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3TAINBI HAYYHO-IIEJATOIr HTYECKOHN
AEATEJIBHOCTHU AKAJAEMHUKA 3.M. KAZAPSHA

16-oro saBaps 2017 roga UCTIOTHUIIOCH 75 JIET CO JHS POXKICHUS W3-
BECTHOTO CHEIHalnCTa B 00JacTH (PU3UKHU TOIYNPOBOJHUKOB W HAHO-
AIIEKTPOHMKH, 3aClly>)KEHHOTO jearens Hayku PA, nokropa ¢usuko-mare-
MaTHUYECKHX Hayk, mpodeccopa, akagemuka HAH Apmennu Dnyapna My-
meroBuua Kazapsina. Hayuynas Ouorpadus akagemuka KazapsiHa siBisieTcst
SIPKAM TIPEMEPOM O€33aBETHOTO CIIYKCHHSI HayKe, HAuWHAsl CO CTyJeHYEC-
KOM CKaMbU U MPOJIOJDKAIOUIETOCS 0 CErOJHSIIHEr0 IHA, KOT/1a Hall I00u-
JIIp BCTPEUYAET CBOE 75-JE€THUE B PACIBETE CWJI M MOJIOH TBOPUYECKUX HAUMU-

HaHuii. CBoM nepBble maru B Hayke O.M. Kazapsu coepuimi, Oyryuu cTy-
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neatoM ®dusudeckoro (axkynprera MI'Y — moj pyKoBOJACTBOM OJHOTO M3
SPKUX TpeacTaBuTeNneil boromoO0BCKOl MIKOIBI TEOPETUKOB, TIpodeccopa
B.JI. bonu-bpyeBuua. IIpoiias AOBOJBRHO CEphE3HYIO MPOIEAYPY OTOOpa,
ctyaeHT KazapsiH CKOHIEHTpHpOBAJCS Ha MpobiieMe HEmnpsiMoro — Iuias-
MOHHOI'0 MEXaHHW3Ma MEK30HHOTO IIOIVIOUICHMS B IIOIyNpOoBOAHUKAX. [Ipu-
4yeM 3aJjauy HeoOX0uMo ObUIO peliaTh B paMKax MOJIEBOro NpUOIHKEHUS,
KOTOPOE SIBJIAETCS JOBOJIBHO CIOKHBIM, U JAJIEKO MO CHUILy HE Kaxzaomy. C
MOCTABJIICHHOMW 3aJlaueil MOJIOJION YeNIOBeK U3 APMEHHUH CIPaBUIICS OJIecTsi-
e, APKUM IOATBEP)KICHUEM 4YeMy cCTajla IyOnMKauus IMOJyYeHHBIX pe-
3yJbTaTOB B OAHOM M3 HamboJiee MPECTH)KHBIX JKypHAJIOB 1O (usmke
“Physics Letters” mo mpuriameHuio peiakropa JaHHOro usaanus. [pudyem
cTaThs ObLIa OMyOJIMKOBaHA 0€3 COaBTOPOB.

3akoHUUB ¢ KpacHbIM aumiomoM MI'Y, O.M. KazapsH noctynuin B
acnupaHrypy k npodeccopy bonu-bpyeBuuy u nocne ee 3aBepiieHus yc-
IEIIHO 3alIUTUI KaHJUAATCKYI0 TUCCEPTALUIO, IIOJYyYUB YUYEHYIO CTEIECHb
KaHaugaTa (Qu3nko-mareMaTHueckux Hayk. Ilocne 3amuTsl auccepranuu
D.M. KazapsiH HauMHAET CBOIO TPYAOBYIO JIEATCILHOCTh Ha Kadeape Gpusu-
ku TBepaoro tena duszudeckoro daxkynprera EI'Y. IMEHHO B 3TOT nIepHoI
akazgemMuk KazapsH HaunmHaeT 3aKkia/iblBaTh OCHOBBI CBOEH OOJbIION Hayy-
HOW mKoubl. [lepBbiMu yueHukamu Opnyapaa Myiieropuuya CTaHOBSATCS:
P. Duduamksn, B. ApytionsH, C. Apytionss, A. bxotsa u ap. Ha xanen-
Jape Hadano 70-X IT.: MOJIOJOW HAy4HbIN JUAEP U €r0 YUEHUKN HAUYMHAIOT
TEOPETUUECKOE UCCIIeI0BAaHUE HEABHO PEAIM30BAHHBIX U COBEPIIEHHO K-
30THYECKUX (PU3UUECKUX OOBEKTOB — Pa3MEPHO-KBAHTOBAHHBIX MOIYIpO-
BOJIHUKOBBIX IJIEHOK. Y HUKAJIbHOCTh 3TUX CUCTEM 3aKJlouaiach B TOM, UTO
uX (U3NYECKUMHU CBOMCTBAMM MOYKHO YIIPaBISATH JOBOJIBHO I'MOKHUM 00pa-
30M W Ha MX OCHOBE CO3/1aBaTh MPUOOPHI C HAMEpe.l 3alaHHbBIMU (U3HYEC-
KAMHU Xapaktepuctukamu. [iyOokas ¢usmueckas wHTyninms Kazapsaa
MOJICKa3blBajla, YTO HCCIEJI0BaHUE MOAOOHBIX CHUCTEM SIBISIETCS UYpPE3BbI-
YailHO NepCHeKTUBHBIM U MHorooOemawomuM. Kak mnokaszano Bpems, OH

