ¥n) then p(xyg, -+, %) = p'(xq, -, %) + (g, -+, V).
We got the following:

p(le Y xn) =0e p’(xl' :xn) = _(yl' :yn)
And the system of equations forming the coset would be

P11 = Pma X1 Y1

Biz P2 x.2 - _ V.Z

.Bln h ,Bnn Xn Yn
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O JIBYX ITPEJCTABJIEHUAX CMEKHbBIX KJIACCOB
A.B. Munacsan
AHHOTAIUA

B nanHOI1 cTaThe ommcaHbl JBa NPEACTaBICHHS CMEXHOTO Kiacca (apduH-
HO€ TIOJIIIPOCTPAHCTBO) HaJ KOHEYHBIM IT0JIEM. DTO CUCTEMAa JIMHEWHBIX YPaBHEHUH
U KOpHEBOW MHOrowieH. ONHUCaHbl alrOpuUTMbl IUId TpaHc(opMmanuu OZHOTO
MIPEJICTaBJIEHUS B IPYTOE.

KiroueBsble ciioBa: nuHeiiHas anreOpa, CMEXHBIN Klacc, KOPHEBOW MHO-

TOYJICH.

2U0.0rUub8 YUUE e BMUNk LEMYUsSUSNhULEP UUURL
U.9. Upuujub
uvuoenenrU

Uju hnpduénmid ujupugpus Eu JEpowynp guownh dpu mpdus hw-
puihg nuwuh (whdhtwlwh Lupwwnwpwdnipyui) Epynt tkpjuyugnidubp.
Uklp géwghtt hwjwuwpmudubph hudwlupgh dhengny, hul dniup wpdwn
puqUuinuuh dhongny: Ljwpwgpus Eu wignphpdutp dp ubpluyugnidhg
Ujntup uvnwbwnt hwdwp:

Zpltwpuntp gduyhtt hwipwhwohy, hwpwljhg nuu, wpdun puqu-
wunud:
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OJHONAPAMETPUYECKOE CEMEMCTBO
HETPUBHAJIBHBIX PEIHEHUM JJ15I OJHOI'O
KJACCA KBABUJIMHEWHBIX YPABHEHUI
THUIIA BOJIBTEPPA

A.X. Xauampan, B.M. Kaxxkuysan

ApMAHCKULL HAYUOHATILHBLU A2PAPHBLU YHUBEPCUMEM
Hayuonanvuouii uccnedosamensckuii mexHono2udeckuil yHugepcumem
(MHCuC, 2. Mockea)

aghavard59@mail.ru, varazdat1948@mail.ru

AHHOTALNUA

B mHacrosmieit pabore wHcciemayeTcsl OIWH KIIACC KBa3WJIMHCHHBIX
MHTETPAJIbHBIX YPABHEHUH C CyMMapHO-Pa3HOCTHBIM sSApoM. [loka3biBaeTcs
CYIIIECTBOBaHHME OJIHONAPAMETPUUYECKOIO CeMeHcTBa HEOTpULATEeNbHBIX
HETPUBHUAJILHBIX U OTPAaHMYEHHBIX PEIICHUH NaHHOrO ypaBHEHHs. Bprumc-
JSIETCS TIPe e TOCTPOCHHBIX PEIICHUH B 0ECKOHEUHOCTH U, TEM CaMbIM, T10-
JTy4aeTcsi HeIMHEHHBIN aHajIoT OJHOM TeopeMbl 13 padoTsl [ 1]. B koHue npu-
BE/ICHbI YaCTHBIE IPUMEPBI YKa3aHHBIX YPAaBHEHUH.

KuroueBble cioBa: ypaBHeHue BosbTeppa, KBa3uiInMHeHOe ypaBHe-

HUE, AP0, TPEAEN, UTEPALUU, MOHOTOHHOCTD, CXOJIUMOCTb.
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BBenenue
Hacrosimas 3ameTka nocssiiieHa UCCIEA0BAHUIO CIIEYIOIIETO KBa3H-

JUHENHOTr0 HHTETPaIbHOTO YpaBHEeHUs BonbTeppa:

[oe)

flx) = f(v(t —x) —v(t +x)) (f(t) +)((t,f(t))) dt,x >0 (1)

X

OTHOCHUTEJIBHO HCKOMOM BemecTBeHHOM (yHKuu f(x).

NHTepec n3yyeHus Takux ypaBHEHUH CBA3aH C UCCIIEIOBAHUEM HEJIH-
HEWHBIX TPAHUYHBIX 3a1ad Ui IMCeBIO-Au((epeHInaIbHBIX YPaBHCHUH,
BO3HUKAIOIINX B P-aJMYECKON TEOPHH OTKPBHITO-3aMKHYTHIX CTPYH (cM. [1-
2)).

B ypaBuenuu (1) s1po v y1OBICTBOPSET CIICAYIOIIUM YCIOBHUSIM:

v(t) >0,teRT, veEL(RT)NL,(RY),v(r) | moTtHaR", (2)

f v(t)dr = 1,[ 2v(1)dT < +00 . 3)
0 0

B cayuae y(t,u) =0,t € R*,u € R ypaBuenune (1) uccienoBano B
pabote [1]. B aroil paboTe noka3zaHO CyIIECTBOBaHHE HEOTPUIATEILHOTO
HETPUBUAILHOTO MOHOTOHHO HEYOBIBAIOIIETO HETPEPHIBHOTO M OTPAHUYCH-
HOTO PEIICHHUS.

B HacTosimieii pabote ¢ HCIONb30BaHHEM ITOTO Pe3yJIbTaTa MpH OIpe-
JICJICHHBIX OTpaHUUYCHUAX Ha QyHKIUIO ¥ (t,U) MbI JOKaKEM CYyIICCTBOBA-
HUE OIHONAPaMETPHUECKOTr0 CeMeNCTBa HEOTPULIATEIbHBIX HETPUBUATBHBIX
U OrpaHUYEHHBIX pelieHuid. bonee Toro, JoKakeM CyleCTBOBaHME IIpeiesa
B OECKOHEYHOCTH JIJIsl K&XKJIOTO PEIICHUS U3 3TOT0 CEMEMCTRA.

B xoHIte paboTsl Oy 1y T pUBEACHBI TpUMeps! GyHKIwmiA y (t, u).

1. ®opmy/HpPOBKa OCHOBHOT'O pe3y/bTaTa

OtHocutenbHO GyHKIUH ) (t, U) TPEIITOIOKHUM BBITIOITHEHHUE CIICTYO-
LIMX YCJIOBUM:

I. x(t,u) ynosnersopser ycnosuro Kapareomopu Ha MEHOXecTBE RT X

R*mo aprymeHty u, T.e. IpH KaxaoM (UKCUPOBAHHOM U € RY QpyHkuus
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x(t,u) usmepuma o t, t € R*u s nouru Beex t € RY HenpepsiBHA 110 U
Ha R,

I x(t,u) =0,(t,u) € Rt X R*, cymectByer sup y(t,u) = (t),

u=0

rnee € Li(RT) N Ly, (RY),e(t) » 0,mput > +oou

o

f te(t)dt < +oo,
0
II. y(t,u) TmoumnaR™.

OCHOBHBIM PE3yJIbTATOM HACTOSIICH PAOOTHI SBISETCS CICTYIOIIAs

Teopema: Ilycts simepHast GyHkiws v(t) yIOBICTBOPSACT YCIOBHUAM
(2) u (3). Torma, mpu ycnosusix 1)-III) ypaBuenue (1) obnagaer ogHomapa-
METPUYECKUM CEMEHCTBOM HEOTPHIIATEIbHBIX HETPUBUAIBHBIX M OTPaHU-

YEHHBIX PELICHUN { fy (x)}y>0, npudeM s aodoro y > 0 cymiecTByeT

Jim £,G) =v. &)
bonee toro, ecmm y4,y, > 0y, > y,, TO
frn () > f,(x),x >0 )

u i moboro y > 0
f(0)=0. (6)
2. Jloka3aTeJibCTBO OCHOBHOIO pe3yJjbrara. [lpumepsl pyHkmii
x(t,w).
Hapsiny ¢ ypaBHenuem (1) paccMoTpum clieayroiiee OIHOPOIHOE

ypaBHeHue Tuna BonbsTreppa:

Y(x) = j(v(t —x) —v(t+x))(t)dt,x € RY (7)

OTHOCHTEJILHO MCKOMOM (pyHKImHU WY (X) , TI€E SApO U YIAOBJIETBOPSET yCIIO-
BusM (2) u (3).

N3 pesynbraroB pabotsl [1] cneayer, uyto ogHOopoaHOe ypaBHeHUE (7)
06HaﬂaeT HCOTPULATCIIbHBIM HCTPUBUAJIBHBIM MOHOTOHHO Hey6LIBaIOH_[I/IM

HENPEPBIBHBIM ¥ OrpaHUuYeHHbIM Ha R™ pernennem Y (x), npuyem
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Y(0) =0,¥(x) > 0,mpux > 0, xl_iffloow(x) =1. (8)

Tenepb pacCMOTpuM CIICAYIOMECEC HCOIHOPOIHOC JIMHEMHOE HHTE-

rpajyibHOe ypaBHeHHE BonbTeppa:

[oe)

®(x) = gx) +f v(t — x)®(t)dt,x € RT 9

X

OTHOCHUTEJIBHO MCKOMOM (pyHKImu @ (x), rae cBoOoaHbIN wieH g(Xx) umeeT

CIIEIYIOIIYIO CTPYKTYpY:

[o e}

glx) = f v(t — x)e(t)dt,x € RT (10)

X

(o ¢dyukiuu £(t) cm. B ycnosuu II).
N3 cBoiicTB PpyHKIMU v 1 € ¢ yueToM Teopembl Dyounu (cm [3]) cie-

JIyeT, 4TO

o0}

g €ELi(RT)NL,(RY), m(g) = f xg(x)dx < +oo. (11)
0

C npyroii croponsl, T.K. £(t) = 0 npu t = +o0, To u3 (10) cneayer,

4TO
xEng(x) =0. (12)
Taxum o6pazom, B cuiy (11) u3 pe3ynbraToB paboTs [4] cineayerT, 4To
HEOJHOPOIHOE ypaBHEHUE (9) MMeeT HeOTpHULATEIbHOE CYMMHUPYEMOE pe-
mrenre @ (x). 3aMeTHM, YTO TO pelIeHHe 00JaJacT TAKXKe CIEAYIOIINMH

CBOVCTBaMHU:
® € L,(RM)u liI_El d(x)=0. (13)
XxX—>+00

HeiictBurensHo, u3 (9) B cuny (2), (11) u (12), umeem

[ee]

0<d(x)<supg(x)+supv(x)- | &(t)dt <+,
x20 x20

X
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[ee)

0<d(x)<gx)+supv(r) | &(t)dt > 0,npux - +o,
720
0

OTKyJa HEMeMJIeHHO cienyeT (13).
Tenepsb it ypaBHeHwUs (1) paccMOTpHUM CIIEIYFOIIUE ITOCIIEA0BATEIb-

HbIC PUOTHKCHUS:

o= f (vt =) = vt +0) (O + 2 (6.5 ©)) s,

(14)
fY(x) = yp(x),n = 0,1,2,...,x € R,

IJ¢ Y — MPOU3BOJIBHOE MOJOKHUTEIBHOE YUCIO, a Y (X) — HEeTPUBHAIBHOE
HEOTpHUIIATENIbHOE pellieHne ypaBuenus (7), obianaroiiee cBocBTamu ().
B cuny mepasencrsa v(t —x) = v(t + x),(t,x) € Rt X R* u ne-
orpuniatesibHocTH Y (t,u) (cM. ycnosue I1) HHIYKITUEH 11O N HETPYIHO JO-
Ka3ark, 4yTO AJ1s Jitoboro y > 0
fY(x) Tnon. (15)
Hmxe gokaxem, 4To
Y <yypx)+@(x),n=012,..,x ERT,y >0 (16)
HeiictBurensHo, ipu n = 0 HepaBeHCTBO (16) cpa3y cieqyer U3 HEOT-
punarensrocTH QyHKuu @ (x). [peamnonoxum, 4to (16) BBITOTHSIETCS TPU
HEKOTOpoM HaTypainbHOM n. Toraa, yuutsiBas ycnosus 1), I1I), popmysl

(9), (10), u3 (14) B crity MHIYKIIMOHHOTO TIPEIIIONIOKEHUS OYJIEM UMETh:

o)

@) < f W(t = x) = v(t + 0)GP(E) + D) + 1 (6, y(©)

X

+ @(t))dt <

o)

< yf (v(t —x) —v(t +x))P(O)dt + f v(t —x)@()dt +

X
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+ f (v(t —x)—v(t+ x)))((t, yy(t) + (D(t))dt <yyY(x)+

[o9] (o8]

+f v(t —x)@(t)dt + f v(t — ) x(t,yp@) + @())dt <
<y¥(x)+ f v(t — x)®(t)dt + f v(t —x)e(t)dt = yyY(x) + @ (x).