oKaszayics abCOJIFOTHO Impas. B Tte manexue rojbl KOJJIEKTHB MOJOBIX yuce-
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HBIX JJa)K€ HE MOT TMPEANOJI0XKUTh, YTO OOHAPYKWI «Hay4dHbI KioHmaiky»
U 4yTO B OyaylieM uMX KOMaHja OyJeT y4acTBOBaTbh B CO3JaHMM HAy4HOM
BETBU (PU3UKU TOJYNPOBOJHUKOB, KOTOpas CTaHET OJAHUM M3 CHMBOJIOB
TEXHOJIOTMYECKOro IIpophIBa nepBoi yerseptu XXI Beka, a UMEHHO — Ha-
HoTexHojorui. B mepuos ¢ 1972 mo 1975 rr. myOauKyOTCsl «ITMOHEPCKHUE)
paboThl IO ONTHUKE Pa3MEPHO-KBAHTOBAHHBIX IIJIEHOK, SKCUTOHHBIM U MpU-
MECHBIM COCTOSIHUSIM B TaKUX CHCTeMax. JTH PaldOThI Cpa3y MPUBICKIH
BHHMaHUE HAy4YHOT'O COOOIIECTBA, SIPKUM CBUAETEIHCTBOM YEMY SIBJISIOTCS
MHOT'OYHUCJICHHBIE CCBUIKM Ha HUX.

B 1975 rony HaumHaeTcsi HOBBIM 3Tall B HAyYHOW U NEJAroruueckoiu
JesaTeNIbHOCTH akajgemuka Kaszapsna. EMy mpesiarator Bo3riaBuTh Kadenpy
«Du3ukn» B EpeBaHCKOM MOJIUTEXHUYECKOM HHCTUTYTE. CO CBOMCTBEHHBIM
€My 3HTy3ua3MoM Onyapa MylleroBud HauMHAET AaKTUBHYIO HAy4YHYIO U
y4eOHO-OpraHU3alMOHHYIO ACSITeILHOCTh B cTeHax [lonmmrexa. 3a KOpoTKui
CPOK €My yaAaeTcs MpeBpaTuTh Kadeapy B BeAyIIUH y4yeOHBI M Hay4HBIH
ueHTp ApmeHun. OpraHu3yroTcsi CeMUHaphl, KOHPEpEeHIUH, pecyOJIMKy HOo-
CEI[Al0T BCEMUPHO HM3BECTHHIC CIEIUAIMCTHI B 00JIACTH (PU3HUKU TIOIYTIPO-
BOJIHMKOB U 2nekTpoHukH. Ha 6aze [lomuTtexa co3maercst BTopasi reHeparus
Hay4HOU 1Kosl KasapsHa, SpKUMU IPEACTABUTEIIMUA KOTOPOU CTAHOBSITCS:
K. Araponsin, C. ABetucsiH, I'. MunacsiH, B. I'puropsin. [{ukin HaydHbIX pa-
6ot, mpoBoauMeIX B [lonmrexe, OXBaThIBaET BOIPOCHI, CBS3aHHBIE C (HU3H-
YECKMMHU IIPOLIECCaMU B Pa3MEPHO-KBAHTOBAaHHBIX IIJIEHKAX M MPOBOJIOKAX
IIpY HAJIMYUH BHEIIHUX T0JIEH, a TaKKe HernapaOboJIMYHOCTH 3aKOHA JTUcHep-
CUU HOCHUTEIIEH 3apsifa, C OJHOM CTOPOHBI, U B3aUMOJEHCTBUEM JIA3€PHOIO
M3JIy4EHUsl C TOJIYNPOBOJHUKAMHU, C JIPYTOW. 371€Ch TaKkKe MOIY4YEeH Pl
HOBAIIMOHHBIX PE3yJIbTaTOB, KOTOPBIC IIUTHUPYIOTCS B MOHOTpadusx U MHO-
TOYMCIIEHHBIX cTaThAX. Ha OCHOBE MOJy4eHHBIX pe3yJbTaToB B 1982 romy
D.M. Kazapsiu 3amuinaeT J0KTOPCKYIO JUCCEPTAIHIO.

[TapamiensHo ¢ Hay4yHOH AesATENbHOCThIO Ka3apsitH IpOBOJUT aKTHB-
HYI0 Y4eOHO-METOANYECKYI0 padoTy, MpH 3TOM 0CO00€ BHUMAHHE yAEIISS

npobiieMaM IIKOJIbHOTO oOpa3oBaHus. He cimyuaiino, mostomy, uto B 1988
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rofly emMy IpeJJlararT 3aHsATh MOCT MEpPBOro 3amecturens MuHuctpa Ha-
poaHoro obpazoBanus ApmsiHckoit CCP. 1988 roq — oauH U3 caMbIX Mpo-
TUBOPEUYUBBIX B UCTOPHH HAIIETr0 HApoja. ITO — roJl HAIlMOHAJIBHOI'O BO3-
POXJIEHUs, IOl OIbeMa HAIMOHAIBHOW MJeH M JlyXa, Hayasia OopbObl 3a
Kapa6ax. OmHako 3To ¥ roja HaluOHAIBHOM KatacTpodbl — CHUTAKCKOTO
3eMJIETPSICEHUS], Havyajla STHUYECKHX YUCTOK B A3epOaiimkane. COBETCKHIA
COI03 PYIIWJICS, U BCEM CTAHOBUJIOCH MOHSTHO, YTO T'PSIyT HOBBIE BpeMEHa
u nepuoj TypOysnenTHocteld. menno B aToT nepuon O.M. Kazapsn crano-
BUTCSl OJIHUM U3 KJIIIOUYEBBIX PYKOBOAUTENEeH MHUHUCTEPCTBA HAPOJIHOTO 00-
pa3zoBanusi ApmeHuu. [Ipuxoaurcs NOCTOSHHO aJanTUPOBATHCA C JIMHA-
MUYHO MEHSIOLIMMUCS IPOLECCAaMU U 1aK€ IPUHUMATh y4acTUE B IIOJIUTHU-
YEeCKUX Mpoleccax. A J1eno OblJI0 B TOM, YTO y4alllhecss apMsSHCKOM Hallo-
HAJIbHOCTH, 3aKaHYMBAIOIIME B TOM rojay yueOHble 3aBeneHus Kapabaxa,
KaTeropuuecky OTKa3bIBAIUCh OpaTh BBITYCKHBbIE JOKYMEHTHI 00pasia
Azepbaiimxanckoir CCP, onn TpeboBaiu TOKYMEHTHI o0pa3ia ApMsSHCKOM
CCP. Co3panace B KaKOH-TO CTENEHU TynUKoOBasi cuTyauus. s paspere-
HUSl BO3HUKILIErO KpU3KCa B OXBAUEHHBIH BOJIHEHMsMH CTemaHakepT Ko-
manaupyertcsa 3. Kazapsn. Haunnarotcest neperoBopsl ¢ A. Boibsckum, B pe-
3yJbTaTe KOTOPBIX BbIPAOATHIBAETCS KOMIIPOMHUCCHOE PEILIEHUE: BBIITYCKHU-
KaM-apMsiHaM MPeOoCTaBISIOTCS JOKYMEHThl oOpasua Apmsinckoit CCP, a
azepOaipkaniiam — obpasna AsepOaitpkanckort CCP. Kak BuaHo, Hamn
I00MJISIp MIpeyCHes U Ha TUIUIOMATHYECKOM ITONPUIIIE.

B 1993 rony 3. Kazapsan cranoButcst y pyis kadenpbl «Duzukum»
TBepaoro tena Ha dPuznyeckom akynprere EI'Y. [Ipruem, IMEHHO B 3TOT
nepuon 3. KazapsH ¢opmynupyeT HOBBIN Kjacc 3aay, CBSI3aHHBIN ¢ HcC-
JefoBaHueM (PU3MUECKUX MPOLECCOB B KBAHTOBBIX TOUKAaX C HETPUBHAJIb-
HOM, B 4aCTHOCTH, 3JUIUIICOUIAIbHON reOMeTpHel. 3a OCHOBY BBIYHUCICHUM
ObUT B3ST METOJI CTallMOHAPHOM aanabaTuKu, 0OyCIIOBICHHBIM crierudu-
YeCcKOW reoMeTpueil ucclielyeMbIX CUCTEM, U M03TOMY Ha3BaHHBINH Kazaps-
HOM «TreOMeTpuYecKor anumabatukoi». Kak mokazamu nmanpbHEHIme coObl-

THUS, 3/1€Ch UHTYUIUS TaK)Ke He mojBena Jayapaa Mymerosuda. CTpyKry-
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PBl, KOTOPbIE M3HAYAJIBHO Ka3aJUCh MCKIIIOUUTENIBHO MOJIEIbHBIMY, B I1OC-
JIeYIOUIME IoJlbl Hayalu BelpaliuBaTh. 11 oueHb BaKHO, UTO psiJ| TEOPETHU-
YECKUX HPEINOoN0oKeHuH, crenanHblx Ka3apsHOM COBMECTHO € CBOUMHU
YYEHUKaMH, HAllUId CBOE SKCIEPUMEHTAIbHOE NOATBEPXKIEHHE. 3a CBOU
Hay4Hble TocTxkeHus B 1996 rony Dnyapa Mymerosuu nu3bupaercs B Ha-
LMOHAJIbHYIO aKaJEeMHIO HAyK ApPMEHHH.