WNHpyknuen mo n aerko MOKHO IPOBEPUTH, YTO KaXKAbId WIEH I10-

CJIEZIOBATENILHOCTH (YHKLIUH { Y (x)}n=0 ABIISICTCS. U3MEPUMON (yHKIHEH

no x Ha R*. D10 cnenyer u3 ycnosuii 1), (2) u (3).
W3 MoHOTOHHOCTH W HeoTpumareabHocTH pyHkmmu y(t,u) ciemyer
TaKXe, 94TO €CJIH V1, > 0 my; > y,, TO

Y100 — f2(6) = (0 — )Y (),n=0,12,..,x ERT.  (17)
Takum 00pa3om, W3 TEPEUUCIICHHBIX CBOMCTB CIIEAYET MOTOYCUHAS

oo

CXOJMMOCTh TOCJIEIOBATENILHOCTH (PYHKITHIA {fny(x)} npu n — oo:

n=0

lim £,/ (x) = f¥(x) , npuuem £ (x), cormacuo npenenbHoit Teopeme b. Jle-
n—->oo

BU, YAOBJETBOPSAET ypaBHEeHUIO (1).

U3 (15) u (16) cnexyer, 4to

YY) < f7(x) S yp(x) + @(x),x €R*,y >0 (18)
B Hepasenctse (17) ycrpemiisia n — 00, IOJIy4UM
frex) — fr2(x) = (ra — y2)(x),x € R™. (19)

YuuteiBas (8) u3 (19), mpuxoaum k (5) u (6). Tak kak lirll Y(x) =
X—+ 00
1, liIEl ®(x) = 0,10 u3 (18) cienyer, uTo
x—+00
lim fY(x) =y.
X—+o00
Takum 006pa3om, TeopeMa MOJTHOCTHIO JTOKa3aHa.

B koHIle paboThI TIPHBEIEM HECKOJIBKO mpuMepoB dyukiwu y(t, u),

JUIsl KOTOPBIX BbINOJHSAOTCS yenosus 1) —I1I):
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—t au

— Rihatad) + +
A x(t,u)=e u+1,a>0,(t,u)ER X RY,

B. x(t,u) = ce‘tz(l —e™),c>0,(t,u) € R* xR,

q u(l-e™)
1+¢3 u+1  ’

C. x(t,u) = q>0,(t,u) € Rt X R*,

ABTOPBI BEIPAXKAIOT IIy0OKYI0 O61arogapHocts X.A. XauaTpsHy 3a 00-

CYXKXICHUA U MOJIC3HBIC 3aMCUYaHU .
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ONE PARAMETRIC FAMILY OF NONTRIVIAL SOLUTIONS FOR ONE CLASS
OF VOLTERYAN TYPE QUASILINEAR EQUATIONS

A. Khachatryan, V. Makhtsyan
ABSTRACT

In the present note the one class of quasilinear integral equations with
sum-difference kernel is investigated. For these equations the existence of

one parametric family of nonnegative nontrivial and bounded solutions is
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one parametric family of nonnegative nontrivial and bounded solutions is
proved. The limit at infinity for obtaned solutions is calculated, which is the
nonlinear analogue of one theorem of the work [1]. At the end of the work
for above mentioned equations the list of particular examples are given.
Keywords: Volteryan equation, quasilinear equation, kernel, limit,

iteration, monotony, convergence.

JANLSGLUSP ShNb 2YUQPQ0USPL ZU4UUULMNRULECE UD YUUR
ZUUUC N2 SCRYPUL LARONRULESE UBU NMULUUTSMULAS CUSULRLR

U.v. vusunnpyul, 9. U. Lunpgul
uvonNenNkrU

Lkpujugyus wohtmnwbpnid ntuntdbwuhpynid b gnidwipw-inwppk-
puyuyghtt Ynphgqny pdwqhgdbuyhtt htnbgpu) hwjwuwpnidubph dh puu:
Uoyws hwjuwuwpnidubph hwdwp wmywgnigymd £ ny mphyhw, nwhdwbw-
thul] b ny puguuwlui (nisnrdubph Uk quwpuwdbnpwing ptnnwihph gnynt-
pintup: Unwgyt) | uwlb jupnigqus jnisnidubph vwhdwip wudkpenipynituinid
b ngpuuny hulj uvnwgyl) [1] wohtwwnwuph vh phnpbdh ny gduwyhtt hwugnyyup:
dhponid pipynid b ipdws hwjwuwpnidubph dwubwynp ophtiwmyunkp:

Jpdiwpuntp Inpunbpugh hwduwuwpnd, plughgsuyhtt hudwuw-
pnwdubp, Ynphg, vwhdwi, hinkpughw, dnininnbnipinil, qgniqudhwinnipini:
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OPU3UKA

V]IK 541.64

MEPEXO/I TOPSIIOK-BECIIOPSIJIOK
B TETEPOTEHHBIX BUOJIOTHUYECKHNX
MAKPOMOJEKYJIAX

A.B. Acampan, A.K. Anopuacan, IL1.A. Tonosan,
E.III. Mamacaxaucos, B.®. Mopo3os

Epesanckuii cocyoapcmeeHublil yHusepcumem
sh.tonoyan@.ysu.am
AHHOTANUA

PaccmatpuBaeTcst Teopus mepexojia Cupaib-KIIyOOK B Te€TepOreHHBIX OHO-
nojiumepax (TOJMIENTHAAX U MOJIMHYKIeoTH1ax ). Teopus ocHoBaHa Ha O000IICH-
Hoit Mopemu [lomunentunnoit Lenu (OMIIL]) ¢ mpuMeHeHEM MeETOJa OTXKUTA C
orpannueHusMu (constrained annealing). [TomydeHo BbIpakeHHe Al CBOOOIHOM
SHEPIHH TeTepONoJMepa dYepe3 COOTBETCTBYIOIIMM O0pa3oM yCpeAHEHHYIO
TpaHc(ep-MaTpUIly TOMOIIOJIMMEPHON Moeni. Ha 3Toii 0CHOBE MOTy4eHBI BhIpa-
JKEHUS [ TapameTtpa nopsiaka. [lomydeH anroputM mocTpoeHus: KPUBBIX IUIABIIE-
HUs (BKMovast U quddepeHInanbHble KPUBBIE TUIABICHUS) TeTEPOrCHHBIX OHOIO-
mumepoB. [lokazaHo ymmpeHne HHTepBaia nepexo/ia Mo OTHOIICHHIO K TOMOTIONH-
MEpHOMY.

KuaroueBsble ciioBa: mepexo/1 Ciupalib-KiIy0oK, TeTeponoInMep, OMMOalb-

Has reTeporeHHocts, OMIILL, MeTo oTXKHUTa ¢ OTPAaHUYICHISIMHU.
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1. BBenenue

SIBneHue mepexoaa Cupaib-KIyOOK Kak Mmepexo MopsaoK-0ecrnopsi-
JIOK B OMoIonuMepax UHTEHCUBHO HCCIIE0BaNOCh, HaunHas ¢ 1960-x romos
[1-7] m 1o cux mop SIBASAETCS NPEIMETOM MPUCTATLHOTO BHUMaHus [8—15].
Yaiie Bcero nepexo/i Cnupainb-KIyooK MOJAEIUPYETCS B IPUOINKEHUH ABYX
COCTOSIHUIM Ha OCHOBE Pa3NUyYHBIX Moaudukanuii Mmoaenu 3umMmma—bperra, B
OCHOBE KOTOPBIX, B CBOIO OUEPE/Ib, JISKUT MoJiesib M3unra [16—-19]. Anbrep-
HATUBHBIA TIOJXOJ] COCTOUT B pacyeTe CBOOOIHOW SHEPTUU OJHOMEPHOTO
pacTBopa CTHIKOB MEXKIY CHUPAIbHBIMU U KIYOKOOOpPa3HBIMU Y4acTKaMU
[6]. DT TeopuH SABISAIOTCS CPEIHENOIEBBIMU B TOM CMBICIIE, YTO FaMUJIBTO-
HUAH MOJICJIA COJIEPXKUT apaMeTphl, YK€ YCPEIHEHHBIE 10 KOH(pOopMaIHsIM
MaKpOMOJIEKYJIbl U pacTBOpHUTEINs. Tak, Harpumep, napaMmeTp KoorepaTus-
HOCTH BBOJUTCS KaK CTATHCTUYECKUIN BEC CTHIKA MEXAY KIIyOKOOOpa3HBIMH
Y COUPATIbHBIMU yyacTKaMmHu [6]. OgHako, pa3IuyHbIMU aBTOPaMU MPEJICTaB-
JISTUCh HEKOTOPbBIE TEOPETUUECKUE MOJIETN KaK JIJIsl HOJUNenTua0B [20-22],
Tak W JUIs MOJMHYKICOTHA0B [9—13], 6e3 Hcronb30BaHus TPUOITIKESHUS
cpeanero nois. bonee Toro, HEKOTOpblE MOAEIHU TPUMEHSIIUCH JIJISL OIKCA-
HUS TUTaBJIEHUS T€TEPOIIOIMMEPOB U Ha UX OCHOBE MOJYUYEH s/l BaXKHBIX pe-
3ynbTatoB [1-19]. OgHako HeKoTOpble MPOOJIEMbl OCTAIOTCS HEU3YUYCHHbI-
Mu. B wacTHOCTH, OnHcaHue TIJIaBJICHUSI TETEPONIOIMMEPa HE paccMaTpUBa-
JI0OCh C MUKPOCKOTIMYECKON TOUKU 3PEHHUS.

B mpeapiaynmx Hammx myOnukamusx [23-27] Oblia mpencTaBieHa
MHUKPOCKOIIMYECKasi MOJIENb, OMHUCHIBAIOIIAS TEPEX0]l CIUPATb-KIyOOK, B
OCHOBY KOTOPO# TIoJI0’keHa Moudukanus Mmojaenu [lorrca ¢ MHOrogacTuy-
HBIM B3auMoJielicTBHEeM. JlaHHAs MoJielb Ha3BaHa OOOOIICHHON MOJCIBIO
noymnentuaaor neru (OMIILL). B pamkax 3To#t Moaenu 1uisi TOMOIIOJIMME-
POB MOJIYYEH Psii MPUHLMIHUAIBHBIX pe3yJibTaTtoB. Ha ocnoBe OMIIL] ¢ mpu-
MEHEHHEM MHUKPOKaHOHHYECKOTO METO/Ia HaMU ObLT MOJIyYEH Psii HHTEpEeC-
HBIX PE3yJbTAaTOB Il reTepornoymmepHoro ciydas [28]. B nanHoit pabote

MCTOJ OTKHI'a C OIPaHUYCHUAMU PA3BUT I AHAJIUTHYCCKOI'O OITMCAHUA
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KPHUBBIX TIEPEX0/1a B OMOIOIMMEPax C JIBYMsI TUIIAMH ITOBTOPSIOIIUXCSI €1~
Hul. Jjis onucanusi TOMONOJIMMEPHOM 3a/1auu, UCIOJIb3YETCs YK€ MHOIO-
KpaTHO npumensBmasica mojeab OMIIL [23—-27, 33—34] B ToM uucie u ajist
reTepornoymMepHoro ciydas [28]. Jlasee Hamu Obl1a paccCMOTpeHa MpooIIe-
Ma [1epexo/ia CIUpalib-KiIyOOK ¢ reTepOreHHOCTbBIO 10 IHEPIHUH 00PA30BAHMS
nap ocHoBaHu# [33] 1 TeTepOreHHOCTRIO N0 YKcly KoHpopManuii [34] ¢ uc-
MOJIb30BAaHWEM METOJa OTXKUTa C OorpaHuueHusiMu (constrained annealing)
[29].

2. MeToj OTKUTa ¢ OrPaAaHHYEHUSIMH

Jyig uccneioBaHus Iepexo/ia CIUpalib-KiIyOOK C TeTepOreHHOCThIO 10
SHEPrusiM HaMu ObUT MCIOJIb30BaH MOAXOM, pa3paboranHbiii M. Serva u
G. Paladin B [25]. Cnenyst [25], cBOOO HAS SHEPTUS CUCTEMBI C 3aMOPOKEH-
HOM cTyyaliHOW MOCIE0BATEIbHOCTHIO MOBTOPSIOIIUXCS €IUHUI] OLIEHEHA
Ha OCHOBAaHHUU OTOXKEHHOI'O CPEAHEr0 CTaTHUCTUYECKOM CYMMBI C COOT-
BETCTBYIOUIMMH OTPAHWYCHUSAMU. J[aHHBIN MOAXO0J SBISETCS BapUAIOH-
HBIM ¥ MOXXET OBITh pealn30BaH C UCIOJIb30BAHUEM HEOINPEIEICHHBIX MHO-
xutenert Jlarpanxka. CormacHo [25], cBoO0ogHAs SHEPTHS MOXKET OBITH OIIe-
HEHa KakK

fzg(Tw)=fy 2.1)

riae f u fa — 3aMOpPO’KEHHAs U OTOXOKEHHAs CBOOOIHASI SHEPTUU U3 pacueTa
Ha HYKJIEOTH]I, COOTBETCTBEHHO:

9(T, 1) = —~kpTIn(Z(seq)expNHaleD) (2.2)
3neck Z(seq) — craTuCTUYECKasi CyMMa OMOIOIMMEpPA C 3aMOPOXKEHHOMN pea-
JIu3anue Mociel0BaTeNIbHOCTH seq, a o0(Seq) — COOTBETCTBYIOLIAsl CaMo-
ycpenHsiemasi 3aMOPOKEHHasl BEJIMYMHA. 371eCh <...>gy O3HAYAET CPeAHEE 10
byHKIMM pacnpefeneHus Uisi oCIeI0BaTeNbHOCTH. B nanbHelinem naH-

HBIN I1oaxon 6y21€M Ha3bIBaTb METOJIOM «OTKHUI'a C OTPAHUYCHUAMMIN).
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3. Boluucienue cB00OOIHOI dJHEPIUH

PaccMoTpuM rereporonuMep, COCTOSAUINI U3 MOBTOPSIOMIUXCS €Iu-
HUII 1BYX copToB, Hanpumep, 11t [JTHK — GC-u AT-nap. [Ipu sTom, ipearo-
JlaraeTcs, 4To COpTa MMOBTOPAIOMINXCA CAUHUILL BI)I6I/IpaIOTCSI CTAaTUCTUYCCKHU

He3aBucHMO. CBOOOIHASL SHEPTUs TAKOW CHCTEMBbI BBIPA)KACTCsI B BUJIE
N
F = —kgT(InSp []G;) (3.1)
i=1

3necwk Gi— TpaHchep-maTpuiia

e’ 0 0 0
0 0 .. 0
0 00 .. 0 0 (3.2)
G =
0 0 0 0
0 0 0 0 e~
e®

riae, Ui— sHeprusi 00pa3oBaHus BOJAOPOJIHOMN CBSI3H i-i KOMIIOHEHTHI TE€TEPO-
nonumepa, Ki=/nQi u Qi— 4ucio cocTosiHUM i-ii KoMIOHEHTHI [ 10—-14].
IIpuueM Gi=G4 ¢ BepoATHOCTBIO X U Gi=Gp C BEPOSTHOCTHIO [-X.
BBeneM ciuHOBYIO MepeMeHHYI0 6 = +1 Takum 00pa3oM, 4To
G(o; =1) =Gy, G(0; =—1) = Gg (3.3)
Hpn 3TOM, <0; = av =2x-1, roe x — noJys MOBTOPSAIOIMIMNXCS SAUHUI] TUTIA
A. Takum 00pa3om, mepBUYHAs CTPYKTypa OyIeT BEIpaKeHa MOCIEA0BATEIb-
"Hoctsamu yucen +1. Torma
Ji =Jo + 0;A],K; = Ky + 0;AK, (3.4)

Ka+Kp
2

Jat] Ja—]
rae Jo = AZB,A]= Az B,Koz

pabote [29] u popmyre (3.1)

Ka—-K
,AK =%. Torma, coriacHo
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F = —kgTInSp(xexp~*VG, + (1 — x)exp*BHGR)N, (3.5)
I7ie |l — BapHMAIMOHHBIH TIapaMeTp, a 0. — ONPEJIENAT OrPaHMYEHHE, KOTOPOE

BBIOHMpaeTcs npocreimmm criocoooM: a(a) = Y. (0; — (0;)). Orcrona, mocne
i

HECIIOKHBIX TTpeoOpa3oBanuii [30] B TepMOAMHAMUYECKOM NPEeIie, UMEEM:

—F
gud=——g9=uwﬁ+m&wmﬂ+%1—ﬂwmﬂ+
NkgT
+1nA; (exp’, expX) (3.6)
rae Al — MakCUMallbHOE COOCTBEHHOE YKCIIo Tpanchep-marpunnl G(e’, eX),
a
(exp(1+HJi) xexp HA) + (1 — x)exph=2)
exp/ = ——— = exp/o
(expHi) xexp® + (1 — x)exp=&/

xexp MKy (1-x)expt=K
xexp~H+(1-x)expk

expX = expKo (3.7)

[Tockonbky BeipaskeHue (2.1) qaeT HUKHIOIO OLIEHKY CBOOOIHOM SHEP-
T'MH LIETNH C 3aMOPOXKEHHOM MOCIIEeI0BaTeIbHOCThIO, HAM HE00XO0IMMO HAlTH
MaKCUMYM CBOOO/IHOM 3Hepruu F(|1) Wi MUHUMYM MIPUBEICHHON CBOOO/I-
HoM 3Heprui (3.6) no napametpy . [TosToMy 3HaUeHHE BapHallMOHHOTO Ma-

paMeTpa onpeaCIaCTCA COOTHOIICHUEM

ag
=0 (3.8)

JU1st 5TOro Mbl CTpOUM 3aBUCUMOCTb g(7,1L) OT | IpU (PUKCUPOBAHHOM
TeMIIepaType U HaX0JIMM 3Ha4eHHUE [, COOTBETCTBYIOIIEE MUHUMYMY IIpHBe-
JeHHOW cBOoOoAHOM sHepruu. IlepeOpaB Bce 3HaUEHUS TeMrepaTyphl B OK-
PECTHOCTH MEPEX0/a CUpaib-KiIyOOK, Y Hac OyAyT BCE COOTBETCTBYIOIIHUE
3HAYEHUs MapaMeTpa L, 4TO MO3BOJMT, COTIACHO BbIpaxkeHuto (3.7), momiy-
YUTh YCPEAHEHHOE 3HaUCHHE MapaMmeTpoB TpaHchep matpuisl (3.2), mocie
YEro BBIYUCIUTH IPUBEJIEHHYI0 CBOOOIHYTO SHEpTHIO (3.6). Takum oOpazom,
JUIS KOKIO0H TeMIlepaTypsl Mbl OyJieM UMETh COOTBETCTBYIOIEE 3HAUCHUE

CcBOOOJTHOM PHEPTHUH.
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4. CTteneHb CNIUPAIBLHOCTH
W3 onpeneneHust cTeneHu CUpalbHOCTH 0, KaK mapameTpa mopsijaka,
caenyer [23, 24, 30]

dg(w) _ 0lndy
== =— 4.1
0 dJo d]o .1

J1i1st ToNTyYeHHsT TEMITEPAaTypPHOTO MTOBEICHHS CTETIEHN CITHPAIEHOCTH
MOKHO BOCIIOJIb30BAThC YHUCICHHBIM JU(D(HEpPEHINPOBAHHEM BBIPAKEHHUS
IJIaBHOT'O COOCTBEHHOTO YKCiIa Al [0 00paTHOM Temreparype, OJHAKO MOXK-
HO BOCIIOJIb30BaThCsl YHUTAPHBIM MIPeoOpa3oBaHueM TpaHchep MaTpHUIlbl U
MOJIYYNUTH aHAJIMTUYCCKOC BBIPAXKCHUEC AJId CTCIICHU CIIMPAJIbHOCTH 0, 49qTO B
pamkax OMIIL] nnst rerepononumepa [2, 3, 24| onpenensieTcss aHAJIOTUYHO

roMonoJIMMepy COOTHOMICHUCM
=
_ UGy,

3nece U u V — neBble U mpaBble COOCTBEHHBIE BEKTOPHI MaTpullbl G ¢

0 (4.2)

nepeonpeaenaeHHpIMu cornacHo (3.7) mapamerpamu ¢’ u eX. Marpuna G'
onpezensiercs Kak MaTpuia G ¢ dIEMEHTaMU PaBHBIMHU HYJIIO, KPOME JIe-

menta 1,1: G,'] = Gij5(i,l)5( j,1). M — MakcuMaJbHOE COOCTBEHHOE YHCIIO

qutst Matpursl G . WTak, st reTepornonmmMepa KaxIoMy 3HAYCHHIO TeMITe-
paTypbl COOTBETCTBYET apaMeTp L, 3aTeM Bbruucisiercs 0. Takum obpazom,
Ha OCHOBE MPUOJIMKEHUS OT)KUTA C OTPAHUYCHUSMH B OOIIIEM BH/IE MTOTyUYECH
AJITOPUTM BBIUMCIIEHUS KPUBBIX IJIABJIEHUS JBYXKOMIIOHEHTHOTO CIy4aiHO-
ro TeTeporouMepa C pa3IudYHbIMU COOTHOIICHUSAMH MEXAy KOMIIOHEHTa-
MHU. AJITOPUTM TO3BOJISIET IPECKA3bIBaTh TOUKY U MHTEpPBaJ IJIaBICHUS Ta-
kol cuctemsl, kak JIHK ¢ paznuunbiv GC-cocraBom. CinenyeT OTMETUTS,
YTO JAHHBIA MOAXO0J MOKET ObITh IPUMEHEH U K OOJbILIEMY YUCIy KOMIIO-

HCHT.
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5. Pe3yabTaThl H 00CYy:KICHUSA

Ha puc. 1 u3zo0pakeHa kpuBas nepexoja Cnupaib-KIyOoK B TOMOIIO-
JUMepe U3 OBTOPSIONINXCS eAUHUI] THIA A (1) 1 KpuBas 1Jisi TOMOIIOINMepa
W3 TMOBTOPSIOMIUXCS €UHUIL TUTIA B (2), a TakXke KpUBasi IJisl CIIy4alHOTO
reteponosiumepa (AB) (3).

s KPHUBBIX IUIABJICHUS BUIHO, YTO UHTCPBAJI IICPCX0aa JJIA r€TCPOIIO-
JUMepa 3HaYUTeNbHO OoJbllle, 4yeM roMmonoiumepa. bonee Toro, pacuer no-
Ka3bIBAET, UTO UHTEPBAJI IUIABJICHUS T€TEPOIIOJINMEPA OCTAETCS JOCTATOUYHO
OOJIBLINM J1aXKe TPU PEHEOPEKEHUN UHTEPBAIOM IUIABJICHHUS TOMOIIOIUME-
pa [30].