C 1995 roapa ero HazHauaroT npopekropoMm EI'Y mo pa3BuTHIO yHHU-
BEPCUTETCKOI0 00pa3oBaHUsl.

B 1999 rony Dnyapny MyiieroBudy npejiaratotr mocT MUHHCTpa 00-
pa3oBaHus U Hayku ApMeHud. U onsiTh — HanpsKeHHas KaX10/IHEBHAs pa-
0ota, Temepp yxe Ha Ojaro Bced 00pa3oBaTENIbHON CUCTEMbl ApPMEHHH.
OcoOyto m060Bb U TAry KaszapsiH UCHBITHIBAET 110 OTHOLIEHMIO K ILKOJIE.
[IIkona — 3TO OuYEHb CIOXKHBIM MexaHu3M. Heynauu B cucteme HIKOJIBHOTO
o0Opa3oBaHus JalOT 0 cebe 3HaTh He cpa3y, HO KOrja OOIIEeCTBO HAauWHAET
OCO3HaBaTh MCTUHHYIO LIEHY 3THUX HeyJad, TO, IOJO0OHO I[yHaMH, OYEHb
4acTo OBIBAET CIMIIKOM IMO3AHO. [IoKOJIeHNe BOMHCTBYIOIIMX HEBEX] MO-
JKET BCE CMECTH Ha cBoeM IyTH. [1noxas mkosa HE B COCTOSIHUM BOCIIUTATh
XOPOIUX U CO3HATEIbHBIX TPaKIaH. DTO OTHIOAb He TpadapeTHbIe CIOBa:
Kapabaxckyto BOHHY Mbl BBIMUTPAIM UMEHHO OJsiarofapsi OTJIMYHOM mikoJe!
Tax Bot, KazapsiH — 0MH U3 T€X HEMHOTOUYHUCIIEHHBIX MYXel, 3aHUMAaBILIUX
BBICOKYIO T'OCYJJApCTBEHHYIO JJOJDKHOCTB, KTO, 0€3yCIIOBHO, 3TO OCO3HAET U
JIeJIaeT BCe BO3MOXKHOE, YTOOBI BBIBECTH ILIKOJY M3 HBIHEIIHEro He CTOJb
3aBUJHOTO cocTOsiHUA. OH CTOSUI Y MCTOKOB CO3JIaHMs yueOHO-MeTouuec-
KOT'0 JKypHaJla JJIsl IIKOJIbHUKOB «bHareT», UM ObLI OCHOBaH HAay4HO-IIOIY-
JSpHBINA XypHal «B mupe Hayku», rlie apMSHCKHE y4Y€HbIE MOMYJISPHO
MPEJICTaBIISIIOT TOCTHKEHUSI HAyKH U TeXHUKU. [locnennel ero nHULIMATH-
BOI1 CTaJI0 yupexk/IeHNUEe CEpUN HAyUHO-TIOMYJISIPHBIX KHUT IS IIKOJIBHUKOB
«bubnuoreka mkoiabHUKa». DUHAHCUPOBAHUE CEPUM KHUT B35 Ha celsd
['ocynapcTBeHHbIN KOMUTET 110 Hayke PA: 3a KOpPOTKHI CPOK yrKe BBILLIO 5

KHUT 3TOW CEpHH.



10 Dmanvl nayuno-neoazozuyeckoii deamenvhocmu akademuxa 3.M. Kazapana

Ocobyto pons Dayapa MyieroBud chirpaji B CO3/IaHUU TEPBBIX ap-
MSTHCKUX Y4€OHHMKOB 10 (PM3UKE JUIi OCHOBHOM M crapiieil mkoi. [Ipuuem,
3/1eCh OH BeJeT paboTy IJIeUYOM K IUIedy CO CBOMM OJU3KHM JIPYroM IO
yuebe eme B EI'Y u MI'Y, teneps yxe uneHoM-koppecrnongeHrom HAH
Apmenun, mpodeccopom A. KupakocsHom.

[Tocne Toro, xkak Ka3zapssH mOKHHYJ MOCT MUHHCTPA, OH M30UpaeTcs
CHayaja akaJeMHUKOM-CEKpeTapeM, a no3xe Buue-npesuaeHtom HAH Ap-
MeHuu. B aToT nepuoa Dayapn MyiieroBuy npuHUMaeT akTUBHOE y4acTHe
B YCTaHOBJIEHUH TeCHBIX cBsized mexay HAH Apmenun u FOxHbIM oTne-
nenueMm Poccuiickoil akanemuum Hayk. OAHAKO TIJIABHBIM JIOCTHKEHUEM
9. Kazapsina B nepoii nonoBuHe 2000-X ro/IoB CTAHOBUTCSI OpraHu3anus
Ha 0a3ze Poccuiicko-ApMmsHckoro yHuepcuteTa OU3HKO-TEXHUYECKOTO (a-
KyiabTera. B aTom nene emy akrusHo nomoratot C. IletpocsH u yuenuk JI.
[TerpocsiH. 3a KOPOTKHIT CPOK HEOOJIBIIION KOMaHie Dayapaa Myieropuya
IIPY BCECTOPOHHEH MOJIEPKKE PyKOBOJICTBA YHUBEPCUTETA BO IJIaBE C PEK-
TopoM A. JlapOuHsSHOM ynaercs coOpaTh BBICOKOKBAIM(DHUIIMPOBAHHBIN
NPENoIaBaTeIbCKUIl COCTaB M OPraHU30BaTh OOYYCHHE 110 CIEIHAIb-
HOCTSIM MHKpPO- M HAHOAJIEKTPOHHKA, a TaKKe MH(POKOMMYHHKAI[MOHHBIE
cucteMbl. @aKTUYECKH ¢ HYISI co3AaeTcsl (PaKyIbTeT (PU3UKO-TEXHUIECKO-
ro npoduns, u, Ipu 3TOM, B paMKax JaHHOTO (pakyIpTeTa co3narrcs 0a3o-
BbIe Kapeapbl B MHCTUTYTaX CBS3M U (PM3NYECKHUX HCCIenoBaHui (T. Ara-
pak). C 2012 roga coBmecTHO ¢ komnanued « CHHONICUC-ApPMEHUS» OTKPBI-
BaeTcsi HampaBieHue «KOHCTpyHpoBaHHE U TEXHOJIOTHUS AJIEKTPOHHBIX
CPEJIICTBY.

«Ixoma KazapsiHa» UMeeT TeCHbIE HAyUYHbIE€ KOHTAKThl CO MHOTMMU
POCCUICKUMHM U 3alaJIHbIMA YHUBEPCUTETAMH U Hay4YHBbIMU HIeHTpamu. Of-
HAKO 3a MPOIIEIINE rOJbl 0CO00 TECHOE COTPYIHUYECTBO OBLIO yCTAaHOB-
JIEHO C JIByMSl KPYIHBIMM HayudHbIMM LieHTpamMu Poccuu: naGopatopueit
teoperuueckoit puzuku OUAUN (y6Ha) u kadenpoii Gpusnku noaynpoBo/I-
HUKOB U HaHOIEeKTpoHUKU CaHkT-IlerepOyprckoro mHoJIMTEXHUYECKOTO

yHuBepcuteta uM. [lerpa Benukoro. [Ipudem, ecnu ¢ 1yOHUHIIAMH BO TJia-
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Be ¢ npodeccopom C. BUHHUIKMM COBMECTHBIE HCCIIEIOBAaHUS HOCAT HC-
KJIFOUUTENIbHO TEOPETUUYECKUN XapaKkTep, TO C MUTEPLaMHu BO IjIaBe ¢ Mpo-
¢beccopom [I. DupcoBbiM yueHuku KazapsHa yke «CONpHKacaroTcs» C
peabHbIM 3KCIIEPUMEHTOM.

AnmabaTuyeckoe ONMCaHUE KBAHTOBBIX HAHOCTPYKTYp, U3YyUEHHE OIl-
TUYECKUM D3JIEKTPOHHBIX, CIHUHOBBIX M 3JEKTPOJAMHAMUYECKUX XapaKTe-
PUCTHK KBAHTOBBIX SIM, MPOBOJIOK M TOYEK DPA3NIUYHBIX T'€OMETPUM, yueT
BIIUSTHUS HenapaOoJIMYHOCTH 3aKOHA JUCIepCUU HOCUTelNeH 3apsia Ha Gu-
3UYECKHUE CBOICTBAa HAHOCTPYKTYpP, HECKOJIbKO-HaCTHYHBIE CHUCTEMBI B
KBaHTOBBIX TOYKAX — BOT JIMIIb YaCTh TEM HCCIIEIOBAHUN, IPOBOJAUMBIX B
HayuyHoU mkosie Akanemuka Kazapsna. Kak pesynbrar, Dnyapa Myuero-
BUY «BBIYCTUI» B KHU3HB 00s1ee 40 KaHIUIATOB HAyK U 8 JOKTOPOB.

3a cBoM Hay4HbIe JIOCTH)XeHHUs Akazgemuk KaszapsH ObL1 yZOCTOCH
npemun [Ipesunenra PA B obmactu dusuku (2007r.), ['ocynapcTBeHHOM
npemun PA B 001aCTH TOYHBIX U ecTeCTBeHHBIX Hayk (2011r.), exxeromHou
npemun OUSN (2016r.). B 2017 rogy ykazom [Ipesunmenta ApmeHun 3a
3HAYHUTENbHBIA BKJIAJ B JIeJI€ Pa3BUTHI HAyKH M 0O0pa3oBaHUs, OBUIO MPH-
CBOEHO IIOYETHOE 3BaHME «3aCIyKEHHBIN AesTenb Hayku PAy.