1.0 j

08 +

0.6 L

04 L

0.0 K |

0.210 0215 T 0.

bt
[ ]
[

Puc. 1. Kpussie 3aBucumMocty crernieHu criupanbHocTs 6(T) oT TemrepaTypbl r pu
cnenyronmx napamerpax treopun: Q=71, Op=51, Us=1, Up=0.8, x=0.4 u A=4: 1 —
KpHUBas IJIABJICHUS AJI TOMONIOJIMMepa B, 2 — KpuBasi IJIaBJICHUS 17151 TOMOIIOIMMEpa

A, 3 — KxpuBas TUIABICHUS JUIsI TETEPOIOIMMEPA, COCTOSIIETO U3 MOHOMEPOB A U B.
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do/dT |

200

150

100

50

0 . L. [ L L L N
0.212 0.214 0.216 0.218 0.220 0.222 0.224

T

o N 26
Puc. 2. Kpussie 3aBucumoctr JKI1 nuddepeHnnansHoi KpUBOH IIaBIeHUS 57 ©OT

TeMriepaTypsl 1 1pH cieayomux napamerpax teopuu 04=71, Qp=51, Us=1, Up=0.8,
x=0.4 u A=4: 1 — xpuBas MIaBJIEHUS IJIs1 TOMOTIONNUMEpa B 2 — KpHuBasi TIIABIICHUS
JUIsL roMorionuMepa A, 3 — KpuBasi IJIaBJICHHUS IS TETEPOIIOIMMEpPa, COCTOSIIIETO

13 MOHOMEpOB A 1 B.

Jl11is 6onbIieit HarJISITHOCTH MBI IOCTPOWIH AU(GEpeHIINaTbHYO KPU-
BYIO ILIABJICHUSI TIPU TeX K€ mapameTpax (puc. 2) myTeM YUCIEHHOTO nud-
bepennmpoBaHus KpuBOi 1. MBI TakyKe MPOBEIN aHATN3 KPUBBIX TIJIABICHUS
JUTSI CITy9asi TETEPOT€HHOCTH C YHCIIOM KOMIIOHEHTOB OOJIBINHX, YeM 2, OJI-
HAKO KaY€CTBEHHO KPUBbIC TUIABIICHUS HE CUJILHO OTIUYAIOTCS OT OMHAPHO-
ro ciaydasd. Bo Bcex cilydasx KpuBas IUIABJICHHS FE€TE€PONOIUMEpPA JIEKUT
MEXKy KPUBOW C MAKCUMaJIbHON U MUHUMAJIBLHON TeMIepaTypamu IIaBJie-
HUSL COOTBETCTBYIOIUX romoronmmMepoB [30]. Pacuetsr muddepeHnmans-
HBIX KPUBBIX IUIaBICHUS NOKA3aJId, YTO 3TH KPUBBIE MOTYT UMETh OJIUH WUJTU

MaKCUMYM JBa IIHKa IIpH JIFOOOM 3HAUYEHHMH YHCJIa KOMIIOHEHT MMo3TOMY
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Cllydail n=2 Ka4eCTBEHHO OTpakaeT IUIaBJIIEHUE reTepornonumepa (puc. 2).
Otmnuune nuddepeHnanbHbIX KPUBBIX IUIABJICHUS 3aKII0YaeTCs TOJNBKO B
TOM, 4TO MPHU OOJIBIIEM YHCIIe KOMIIOHEHTOB JIBa MUKA MpOsBIseTcs Oolee
pe3ko (puc. 3). st Ka4eCTBEHHOTO UCCEA0BAHUS TTOBEACHUS TETEPOIOJIH-
Mepa (onpeiesieHue TOYKM U MHTEepBaJia IJIABJICHUS ), TIOATOMY #=2 NIJisi Ha-

mu1x pac CY)KIICHI/Iﬁ AOCTAaTOYCH.

35

T

25

20

do/dt o

5F

10

0,10 0,15

Puc. 3. Kpusas 3asucumoctu JIKII nuddepenipansHoil KpuBoii MIaBIeHUS TPEXKOM-
00
TIOHEHTHOTO TeTePOToIMMepa —— OT TeMIEPaTyphl T pu cnenyomux napameTpax

teopun: x4=0.4, xp=0.2, xc=1-0.4-0.2=0.4,
U4=0.53, Up=0.2, Uc=0.3, Q4=T71, Qp=51, Qc=61.

HTaK, MMOCKOJIBKY 6I/IMO,Z[8.J'II>H8.H r€TECPOrcHHOCTb B paMKax HAIICTO
nmoaxoJa BBIABIIKICT BCEC KAYCCTBCHHBLIC 3aKOHOMCEPHOCTHU KPHBBIX IJIABJIC-

HUSI, MBI B JaJIbHEHTIIEM Oy/IeM OCTaHABIUBATHLCS HA 3TOM IPOCTOM Cllydae.
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Jlanee, MbI TIOJTyYHJIH KPUBBIE TUIABJICHUS 1J1s1 OMMOAAIbHO TeTepPOreH-
HBIX OMOIOJIMMEPOB, T€TEPOreHHOCTh KOTOPBIX 00yClIOBlIeHa OO0 TOJIBKO
pasnuYreM SHepruil BOAOPOAHOTO CBSI3bIBAHUSA, JINOO FE€TEPOreHHOCTHIO 110
yuciy koHpopmauumii. Ecnu mapameTpsl sHepruit J u yucna KoHpopManui
Q 611N BEIOpAaHbI TAKUM 00pa30M, YTOOBI PU 00OUX THUIIAX TETEPOTeHHOCTH
TOMOIIOJIMMEPHBIE TEMIIEPaTypPHbIE KPUBbIE ObUIN OBl UIACHTUYHBI TS ATUX
JIBYX THIIOB reteporenHoctu. [lokazano, yTo oOmime cBoiicTBa KPUBBIX I1JIAB-
JICHUS COBIIA/IAIOT, B O0OUX CIIydasx MHTEPBAJI IUIABJICHUS IPUMEPHO OJIU-
HakoB. /JlanbHelIMe ucciaeqoBaHUsl TPEANoaraloT H3Y4YEeHUs CBOMCTB
IUIaBJICHUS FETEPOINOJIMMEPOB Ha OCHOBE JAHHOTO MOAX0/a C YYETOM B3au-
MOJICHCTBHS C PACTBOPUTENIEM, KaK 3TO HAMH OBUIO C/IEIAHO JUI TOMOIIOJIH-

MCPHOTO CiIydas.
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HELIX-COIL TRANSITION IN HETEROGENEOUS BIOLOGICAL
MACROMOLECULES

Asatryan A., Andriasyan A., Tonoyan Sh., Mamasakhlisov Y.,
Morozov V.

ABSTRACT

Theory of helix-coil transition is considered in heterogen biopolymers
(polypeptides and polynucleotides). This theory is based on Generalized Model of
Polypeptide Chain (GMPC) with the application of constrained annealing method.
The formula of heteropolymer’s free energy is obtained through transfer-matrix of
homopolimeric model averaged by corresponding way. On that bases formulas are
reached for order parameter. Algorithm of melting curves has been gained
(including differential melting curves) for biopolymers. Broadening of transition

interval has been shown with comparision to homopolymeric one.

2BSErNatu utuLUULULUYUL ULUMrNUNLBUNRLLECNRT
nUrNek8r-4ohy UL8NkhUL

U Y Quunnmul, U9 Ubpphwuyub, & U. Snhnjwb,
G & Uwdwuwpyhuny, 4.5 Unpngny

uuoneonhu

Zbkunbpngbt Jhuuwwwnhdbpubpnd (wnihybwwnhnubp b wynhundy k-
nunhnutp) nphunnwplyl) E gqupnyp-4shly wmugdut mbumpniip: Skunipniup
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hhdtdws E wnihybyunhnujhtt onpuyh punhwipugwsé unphh (MTCU)
vwhdwuwhwynidutpny ppddwt dbpnnh hpwodwdp: hEnbkpnwnihdtph
wquu Eubpghuwyh wpnwhwjnnipmniup vnwgyty E hwduywnwupuwb Yep-
wny vhohttmgyws, hnunwnjhdtphl dnpbih mputudbtp-dwinphguyh dhongny:
“pw hhdwt Ypu vnwgyl) Bt jupgh wquwpudbnph wpnwhwjnnipniaubpp:
UhJuuuynhubkpubph hwdwp uinwugyty kEhwpdwt Ynpbph (Whkpunjw nhbpku-
ghw) huydwt Ynptpp) junnigdwt wignphpdp: Zudkdwnws hndnwnihdbphly
Unph htwn' gnyg kwpyl) hwpdwb hanbpduh juyiugnd:
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BJIMSTHUE MOBEPXHOCTHOM PEKOMBUHAIIUU
HA HAITPAKEHHUE XOJIOCTOI'O XOJA
HAHOITPOBOJIOKH U3 APCEHUJIA I'AJUINA

B.A. Xauampsan

Poccuiicko-Apmanckuii ynueepcumem
vars.khachatryan1990@gmail.com
AHHOTANUA

B pabote mpencraBieHa aHaauTHYecKas Mozelb HaHomposojoku (HII) u3
GaAs ¢ pagranbHBIM P-N-IIEPEX0I0M, UMEIOIIUM CTPYKTYPY TUIA SIPO-000I0YKa.
JlanHass Mozeh MO3BONISET U3YUUTh BIMSHUE TIOBEPXHOCTHON PEeKOMOWHAIINH Ha
(hOTORIEKTPHUECKUE XAPAKTEPUCTUKHU coiTHeUHOro 3emenTta (CD) Ha ocHoe HII.
Pe3ynbTaTe! MOKa3pIBAIOT, YTO MAJIOE HAIIPSDKEHUE XOJIOCTOTO X0/1a, YacTO HabIIio-
JlaeMoe IS TOTOOHBIX COJIHEYHBIX DJIEMEHTAX, YaCTUYHO BBI3BAHO SIBIICHUEM I10-
BEPXHOCTHOH pexomOmHanmu Ha 0okoBor crenke HII. I[lpudem, BousHUE MOBEPX-
HOCTHU BO3pacTaeT Hapsay ¢ poctoM paauyca HII, uto cBs3aHO ¢ yBeTU4YEeHHUEM OT-
HOIIIEHHSI TIOBEPXHOCTH K 00BEMY .

KaroueBble cioBa: apceHH]l Tauiusl, MOBEPXHOCTHAS PEKOMOWHAIMS, Ha-

HOIIPOBOJIOKA, COJTHEYHBIA DJIEMEHT.

1. BBenenue
B nHacTosiiee BpeMsi MTHTEHCUBHO MCCIEAYIOTCS TIOJTyITPOBOJHUKOBbBIE
HIT ¢ 6onp1muM OTHOIIIEHUEM JJIMHA/PASINyC, TAaK)Ke MPOBOISTCS pa3padoT-

KM I0JIEBBIX TPAH3UCTOPOB HOBOT'O MOKOJIEHMSI, JaTuuKoB U CO [1-3] Ha ux
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ocHoBe. Meroas! cunte3a HII, B yacTHOCTM MeTOA pocTa map-KUIKOCThb-
KPHUCTaJLI, TIOCTUTIIN TAKOTO YPOBHS, YTO MO3BOJIAIOT BKIIOYHUTh B HOIYIIPO-
BOJHMKOBYIO MaTpHUIly HECKOJbKO MaTepuanoB U cHOpMUPOBATH €AMHUY-
Hyto uinu maccuB HII ¢ oceBbIM nim paananbHeIM p-n- roMo (reTepo)- nepe-
XOZ0M. DTO OTKPHIBAET HOBBIE BO3MOKHOCTH JIJIsl IOHUMAHHS M HCIIOJIB30-
BaHUS TaKUX YHUKAJIbHBIX (PU3NYECKHX CBOMCTB YKa3aHHBIX CHCTEM, KaK:
AIIEKTpUYEecKUe Wi (HOTOAIEKTPUUECKHE CBOMCTBA, OMOJIOTUYECKAs U XU-
MHUYECKasi YyBCTBUTEIBHOCTh, BO3HUKAIOILIUE, TJIABHBIM 00pa3oM, U3 00JIb-
ILI0T'0 OTHOLIEHHS IIOBEPXHOCTH K 00bemy [4]. HIT coenunenus AMBY moryt
BBIPAIIIMBATHCS Ha HECOTTIACOBAHHBIX MOJJIOKKAX, TAKUX, Kak: Si, A pea-
JU3aUA HEJOPOTHX, HO BBICOKOA((PEKTUBHBIX (POTOIICKTPUUECKUX YCT-
porictB. CooOmraercsi 0 MHOTUX HEJABHHUX JOCTHKCHHAX B BBIpAIMBAHUH
HAHOCTPYKTYp KaK Ha OCHOBE KpeMHHs, Tak U coeaunenuii Tuna A"BY [5].
Opnum u3 Haubonee u3BecTHHIX siBIeHU B HII siBnsieTcss 4yBCTBH-
TEJBHOCTH K CBETY, KOTOpast MM03BOJIsIET () (hEKTUBHO UCIIOIB30BaTh UX B Ka-
gyectBe poTomerekTopoB U CO. OcoObIil HHTEpEC NPEACTABISIOT KOAKCHAITb-
HbIE CTPYKTYPBI, B KOTOPBIX JerupoBanHoe HII-sapo okpyskeHo 000109K0it
MIPOTUBOMOJIOKHOTO THUIIA JIETUPOBAHMsI, 00pa3ys p-n-Nepexo] B paauaiib-
HOM HanpasieHnu. O0mas (pu3nka ycTpoicTBa 0oJiee Wil MEHEe MICHTHY-
Ha ¢u3uke cTangapTHoro CD ¢ JOMOTHUTEIHHBIMHI MPEUMYIIECTBAMH, 3aK-
JIFOYAIOLIMMHUCS B TOM, YTO P-N-TIepexo]] pacroaraercs Baoiab anuasl HIT,
B pe3yJbTare, paslielieHle HOCUTENeH 3apsaa MPOUCXOAUT B PaAHaIbHOM
HaNpaBJICHUH, a TOTJIOIIECHHNE MAAONIET0 H3ITyueHHs B 0oJiee UIMHHOM —
0CEBOM HaIlpaBlieHHH. J[pyruMu ClIOBaMH, Takas BEPTUKAJIHHO BBIPOBHEH-
Hast HII mo3BoJsier mosyunTh B3aWMHO NMEPHEHIUKYJIISIPHBIC HAIPaBICHUS
MOTJIOUICHHsI CBETa U cOopa HOocUTeseH U, clieZloBaTeIbHO, 00eceyuTh -
¢bexTuBHBII cO0p HOocuTenel B onTuuecku tosictoit HIT.
DKCHEePUMEHTAIBHO JOKA3aHO, UTO pajauaibHas cTpykrypa CD mo3Bo-

JSIeT TOoJdy4aTh OTIMYHBIN (poTOBONBTaNUECKUil A3(P(PEKT U MOITOMY MOKET
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MCIIOJIb30BaThCSl KaK MCTOYHUK SHEPTUU I Pa3IUYHbIX HAHOMACIITAOHBIX
JIEKTPOHHBIX U ONTORIEKTPOHHBIX YCTPOUCTB [6].

Opnako Bce skcnepuMeHTanbHble peanusanuu CO Ha ocHose HII u3
GaAs noka3pIBalOT HU3KHE 3HAYEHUS HAIPSDKEHUSA XOJIOCTOro xona Voc
(menee 0,4 B npu crangaptHbIX ycnoBusax ocsenienuss AM 1.5G) o cpas-
HEHHIO C OOBIYHBIMHM OJUHOYHBIMHU WMJIM HOJMKPUCTAIUIMYECKHUMHU IJIaHAp-
HBIMHU 3JIeMeHTaMu, rae Voc tunuuno 0,6-0,7 B [7].

JlBa ¢pu3mdeckux 3P QexTa MOryT OBITh OTBETCTBEHHBI 32 YMEHBIIICHUE
a0comoTHON BenmuuHbl Voc B paguaibHoM CO. Bo-niepBbIX, onTUMalIbHBIE
CTpYKTYpbl CO NODKHBI UMETh PAJNyC siipa U 000JI0UKH, TPUOIIN3UTEIIBHO
paBHble UG (QY3MOHHBIM JJIMHAM HEOCHOBHBIX HOCUTEINEH, Takke UX ypo-
BEHb JIETMPOBAHUS JOJKEH ObITh JOCTaTOUHO BbICOKUM, 4T00bI HII nanHoro
paguyca He ucuepnsiBasiach N0JHOCTRIO. [Ipu pannyce HII menpme mupu-
Hbl UCTOUICHHUS, NaJICHUE HAINPSDKEHUS Ha p-n-niepexoje ObICTPO YMEHb-
nraeTcs Npu yMEHbIIEHUH paguyca. Bo-BTopeIx, Masioe 3HaueHne Voc BbI3-
BaHO BBICOKUM YPOBHEM peKoMOnHamu (GOTOHOCHUTENEH B 001aCTH 00beM-
HOTO 3aps/a U Ha OOKOBOM MOBEpXHOCTH. POk MOBEpXHOCTHOM pekoMOUHa-
UM yBEJIMYUBAETCS NP YBEJIWYEHUH OTHOUICHUS MOBEPXHOCTH K 00BbEMYy
HII. TTockonbKy BBEIIEHUE 1-CIIOSI MEXKIY P-SIPOM U N-000JIOYKON B IKCIIE-
PUMEHTANBHBIX cTpYKTypax CO He NpUBOJUT K 3HAYUTEIBHOMY YIIydllle-
Huto Voc [6, 8], B HacTosIIel paboTe paccMaTpuBaeTCs IOBEPXHOCTHAS pe-

KOM6I/IH3.LII/IH KaK OCHOBHOM MCXaHU3M, BBI3BIBAIOIIHI cnaj 3HadeHus Voc.

2. Onucanue Moae I

B pabote paccMaTpuBaeTcs HAHOIPOBOJIOKA C PaUAIBHBIM P-N Mepe-
xoz1oM u3 GaAs, KOTopasi TI0Ka3aHa Ha pUCyHKe 1.

PaccmarpuBaemas HII umeet panuyc R u siapo ¢ p-tunom npoBoiu-
Moctu paauyca Ro. HaHonpoBoJioka ocBemaeTcsi CBEpxy, U CBET MOrJIOIIAET-

Csl B - U p- 00JIaCTSIX, @ TAKXKe B CJI0€ MPOCTPAHCTBEHHOTO 3apsi/ia, B pe3yJib-
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TaTe Yero MMEET MECTO TeHepalusi HepaBHOBECHBIX HOCUTENEH 3apsaa. He-
pPaBHOBECHBIE HOCUTENH 3apsiia, CO3JaHHBIC B HAHOMPOBOJIOKE, OyIyT pa3-
JICNISATHCS B MOTEPEYHOM HANPABJICHUHU CYIIECTBYIOIIMM B HEM P-n MEpeXo-
noM. PaznenenHbie p-n mepexoaoM (OTOHOCUTETH Y4acTBYIOT B (pOpMHUPO-
BaHuu (hoToToka. B Tex ciydasx, korna paauyc HIT menbine quddy3unonnoit
JUTMHBI, 00BEMHBIE PEKOMOMHAIIMOHHBIC MOTEPU Mallbl, HO B 3TOM CIy4yae
OOJIBIIYIO POJIb HTPAIOT PEKOMOWHAIIMOHHBIE TOTEPU YePe3 MOBEPXHOCTHBIC

LEHTPBI.

Puc. 1. HaronpoBoJioka ¢ paguaibHBIM P-n IEpeXo1oM (BUJ COOKY U CBEPXY).

Jlns oOecriedeHus MOJTHOTO MOTJIOMICHUS CBeTa HEOOXO0IUMO, YTOOBI
JUIMHA HAHOIIPOBOJIOKM Obla GOJIblIe TITyOUHBI TIPOHUKHOBEHMS CBETA o .
B 3TuX ycrnoBUsSX MOXKHO 00€CIIEUNTh MaKCUMAIIbHOE TIOTJIONICHUE CBETA U
pasziesieHrne HocuTeNnen 3apsa.

B nanpHeimmx pacyeTax paccMaTPUBAETCS CIIEKTP COJTHEYHOTO U3JTy-
yeHust AMO, KOTOpBIi IpeICTaBIAET U3 ceOs H3IydeHne abCOIOTHO YEPHO-
ro tena npu Temneparype Te=5800 °K. CrneoBaTensHo, MIIOTHOCTD Ma1ak0-

Iero moToka GoToHOB paBHa [9]:
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AN 4 (1)
AL o
At =1

rie  A=2xhc* (R, /1)’ =4.05-10'm/cex, b=he/k=1,4388-10"x-K,

Rc=6.96-10% — paguyc Connua u r =1.5-10"" M — cpennee paccrosHue
mexay Conanem u 3emieit, h — nocrosiHaas [lnanka, ¢ — ckopocTh cBeTa, k
— nocrosiHHas boipnmana.

Taxum 06pazom, K03 PUIMeHT reHepanu MEKTPOH-IBIPOYHBIX Map
B TOYKE Z PABEH:

AG =a(A)-e M- AN, (1-R), 2)
rze o — KO3(QPUIHMEHT MOTIOMIECHUS U R- KOA(PPUIMESHT OTPaKESHHUS.

Jlnst pacdera GOTOTOKA B paiaIbHOM p-N TIepexo/ie He0OX0IMMO OII-
PEIeNUTh 3aBUCUMOCTD MEKIY BBICOTOH OTEHIIMAIBHOTO Oapbepa U MINPH-
HOI 001aCTH 0OOBEMHOTO 3apsia.

Jlnist onpeienieHust 3aBUCUMOCTH MTOTEHINAIA OT KOOPAWHATH HE00XO0-

JUMO pelInTh ypaBHeHue IlyaccoHa B IMIMHAPUYECKUX KOOpAUHATAX [9]:

_No p<r<R 4w,
1a( 9 &, 3)
rorl o ?)7) en ’
rer +4 R~ <r<R,
£€,
de _o. 99 _
0l 0 dr =0 “)

r=R0+a)n r=R0—wp
¢(R0 +a)n) :_¢0’¢(R0 _a)p) =0.

Hcnonb3ys COOTBETCTBYIOIINE CTaHIaPTHBIE TPAaHUYHBIE yCIIOBUS (4),
/1€ On U Mp— IMIUPUHBI 00JACTH OOBEMHOTO 3apsi/ia B N- U P- 00JIACTIX COOT-
BETCTBEHHO, &- IMDJIEKTPUYECKAs IPOHUIIAEMOCTb, € — 3JIEMEHTAPHBIN 3apsi]
U €0 — AUPJIEKTpUUYECKas MOCTOsIHHASA, NA U ND — ypOBHH JIETUPOBaHUA 00-
JacTel sapa u 000JI0YKH, OKOHYATEIBHO JIJISl ®p Tosrydum [11]:

yylenx+(2—x)ln(2—x),

T )
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2
1€ BBEAEHBI 0003HAYEHUS: . _(,_% 47f€€oVT sV, _kT In NNo V1 —
R, )" &N, e n’

teroBoit moreHuuan (Vr = kT/e), ni — coOcTBeHHast KOHIIEHTpAITHsI.
Jna GaAs (ni=2,1'10° cm™) ¢ ypoBuem neruposanust Na=Np=10'® cm™
IIPY KOMHATHOM TEMIIEPATYPE MOIYyUHM:

AT NN
e n.

i

Omnpenensist 3HaUeHUE xo U3 ypaBHeHus (5),Haiinem mmpunsl OI13 B n-

u p- obnactax HII:
@ =F(1=). (©)
®, =R, (\2-x,-1).