Axkanemuk KazapsiH BcTpedaeT CBOM 75-TETHHM FOOUIICH ¢ IPUCYIITIM
€My FOHOILIECKUM 3aJ0pOM, TOJIHBIM CHJI M TBOpPYECKMX HaunHaHui. Ham
OCTaeTcs MOXKeJaTb €My KpEIKOro 3J0pOBbS U IMPOJOKEHHUS] aKTUBHOM

HAYYHOH M MIEIarOrMYEeCKOM JIeATeIbHOCTH Bo O61aro PAY u Bceli ApMeHun.

3aBenyromnuii kKageapoit oomel Gu3nku
Y KBaHTOBBIX HAHOCTPYKTYP

A.A. Capkucsx
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A.A. I'yces, O. Uynyynoaamap, C.U. Bunuuyxuii, A. I'yscoxc*

OObenuHEHHBIN MHCTUTYT SIIEPHBIX HccienoBaHul, . Jlyona, Poccus
*NuctutyT Qusuku, yausepcuret uMm. M. Kiopu-Ckinonoscka,

r. JIro0onun, IToabina

AHHOTALUSA

[IpencraBneHa BEIYMCIUTENBHAS CXeMa METO/Ia KOHEUHBIX 3JIEMEHTOB BBICOKO-
r0 TOpAIKa TOYHOCTH pEIIeHHsS KPaeBBIX 3a1ad sl AJUIMITHYECKOTO YPaBHECHUS B
YACTHBIX TIPOU3BOHBIX, COXPAHSIONIAsI HEMTPEPHIBHOCTD MPOU3BOIHBIX MPUOINKEHHO-
ro pemeHus. DP(HEKTUBHOCTH aIrOPUTMOB H IMPOTPAMM JIEMOHCTPUPYETCS Ha MPUME-
pe TOYHO-pelIaeMbIX KpaeBBbIX 3a7ay Ha COOCTBEHHbIE 3HAUYEHUS AJISi TPEYTOJIbHOM
MeMOpaHsbl.

KawueBble cioBa: JIUMNTHYSCKHE YPAaBHEHHS B YAacTHBIX INPOU3BOIHEIX,
KpaeBbIe 3aJ]aui Ha COOCTBEHHbBIE 3HAYCHUS, METOJl KOHEUHBIX 3JIEMEHTOB, HHTEPIIO-

JIAIMUOHHBIC ITOJIMHOMBI.

BBenenue

B pa6otax [1,2] pa3paboTaHbl CHMBOJBHO-YHUCIECHHBIC AJITOPUTMBI U
MporpamMMBbl PEIICHHs] KPAaeBbIX 3a/a4 I CUCTEMbl OOBIKHOBEHHBIX TU(-
(dbepeHIMaNbHBIX YPAaBHEHHM BTOPOTO MOPSAKAa METOJIOM KOHEYHBIX dJie-

MeHTOB (MKD) BBICOKOTO TOPSAKA TOYHOCTH C UCTIOIB30BAaHUEM HHTEPIIO-
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JIAUUOHHBIX nonuHoMoB Dpmuta (UI19). Takas peanuzanus MKO, B otnu-
4yhe OT TPAAULMOHHOM, C MCIOJIb30BAHUEM HHTEPIOJSALUOHHBIX ITOJIMHO-
MoB Jlarpamxka (MIIJI), oGecrieunBaeT HENMPEPHIBHOCTh MPOU3BOIHBIX JI0
3aJaHHOTO TOpsAKa MPUOJMKEHHOTO PEIIeHUs HE TOJIbKO HAa KOHEYHBIX
AJIEeMEHTaX CETKH, HO M Ha TpaHUIAX KOHEYHBIX JIEMEHTOB [3], TO ecTh
COXpaHEHHUE TOKAa HOCHUTEJEN 3aps/ia B KBAHTOBO-PA3MEPHBIX IOJIYNPOBOJI-
HUKOBBIX CHCTEMAaX WJIM TOKa BEPOSTHOCTH B KBAaHTOBOMEXAHMUYECKHX 3a-
JnaJgax paccesHus [4].