3. BosibT-aMnepHasi XapaKTepUCTHKA
Paccmotpum HII, koTopas usitydaercs cBepxy CBETOBBIM IOTOKOM (1).
Periast ypaBHeHUe HENPEPHIBHOCTH JIJIsl N M P 00JIACTEH C y4ETOM COOTBETCT-

BYIOIIMX T'PAaHUYHBIX YCIOBUH, oxyuum [11]:

: dj
_l%+d(;_ﬂ_o, 0<r<R - T 2L -0, R+w <r<R
e dr T ¢ T edr 7, (7)
A Og—const o

n(0) = , Ap(Ry+w,)=p, (e —1)

—w)=n (e —1) dA ;

A}’l(RO (l)p) np(e 1) ) \p ZSP(P_Pn)
r=R (8)

rne An u Ap — KOHIEHTpAIMHM HEPAaBHOBECHBIX HOCHUTEJICH 3apsia, Sy — CKO-
POCTh MOBEPXHOCTHON PEKOMOWHAIUH, 7,, — BpeMs XXU3HH HCOCHOBHBIX

HocuTelel, V — npunokeHHoe najaenue Hanpspkenus, T =300K.
Takum 06pa3zoM, 1 HOTOTOKA B P- U N- KBA3UHEUTPATIBHBIX 00J1aCTAX

MOJIYYUM:
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AIM) 27weD, :[’)1 [(ﬁ] 7,(1-e"")AN,,,

1,(B) 9)

—£\S'—

AIS:) = Zﬂ'ﬂzer —(f4f ji;)' 7 /s ‘T, (1- e_”I‘)ANPh.
20 T

1€ BBCACHBI 0603HaquHﬂ'
R -w, +, R _,
A= : b= ’ﬂ3:L_’S :Sp T[I/Dp’
n p 'p

Ly, Ly, Dnu Dp — nmunsl 1 k03 uiueHTsl 1uddy3ur HEOCHOBHBIX HOCUTE-
nen.
K (B) 1, (B)+ Ky (B) 1 (By),

Ky (B) 1 (B.) =Ko (B) 1, (By),
K (B)1L(.) =K (B) 1 (B,),
K (B (B)+ K (B)1(B),
K (B, (B)+ Ky (B)1(By).
Io,11,Kon K; — munuaapuueckue GyHkuuu beccens.

B nonynpoBoanukoBoi HII Takke MMEIOT MECTO MpoLEcChl T'eHepa-

My 1 pekomOuHaiuu B cioe OI13:
AL = e(Ri—(Ry—®,)*)- (1= )AN,,,
A" = Te(Ry+@,) —R})- (1= “)AN,,,
7w*Ln R kT

Jo. T, ER)

riae E(Ro) = eNaRo(1-x0)/2 € €0 — MakcCUMabHOE 3HAYCHHUE MICKTPUICCKOTO

17V =

noJist pu 1 = Ro.

CrnenoBarenbHO, BEIPAXKEHUE IS TOJIHOTO (POTOTOKA:!

I;O,ZW,N;]’,R({AZ L L(B) | BDT, (S [)S ), ((Hg;]_[ _QD
& 6 ko As-4 2 RSUTE

(10)

hc/E A(l 70tL)
riae N'Ph = I 460’/1 CyMMapHbIi oToK norjomienus HIT.

0 2/4 (exlT _ 1)
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4. Pe3yabTaThl U 00CyKIeHUE

B pabote uccrnenoBana 3aBUCUMOCTh (DOTOTOKA U HAMPSIKEHUS XO-
JIOCTOTO X0Jia OT pajinyca U CKOPOCTU IMOBEPXHOCTHON PEKOMOMHALIUU IS
CD nHa ocHoBe equHnuHON GaAs-HII npu paznuuHbIX 3HAUEHUSAX CKOPOCTH
MOBEPXHOCTHOW PEKOMOUHAIINY.

Puc. 2 nmoka3piBaeT 3aBUCUMOCTH ()OTOTOKA OT pajnyca IIUPUHBI KBa-
3uHeHTpanbHOl obmactu o6oouku HII. 13 rpaduka BugHO, 9TO C pocToM
HIMPUHBI N- 000JIO0YKH UMEET MECTO POCT 3HaUeHUs (POTOTOKA. DTO 0OBSsIC-
HSIETCSI POCTOM 00JIaCTH MOTJIOUICHHUS (POTOHOB M T€HEpAINH dJIEKTPOH-bI-
pounbIx nap. Hauunas ¢ Hekotoporo 3HaueHusi oTHomeHus (R-Ro-wn)/Lyp,
(hOTOTOK TOCTUTAET HACKIIIECHHUS, YTO OOYCIIOBJICHO BIMSIHUEM 00bEMHOM pe-
KoMOuHarmu. M3 pucyHKa Takke BHIHO, YTO MMEET MECTO 3HAYHMTEIBHOE
yYMEHbIICHHE 3HaueHUs (POTOTOKA, CBSI3aHHOE C POCTOM CKOPOCTH HOBEPX-
HOCTHOI pexomOunamuu: npu (R-Ro-on)/Ly=1 ¢ poctom Sp ¢ 10° go 10°

cM/cek (hoTOTOK craaet Ha ~29%.

as F

[=]
[

Photo coorent. fufy)
(=)
5

(=]
b

'

____ — fp=10% em/sec

3
—_— %:p =107 con frac

] 1 p: 3 4
NW abell wide (R—Ro—wil/Lp)

Puc. 2. 3aBucuMocTh POTOTOKA OT IMHPHUHBI KBa3WHEHTPaIbLHON 00JaCTH
000JI0UKH TS PA3INYHBIX 3HAYCHUH CKOPOCTH MOBEPXHOCTHOM

pexomOunanuu (GaAs-HIT).
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Ha puc. 3 nokazaHo U3MEHEHHE HANPSKEHUSI XOJIOCTOIO X0/1a OT LU~
PHUHBI KBa3UHEUTpaIbHOM 061actu 060n0uky HIT 11t pa3nnvHbIX 3HaUEHUH
CKOPOCTH MOBEPXHOCTHOM pekoMOuHanmu. Ha rpaduke BUIHO, UTO BIHSHHE
MMOBEPXHOCTHON PEKOMOWHAIIMKM BEJIUKO B 00yiacTu Manbix paguycoB HII,
NpY 3HAYCHUSAX panuyca Oonbiie n1udGy3HOHHON JIUHBI, TOBEPXHOCTHEIC
3P EeKThl CTAHOBATCS HECYIIECTBEHHBIMH M 3HAUYEHUE HANpPsDKEHUS XO-
JIOCTOTO XOJa JOCTHraeT ONpeAeNIEHHOr0 MOCTOSHHOTO 3HadeHus. [1ono0-
HBIM CYIIECTBEHHBIN CIaJl 3HAYEHUS VOC MOJ BIUSHUEM IOBEPXHOCTHOM pe-
KOMOHMHAIINH SIBJISIETCS OCHOBHOU MpUYMHON Hu3koro 3Hadenus KIIJ[ B CO

Ha ocHoBe HII ¢ 00JIBIINM OTHOIIIEHHEM O6L€M/HOBerHOCTB.

I —4— 3p=1F cm/z=c
S T iy
| —— 3p =1 em/s=c
| |

—_ Bp = ldls om sec

o

(pen ereutt woltage Fog (V)
¥

Qs

| |
18 (53 10 12

e o — -

k] oz

[=]

KW shell widh (R —R.:l =Wl L gl

Puc. 3. 3aBUCHMOCTD HallpsKEHUS XOJIOCTOTO X0/1a OT IIMPUHBI KBa3UHEUTpallb-
HO 00sracTi 000JIOUKH 7S PAa3IMYHBIX 3HAUCHUH CKOPOCTH MOBEPXHOCTHOM pe-
komOuHanmu (GaAs-HIT).

Ha puc. 4 noka3zaHa 3aBUCMMOCTb HAlpsDKEHHUS! XOJOCTOIO XOJa OT
CKOPOCTH TIOBEPXHOCTHOM peKOMOMHAIMU. BinsHrEe MOBEPXHOCTH MPOSB-

asiercst ocoderno cunbHO st HIT ¢ pagmycamu menbme aud@y3noHHOM



64 Bauanue mmepxnocmuoﬁ pekwnﬂummuu Ha HaARpA @cenHue xXo0i10cmoz2o xo00a HAHONRPOBOJIOKU...

nmuabl. s HIT ¢ paguycom mopsinka Lp, 2L, cniag 3Hauenust Voc oueHb

Mall.

=)
h.=
=
E
S — ]
g
= JE— -~ 05
2

S M

(=]
[=]
I

1-3‘.':—%
lp
Ii-\.—L‘
L
T E—Rg—
L
I‘.ﬁ'\-—h
Suchyr oocobmsfro o 5-;-." Oy Fs l';

Puc. 4. 3aBUCHMOCTb HaNPS)KEHUSI XOJIOCTOI'O X0/1a OT CKOPOCTH IIOBEPXHOCTHOM

pexomOunanuu (GaAs-HIT).

3akirouenune

IToBepxHOCTHAsi PeKOMOMHALIUS TPUBOAUT K PE3KOMY YMEHBIICHUIO
(GoTOTOKA M HANPSIKEHUs XOJIOCTOTO XOJa COJIHEYHOTO 3JIEMEHTa, 4To, B
CBOIO OYepe/ib, BIUAET Ha 3(pPexTuBHOCTH peodpazoBanus. C pocToM CKo-
pPOCTH TOBEPXHOCTHOM PEKOMOMHALMM ONMCAHHBIE BBIIIE SIBJICHUS CTaHO-
BATCS 00JIee CYIIeCTBEHHBIMH.

B pa6ore Oblia nzyuena ogunounas GaAs-HII ¢ paguansHbIM p-n-1ie-
pexonom. Teopernueckuii aHanu3 BoinoHEH A1 HIT ¢ Gonbiiim nuamaso-
HOM 3HauY€HUM paguyca 00osouku. Onucana 3aBUCUMOCTD HAIIPSIKEHUS XO-
JIOCTOTO X0J1a OT CKOPOCTH MOBEPXHOCTHOM pekomOunarmu ais HIIT ¢ pas-
JIMYHBIMU 3HAaYEHUSMU PNy Ca, CPABHUMBIMU C 11D (Py3MOHHBIMU JUTHHAMU

HOCHUTEJIeH 3apsja.
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INFLUENCE OF SURFACE RECOMBINATION ON THE OPEN
CIRCUIT VOLTAGE OF THE GAAS - NANOWIRE SOLAR CELLS
WITH RADIAL P-N JUNCTION

V. Khachatryan
ABSTRACT

We have developed an analytic model for the radial p-n-junction in a GaAs
nanowire (NW) core-shell structure to study the impact of surface recombination
on photovoltaic performance of NW solar cell with radial p-n junction. It was
found that low open circuit voltage experimentally often observed for such solar
cells partially can be caused by large surface recombination at the NW sidewall.
The role of which is increased as the diameters become smaller and the ratio of
NW surface to volume is increased.

Keywords: gallium arsenide, surface recombination, nanowire, solar cell.

Ul4utruNk8@UshL HEUNULRLUSPUSE UTESNRESNRLL
GAAS-P P-N UULSUUUR LULNLULCE ULLUSHU ARBQULENE
dNSNIULYULUSPL TULUUESCEE U

4. U. uswunppub
uvonenru

Ushumnwupnid tkpjuyugdus wupqunnbkip® GaAs twtunjupp dhenilj-
punuipe Jjupnigyuspny, pniy L nwjhu hbnnwgnunbk duykplinygpuwyhtt nklynd-
phughuyh wqnkgmpmup wpbwihtt pehottph pninnqupjuiiught wupw-
dbwnnpbkph ypu: Uonwnwiiph wpmniupnid unnwugyty k, np gudp pug hnuwph
junpnudp tdwb jurnigusputipnud yuyjdwbwynpyws L junonp dwljkpkuught
nkinUphtmghwyny, hush ntpp dbdwinwd £ wnpudwgsh thnppugdwup gqnig-
pupwg bt dulbpbu/swu) hwpwpkpulgnipyut wykjugdudp:

Zhdtwpwntp' quihnidh wpukihn, dwybplnygpught pEyndphtiughu,
twbnjup, wplwyght pohy:
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ABSTRACT

On the basis of 4,6-diamino substituted Nl—(l,3,5—triazin—2—yl)ethane—1,2—
diamine the simple, accessible and effective methods for the synthesis of
biheterocyclic systems derivatives with a combination of 1,3,5-triazine ring with
1,3-thiazole or imidazole cycle in the same molecule, were carried out.

Keywords: 1,3,5-triazine, 1,3-thiazole, imidazole, heterocyclization,

Introduction
Derivatives of five- and six-membered heterocycles exhibit a wide

diversity of biological activity. A large number of compounds synthesized



68 Synthesis of biheterocyclic systems derivatives based on 4,6-diamino substituted...

on the basis of 1,3,5-triazine, imidazole and 1,3-thiazole are used in medicine
[1] and industry.

In agriculture the 1,3,5-triazine derivatives are widely used, mainly
to control weeds. These include chloro-, fluoroalkyl-, methoxy- and
methylthio substituted triazines, triazinone derivatives. A special place is
occupied by triazinylsulfonylurea herbicides, which are characterized by
high efficiency, very low application rates and low toxicity [2].

The spectrum of pesticidal activity of 1,3-thiazole derivatives is much
more diverse. Among them the chemical means of plant protection are
known, which are used as fungicides (ethaboxam, isotianil, metsulfovax,
octhilinone, thiabendazole, thifluzamide, flutianil, thiadifluor), insecticides
(clothianidin, imidaclothiz, thiamethoxam, thiapronil, tazimcarb,
thiacloprid) and bactericides (amicathiazol) [2].

Preparations synthesized on the basis of imidazole also take a worthy
place among the pesticides used. A series of imidazole derivatives are known
and widely used as fungicides (cyazofamid, fenamidone, fenapanil, glyodin,
iprodione, isovaledione, pefurazoate, triazoxide) and herbicides (imaza-
methabenz, imazamox, imazapic, imazapyr, imazaquin, imazethapyr) [2].

However, in the literature there is very few data on the pesticidal and
growth-regulating activity of such compounds, in which molecules these
heterocycles are present simultaneously. In connection with this, the purpose
of this study was to develop simple, accessible and effective methods for the
synthesis of a series of compounds with a combination of 1,3,5-triazine ring
with 1,3-thiazole or imidazole cycle in the same molecule to search for new

pesticides and plant growth regulators.

Results and discussion
The reaction of initial 4,6-diamino substituted N'-(1,3,5-triazin-2-
yl)ethane-1,2-diamines (1) with potassium rhodanide and hydrochloric acid

afforded corresponding thiourea derivatives (2). Their heterocyclization with
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ethyl 2-chloro-3-oxobutanoate and 3-chloropentane-2,4-dione led to ethyl 2-
((2-((4,6-disubstituted-1,3,5-triazin-2-yl)amino)ethyl)amino)-4-

methylthiazole-5-carboxylates (3) and 1-(2-((2-((4,6-disubstituted-1,3,5-
triazin-2-yl)amino)ethyl)amino)-4-methylthiazol-5-yl)ethan-1-ones (4), res-

pectively.
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On the other hand by heterocyclization of initial reagent” (1) with
carbon disulfide and triethylamine the compounds with a combination of
1,3,5-triazine and imidazole cycles in the molecule (5) were obtained. The
reaction of these compounds with acetic anhydride and benzene isocyanat
afforded 1-(3-(4,6- disubstituted-1,3,5-triazin-2-yl)-2-thioxoimidazolidin-1-
yl)ethan-1-ones (6) and 3-(4,6-disubstituted-1,3,5-triazin-2-yl)-N-phenyl-2-
thioxoimidazolidine-1-carboxamides (7).

In NMR spectra of all compounds, two groups of signals are observed

for the protons of the alkyl groups of the amine substituents of positions 4



70 Synthesis of biheterocyclic systems derivatives based on 4,6-diamino substituted...

and 6. This is explained by the process of hindered internal rotation of these
groups around the N-heterocycle bond. This phenomenon is discussed in
detail in [3]. In addition, a similar process of hindered rotation also takes
place around the amide bond in compounds 6 and 7, as a result of which two
sets of NMR signals are also observed for the methyl group of the acyl

substituent and the methylene groups of the imidazole ring.

Experimental

General

The 'H and *C NMR spectra were recorded at 30 °C on Varian
Mercury-300 (300 and 75 MHz appropriately) spectrometer with standard
pulse sequences operating in the mixture of solvents DMSO-ds and CCls
(1:3), using tetramethylsilane (0.0 ppm) as internal standard. The NMR
multiplicities brs, s, d, t, q, and m stand for broad singlet, singlet, doublet,
triplet, quartet and multiplet, respectively. The reaction progress and purity
of the obtained substances were checked by using the TLC method on
“Silufol UV-254” plates and acetone/hexane mixture (2:1) as eluent. All

melting points were determined in open capillaries and are uncorrected.
Synthesis of compounds 1a-c

To 10 mL of ethane-1,2-diamine, at cooling (-5 — 0 °C) 0.01 mol of
2,4-bis-diamino substituted 1,3,5-triazine was added by portion. The mixture
was stirred at 125 °C for 4 h, then ethane-1,2-diamine was evaporated at low
pressure. The residue was processed with minimal amount of cold water and
filtered off.

N'-(4,6-Bis(dimethylamino)-1,3,5-triazin-2-yl)ethane-1,2-diamine
(1a). Yield 65%, mp 136-140 °C. '"H NMR, & ppm: 2.82 and 3.26 (m,m, 4H,
CH2CHb2); 3.07 (brs, 12H, 2N(CH3)2); 3.75 (brs, 2H, NH2); 6.35 (t, J=5.0 Hz,
1H, NH).
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N!-(4,6-Dimorpholino-1,3,5-triazin-2-yl)ethane-1,2-diamine (1b).
Yield 72%, mp 154-156 °C. 'H NMR, § ppm: 2.82 and 3.28 (m,m, 4H,
CH2CH2); 3.60-3.85 (m, 16H, 2morphol.); 3.73 (brs, 2H, NH2); 6.42 (t, J=5.0
Hz, 1H, NH).

N'-(4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)ethane-1,2-diamine (1c).
Yield 68%, mp 110-112 °C. '"H NMR, & ppm: 1.45-1.60 and 1.63-1.80 (m,m,
16H, N(CH2)s); 2.85 and 3.30 (m,m, 4H, CH2CH>); 3.57-3.70 (m, 10H, NH>
and N(CH2)4); 6.35 (t, J=5.0 Hz, 1H, NH).

Synthesis of compounds 2a-c

To a solution of potassium rhodanide (0.015 mol) and HC1 (0.015 mL)
in 15 mL of ethanol, at heating 0.01 mol of compound 1 was added by
portion, then the heating was continued for 2 h. The salt was filtered off,
ethanol was evaporated from filtrate, the residue was processed with minimal
amount of water and filtered off.

1-(2-((4,6-Bis(dimethylamino)-1,3,5-triazin-2-yl)amino)ethyl)
thiourea (2a). Yield 74%, mp 160-162 °C. '"H NMR, § ppm: 2.99 and 3.52
(t,t, J=5.7 Hz, NCH2CH2N); 3.07 (s, 12H, 2N(CHs)2); 6.44 and 7.77 (brt,
J=5.7 Hz, 2NH). '*C NMR, § ppm: 35.35, 37.75, 39.14, 164.79, 165.20.

1-(2-((4,6-Dimorpholino-1,3,5-triazin-2-yl)amino)ethyl)thiourea
(2b). Yield 77%, mp 168-169 °C. 'H NMR, & ppm: 2.95 and 3.50 (t,t, J=5.7
Hz, NCH2CH2N); 3.60-3.85 (m, 16H, 2morphol.); 6.40 (t, J=5.0 Hz, 1H,
NH); 7.80 (brs, 3H, NH and NH>).

1-(2-((4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)amino)ethyl)thiourea
(2¢). Yield 89%, mp 115-117 °C. 'H NMR, & ppm: 1.45-1.57 and 1.63-1.80
(m,m, 16H, N(CH2)s); 2.98 and 3.50 (m,m, 4H, CH2CH>); 3.63 (t, J=8.1 Hz,
8H, N(CHa2)4); 6.35 (t, J=5.0 Hz, 1H, NH); 7.80 (brs, 3H, NH and NH>). 1*C
NMR, & ppm: 26.40, 26.63, 27.38, 27.83, 37.92, 39.27, 45.83, 164.15,
165.55.
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Synthesis of compounds 3,4a-c

The mixture of compound 2 (0.01 mol), 0.01 mol of ethyl 2-chloro-3-
oxobutanoate (or 3-chloropentane-2,4-dione), K2CO3 (0.01 mol) and 20 mL
of ethanol was heated at 70-80 °C for 5 h. Ethanol was exaporated, the
precipitate processed with water and filtered off. Purified by recrystallization
from ethanol or its 50% water solution.

Ethyl 2-((2-((4,6-bis(dimethylamino)-1,3,5-triazin-2-yl)amino)ethyl)
amino)-4-methylthiazole-5-carboxylate (3a). Yield 75%, mp 173-175 °C.
'"H NMR, & ppm: 1.30 (t, J=7.1 Hz, 3H, CH3CH20); 2.42 (s, 3H, CH3); 3.07
(brs, 12H, 2N(CHs)2); 3.38 and 3.52 (m,m, Ji=5.8 Hz, J>=5.0 Hz, 4H,
NCH2CH:2N); 4.18 (q, J=7.1 Hz, 2H, CH3CH>0); 6.23 and 8.08 (t,t, J=5.0
Hz, 2H, 2NH). 3C NMR, & ppm: 14.08, 16.92, 35.32, 39.02, 44.79, 58.91,
159.04, 161.34, 164.95, 165.37, 169.71.

Ethyl 2-((2-((4,6-dimorpholino-1,3,5-triazin-2-yl)amino)ethyl)amino) -
4-methylthiazole-5-carboxylate (3b). Yield 70%, mp 96-98 °C. '"H NMR, §
ppm: 1.33 (t, J=7.1 Hz, 3H, CH3CH:0); 2.40 (s, 3H, CH3); 3.38 and 3.52
(m,m, J1=5.8 Hz, J»=5.0 Hz, 4H, NCH2CH2N); 3.60-3.86 (m, 16H,
2morphol.); 4.20 (q, J=7.1 Hz, 2H, CH3CH:0); 7.40 and 8.20 (brt, J=5.0 Hz,
2H, 2NH).

Ethyl 2-((2-((4,6-di(azepan-1-yl)-1,3,5-triazin-2-yl)amino)ethyl) amino) -
4-methylthiazole-5-carboxylate (3c¢). Yield 88%, mp 105-107 °C. '"H NMR,
o ppm: 1.30 (t, J=7.1 Hz, 3H, CH3CH:20); 1.50-1.62 and 1.67-1.82 (m,m,
16H, (CH2)s-azep.); 2.40 (s, 3H, CCH3); 3.40-3.80 (m, 12H, CH2CH2 and
N(CH2)4); 4.18 (q, J=7.1 Hz, 3H, CH3CH:0); 7.40 and 8.20 (brt, 2H, 2NH).