B Hactosmielt paGore mpezcTaBieHa BblUMCIUTENbHAs cxema MKDO
pelleHrs KpaeBoM 3a/1a4yil Ha COOCTBEHHbIE 3HAYCHHUS IS DIUTUIITUYECKOTO
YpPaBHEHUS B YACTHBIX MPOU3BOJHBIX C Hcnojb3oBanuem MIID. Kycouno-
HeTpepbIBHBIN 0a3zuc reHepupyercs ¢ momompio MIID u obecneumBaer
HETPEPHIBHOCTh HE TOJIBKO MPUOJIMKEHHOTO PEIIEHUs], HO U €r0 IPOU3BOI-
HBbIX JI0 33JaHHOrO MOPSAKAa B 3aBUCUMOCTH OT IJIAJIKOCTH NEPEMEHHBIX
K02 PUITMEHTOB ypaBHEHUSI U TPaHUIBI 00sacTH. DPPEKTUBHOCTH aro-
PUTMOB W TPOrpaMM JIEMOHCTPUPYETCS Ha IpPUMEpPE TOYHO-PEIIAEMbIX

KpaeBbIX 33J]a4 Ha COOCTBEHHbIE 3HAYCHHUS JJIsl TPEYTOJIbHON MEMOpaHHbI.

ITocTanoBKka 3agauu
PaccMoTpuM caMOCOIPSKEHHYIO KpAaeBYIO 3a7ady JUisl JJUIANTHYEC-

Koro audQepeHnanbHOro ypaBHEHUsI BTOPOTO MOPsIKa:

1 d 9 P )
_go<z>f;a_zfg”(z)67,-+”z)—f? ®(2)=0. (1)

g koaduimeHToB rinaBHON YacTu (1) BBIMOIHAETCS YCIOBHE paB-
HOMEpPHOH 3JUIMNTUYHOCTU B OTPAHMYEHHOW obnactu z =(z,...,z,)€ Q

CBKIIM/JI0OBA IIPOCTPAHCTBA Rd , T.€. CYIICCTBYIOT KOHCTAHTBIV > 0, uw> O,

TaKue, 4YTO A JTFOOBIX BCHICCTBCHHBIX IMapaMCTpax E.)i BBIINTOJIHACTCA
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HEPaBEHCTBO uz; g < Z

ca, uro gy(2)>0, g,(z2)=g,(2), u V(z) — dyHKuuM, HEMpepbIBHbIE

g, (2)E¢&, _VZ &’ . Taxxe npejnosaraer-

i,j=1

BMECTE CO CBOMMH O00OOIIEHHBIMU MPOU3BOIHBIME 10 3aJaHHOTO TOPSIKA
B obnactn, z€Q=QUINCR?, ¢ KyCOUHO-IIOIMHOMHATLHOM TPaHHUIICH
S =00 CR‘", obecneunBaromue cymecTBOBaHNE HETPUBUANBHBIX PeIlie-
HUM, MOAYMHEHHBIX TpaHUYHbIM ycioBusaM mnepsoro (I) miau Broporo (II)
pona [5,6]

99(z) ad)(z)

9, =0, (2

(1):@(z) =0, (I): Z(A,A,)g,,(Z)

i,j=1 J S

TJe A — BHEUIHss HOpMaib K rpanune S =0Q obnactu Q, € — eIuHHY-
d

HBII BEKTOP BEKTOpa z = Zéizi , (7i,é,) — ckanspHoe npoussenenue B R?
i=l

s kpaeBoil 3amaum auckperHoro cmekTtpa (1)-(2) cobcTBeHHBIE
dynkuuu @, (z) u3 mpocrpanctea Cobonesa W,™ (Q),®, (z)e W7 (Q),
COOTBETCTBYIOLINE COOCTBEHHBIM 3HAU€HUsIM 3Heprun £, < FE,..<FE <.,

YAOBJICTBOPAIOT YCIOBUAM HOPMUPOBKH U OPTOTOHAJIBHOCTU

[2/(2)®, ()@, (2)d2 =3, . (3)

Pemenne MKD kpaeBbix 3amau (1)—~(3) cBoAUTCS K HAXOXKIEHUIO CTa-

[IUOHAPHBIX TOYEK CUMMETPUYHOTO BapHAIIMOHHOTO QyHKIMOHAaNa [6,7]

= : 0D, (z) 0P
2@,.£,9)= ]| 3 g5 2e20.0)

Q\ i,j=1 i ]

+8(2)®, () (2) - E,)®,(2) |dz. (4)

Ba3ucel JJarpan:keBbIX M 3PMHUTOBBIX KOHEYHBIX 3JIEMEHTOB
0

1. B MKD o6nacte Q=Q, = U 1Aq , 3aJJaHHAsI B BUJIE MHOTOI'paH-
.

HUKaA, MOKPBIBACTCA KOHCYHBIMHU 3JICMCHTAMH, B JAHHOM CJIy4a€ CHUMILICK-



A.A. I'yces, O. Yynyynoaamap, C.H. Bunuykuii, A. I'ysconc 15

camu A ¢ d+1 BepumHamu Z, =(Z;,...,z;,,) npu j=0,..,d. Kaxnoe
pebpo cumiuiekca A, pa30uBaeM Ha p PaBHBIX YacTeH M MPOBOJUM CeMEii-

CTBa MapaJlJICJIbHBIX FHHepHHOCKOCTeﬁ, HYMCEpys KaXAYH0 LCJIbIM YUCIOM

ot 0 10 p, HauMHask OT COOTBETCTBYIOIIECH I'paHu, HAlpUMep, KaK IMoKa3a-
HO nipu d =2 Ha Puc. 1 (cm. takxke [8]. C. 220). Touku A mnepeceueHus
THIIEPIUIOCKOCTE  HyMmepyeM Ha0opamMu IelbIX 4ucen  [n,...,n,],

n,20,n,+..+n,=p. KoopanHatel y310BOi ToukH 4, €A  ompene-

d A A
msrotest o popmyne § = (E ,,....5,,) = ijo(zﬂ,...,zjd) n,/ p depes Koop-
JMHATBI BEPWHH Z, = (Z,,...,2 ).