1-(2-((2-((4,6-Bis(dimethylamino)-1,3,5-triazin-2-yl)amino)ethyl)
amino)-4-methylthiazol-5-yl)ethan-1-one (4a). Yield 78%, mp 258-259
°C. "TH NMR, & ppm: 2.30 (s, 3H, COCH3); 2.44 (s, 3H, CCH3); 3.07-3.22
(brs, 12H, 2N(CH3)z2); 3.43-3.70 (m, 4H, NCH2CH:2N); 8.33 (brs, 2H, 2NH).
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1-(2-((2-((4,6-Dimorpholino-1,3,5-triazin-2-yl)amino)ethyl)amino)
-4-methylthiazol-5-yl)ethan-1-one (4b). Yield 75%, mp 200-202 °C. 'H NMR,
O ppm: 2.25 (s, 3H, COCHs); 2.42 (s, 3H, CCH3); 3.40-3.70 (m, 4H,
NCH2CH2N); 3.60-3.85 (m, 16H, 2-morphol.); 7.70 and 8.15 (brs, 2H, 2-NH).

1-(2-((2-((4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)amino)ethyl)amino)
-4-methylthiazol-5-yl)ethan-1-one (4¢). Yield 91%, mp 78-79 °C. '"H NMR,
o ppm: 1.50-1.62 and 1.64-1.85 (m,m, 16H, (CH2)s-azep.); 2.30 (s, 3H,
COCH3); 2.40 (s, 3H, CCH3); 3.40-3.80 (m, 12H, CH2CH2 and N(CH2)4);
7.75 and 8.30 (brs, 2H, 2NH).

Synthesis of compounds Sa-c

To a suspension of compound 1 (0.01 mol) in benzene (10 mL), at
stirring 0.015 mol of triethylamine was added dropwise, then 0.015 mol of
CS2. The mixture was allowed to stand overnight at room temperature, then
heated at 50-60 °C for 3 h, filtered off, and the precipitate was washed with
water.

1-(4,6-bis(Dimethylamino)-1,3,5-triazin-2-yl)imidazolidine-2-thione
(5a). Yield 75%, mp 220-222 °C. 'H NMR, & ppm: 3.10-3.24 (brs, 12H,
2XN(CH3s)z2); 3.50 and 4.22 (m,m, 4H, NCH2CH2N); 8.85 (brs, 1H, NH).

1-(4,6-Dimorpholino-1,3,5-triazin-2-yl)imidazolidine-2-thione (5b).
Yield 60%, mp 230-232 °C. '"H NMR, § ppm: 3.52 and 4.20 (m,m, 4H,
CH2CH>); 3.59-3.82 (m, 16H, 2morphol.); 8.93 (s, 1H, NH). '3C NMR, §
ppm: 40.32, 43.24, 47.44, 65.89, 162.86, 164.36, 179.64.

1-(4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)imidazolidine-2-thione (5c).
Yield 62%, mp 245-246 °C. '"H NMR, & ppm: 1.50-1.58 and 1.70-1.80 (m,m,
16H, (CH2)s-azep.); 3.52 and 4.21 (t,t, J=8.8 Hz, 4H, CH2CH2); 3.67 and 3.73
(t,t, J=6.0 Hz, 8H, N(CH2)s-azep.); 8.74 (s, 1H, NH). 3C NMR, & ppm:
26.31, 26.49, 27.09, 27.60, 40.28, 46.03, 46.16, 47.60, 162.64, 164.17,
179.88.
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Synthesis of compounds 6a-c

The mixture of compound 5 (0.01 mol) and 10 mL of acetic anhydride
was heated at 140 °C for 5 h. Anhydride was removed and the residue was
washed with water. A few drops of NH4OH was added and the precipitate
was filtered off.

1-(3-(4,6-Bis(dimethylamino)-1,3,5-triazin-2-yl)-2-thioxoimidazo-
lidin-1-yl)ethan-1-one (6a). Yield 86%, mp 140-142 °C. 'H NMR, § ppm:
2.45 and 2.77 (s.s., 3H, COCH3); 3.13-3.14 (brs, 12H, 2NCH3)2); 3.71-4.16
(m, 4H, CH2CH>).

1-(3-(4,6-Dimorpholino-1,3,5-triazin-2-yl)-2-thioxoimidazolidin-1-
yl)ethan-1-one (6b). Yield 96%, mp 203-205 °C. 'H NMR, § ppm: 2.40 and
2.75 (s.s., 3H, COCH3); 3.60-3.85 (m, 16H, 2 morphol.); 3.70-4.20 (m, 4H,
NCH2CH2N).

1-(3-(4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)-2-thioxoimidazolidin-
1-yl)ethan-1-one (6¢). Yield 87%, mp 134-136 °C. '"H NMR, & ppm: 1.48-
1.60 and 1.70-1.80 (m,m, 16H, (CH2)s-azep.); 2.40 and 2.72 (s.s., 3H,
COCH3); 3.65 and 3.71 (t,t, J=6.0 Hz, 8H, N(CH2)4-azep.); 3.72-4.18 (m, 4H,
NCH2CH:2N).

Synthesis of compounds 7a-c

To a mixture of compound S (0.01 mol) in 10 mL of toluene, 0.01 mol
of phenyl isocyanate (0.01 mol) and catalitic amount of pyridine was added
dropwise at cooling. The mixture was boiled for 2 h, then benzene was
evaporated, the precipitate was processed with hexane and filtered off.
Purified by recrystallization from ethanol or its 50% water solution.

3-(4,6-Bis(dimethylamino)-1,3,5-triazin-2-yl)-N-phenyl-2-thioxoi-
midazolidine-1-carboxamide (7a). Yield 80%, mp 197-199 °C. '"H NMR, §
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ppm: 3.16 (s, 12H, 2NCH3)2); 4.10-4.20 (m, 4H, CH2CH2); 7.03-7.55 (m,
5H, C¢Hs); 12.68 (s, 1H, NH).

3-(4,6-Dimorpholino-1,3,5-triazin-2-yl)-N-phenyl-2-thioxoimida-
zolidine-1-carboxamide (7b). Yield 84%, mp 213-214 °C. '"H NMR, § ppm:
3.58-3.90 (m, 16H, 2morphol.); 4.18 (s, 4H, CH2CH2); 7.00-7.57 (m, 5H,
CeHs); 12.62 (s, 1H, NH). 3C NMR, & ppm: 43.25, 43.29, 43.34, 43.40,
43.46,44.07, 65.80, 119.05, 123.01, 128.27, 137.37, 149.43, 163.18, 164.25,
175.89.

3-(4,6-Di(azepan-1-yl)-1,3,5-triazin-2-yl)-N-phenyl-2-thioxoimida-
zolidine-1-carboxamide (7c¢). Yield 88%, mp 172-173 °C. 'H NMR, § ppm:
1.51-1.61 and 1.72-1.82 (m,m, 16H, (CH2)s-azep.); 3.70 and 3.73 (t,t, J=5.9
Hz, 8H, N(CH2)4-azep.); 4.12-4.20 (m, 4H, CH2CH2); 7.03-7.55 (m, 5H,
CeHs); 12.72 (s, 1H, NH). *C NMR, & ppm: 26.28,26.33, 26.89, 27.56,
43.33,44.13,46.18, 119.05, 122.88, 128.22, 137.50, 149.60, 162.87, 164.09,
175.88.
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CHUHTE3 NPOU3BOHBIX BUOTEPOLIUKJINYECKUX CUCTEM
HA OCHOBE 4,6- TMAMHAHO3AMEIEHHBIX
N'-(1,3,5-TPUA3UH-2-W)ITAH-1,2-TUAMUHOB

AL Enzoan, 7K.A. A3apan, B.A. Ilueazan, E.A. Kazapan
AHHOTAL UL

Ha ocsoBe 4,6-muaMuHO3aMEIICHHOTO Nl—(l,3,5—TpI/Ia31/IH—2—I/III)3TaH—1,2—
JUaMUHOB pa3paboTaHbl MPOCTHIE, JOCTYMHbBIE U 3()()EeKTUBHBIE METObI CHHTE3a
MIPOU3BOAHBIX OUTETEPOLUKINIECKIX CUCTEM ¢ KoMOnHawmel 1,3,5-Tpua3uHoBOro
KOJIbLIa ¢ 1,3-THA30JbHBIM WJIM UMHJIa30JIbHBIM [IUKJIAMHU B MOJICKYJIC.

KuaroueBnle caoBa: 1,3,5-tpuasuH, 1,3-THazoi, UMHIA301, T€TEPOIHKIH-
3aIms.

PP2ESGMNSPULPY ZUUUTUU QB P UOULSSULLEP UbLEGaL
4,6-*bUUPLNSGNUYULYUO
N'-(1,3,5-S'PULPUL-2-PL)EEOUL-1,2-2PUURLLECE ZRULP 4 LU

U.@. Chgmyul, d.U. Uqupui, 4.0, Thijugnui, E.U. Tuquppub
uvonNenkrU

4,6-Yhwdhunnbnuliw)Jws N'-(1,3,5-inphwqht-2-h)tpwt-1,2-nhudht-
ubtph hhuph Jpw dpwlyyty Eu 1,3,5-nniphwqhtiwght onuyh b 1,3-phwugnih jud
pupnwgnih ghlybph hwdwnpmpyudp phhtantpnghlyhl hudwljupgbph wéwb-
gujubtph uhtiptqh wwpg, fwwngkih b wppnibwdbn tpubwlubp:

Zhdiwpunkp 1,3,5-nphwghb, 1,3-phwqn), hthnuqgng, hknkpnghlynud:
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KA. A3apan

A.K. Anopuacan

A.B. Acampsin

A1l Eneosn

E.A. Kazapsn

A.Il. Kapabaxysan

B.M. Kaxxysan

E.IlII. Mamacaxnucos

B.H. Mapzaapsn

acIMpaHT MEPBOro roaa oOydeHus: kadea-
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PAY
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ku EI'Y

I.X.H., mpodeccop, mpodeccop Kadeaps
obmeli u papmareBTHUecKoi Xumun PAY,
3aB.JJA0OpATOpPUEH 3alIUThl PACTEHUH U
cuHTe3a nmectuiaos AHAY

K.X.H., CTAPIIMN HAy4HbId COTPYIHUK JIa-
OopaTopuM 3allluThl PacTEHUH U CHHTE3a
nectuuaos AHAY

CTYZIEHT BTOpPOI'0 Kypca MarucTparypsl 110
HaIlpaBJICHUIO NOAroTOBKM «lIpukiannas

MaTeMaTHka u nHpopmatuka» PAY

K.p.-M.H., JomeHT Kadeapbl MaTeMaTHKH

MOCKOBCKOI'0O HWHCTUTYTA CTAJIA U CIIJIABOB

O.¢.-M.H., JOLUEHT Kadeapsl MOJIEKYJSp-
HoH ¢u3uku EI'Y

n.¢.-M.H., npodeccop, npodeccop kaden-
Pbl MAaTEMATUKKN U MaTEMaTH4YE€CKOI'0 MO-

nenupoBanus PAY
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A.B. Munacan

B.®. Mopo3zos

I [lempocan

B.A. ITusazsan

11 A. Tonosn

A.X. Xauampsan

A.A. Yybapsanu

aCTMpPaHT TPETHEro roja o0ydeHus Kadea-
pbl TUCKPETHOM MaTEeMaTHKU U TEOPETHU-

yeckor nHpopmatuku EI'Y

n.¢.-M.H., mpodeccop Kadeapbl MOIEKY-
nsipHoi ¢pusuku EI'Y

CTYJIEHT BTOPOT'O Kypca MarucTparypsl ¢a-
KyJbTeTa HWHPOPMATHUKUA M MPHUKIATHOU
maremMatuku EI'Y
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