ITpu peanuzaimun MKD pacueTsl ynoOHO HPOBOIMTH B JIOKAIBbHBIX

KOOpAMHATAX z , CBA3AHHBIX C MCXOAHBIMH KOOPAMHATAMHU z adPUHHBIM
A N
npeoOpa3oBaHuem, z, =z, + Zizl (2, —2,;)z; »j=1,....d , B KOTOpBIX KOOp-
WHATBl BEPIIMH cuMiuiekca A cnepyromme 2, =(%2,..,2°), 2..=98
A p AYIOIUE  Z; =AZj15Zjq) > 25 =0
Torma UILI ¢,(z"), paBHBbIe emuHMIE B Y3I0BOW TOYKe A, ¢ KOOpAMHA-
’ et ’ o
tamn & =(&,,...,& ), Xapakrepusyemoil uucinamu [n,...,n,], 1 HyIO B
4
ocranbHbIX Toukax &, =(&.,...,E.,), 1.e.,, 0.(§.)=9,. onpenensrorcs Mo

dbopmye:

dus Z=nlp Vigl-z—..—Z, —n)/p
)= Z ) = .(5
(pr( ) (Pr(( 1 d)) HH/H_O}’Z /p }’l /p g no/p—n(')/p ( )
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[0,0,5]

Z

0.8
\

0.6

0
[5,0,0] [4,1,0] [3,2,0] [2,3,0] [1,4,0] [0,5,0]a 9

Puc. 1.
a. Hywmepaumst ysmoB A, r=1.,(p+1)(p+2)/2, wnaGopamu umcen

[n,,n,,n,] Tpeyroasunka A st cxemst ¢ U1 nsroro nopsiaka p'= p =35 npu
d =2 . Jlunuu (nsTh MEpecekaromuxcs mpsameix) — vy UTUT @,,(2) (5), pas-

HOTO eJIMHHIIEC B TOYKE, IPOHYMEPOBAHHOI Tpoiikoi uucen [ny,n,,n,]=[2,2,1].

6. Vizomunun UTT @,,(2).

[IpupaBHuBaHue uncauTeneit B (5) HyNIO JaeT ceMeicTBa ypaBHEHU N
MIPSIMBIX, HATPABIICHHBIX «TOPU30HTAITBHOY, «BEPTHUKATHLHO» M «HAKIOHHOY

B JIOKQJBHOM CHCTeMe KoopiuHat (z,z,), KOTopas cBs3aHa addUHHBIM

peoOpa3oBaHUEM C CEMEWUCTBOM «HAKJIOHHO» PACHOJIOKEHHBIX MPSMBIX

snementa A, . Ha Puc. 1 nan npumep mutroctpupyromuii nocrpoenne NITI
mpu d =2, r,r'=1...,(p+1)(p+2)/2, p=5 Hasnemente A.
Kycouno-nonuHomuansuele GpyHkumuu F(z), Gopmupyromme 6a3uc

{P(2)}.,, xoTopble cTposTcsi myTem cuuekd WUILJT @.(z) Ha KOHEYHBIX

0
onementax A : P(z)={0/(2),4 €A ;0,42 A}, zeQ, =Uq:1Aq, SIB-
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JISIOTCS. HEMPEPBIBHBIMU (DYHKITUSMHU, HO UX TPOU3BOIHBIE TEPIIAT Pa3pbl-
BBl Ha IPAHMLAX JJIEMEHTOB A .

2. IlocTporM HMHTEPIONSAIMOHHBIE MOJIMHOMBI JpMUTa MOpsAIKa p',
CIIIMBKOM KOTOPBIX MOXHO TMOJYYUTh KYCOYHO-TIOJTHHOMHUATbHBIE (YHK-
un P (z), cOXpaHAIONMe HENPEPBIBHOCTD MIPOU3BOJHBIX 10 33JaHHOIO I10-
psaaka x'.

4
Jlnst moctpoerus IO B mokaabHBIX KOOpAWHATAX z BBEAEM HAaOOP

BCIIOMOTaTeNbHBIX moauHoMoB (BII1):

QM K ( Z)

Hy g
ozM...z)

=g,
-1, O<sp, +.+p,<x, . -1

(Pfla..,Kd (é:') = Srr'slclO"'SKJO’

L N1 VR /T (6)

0<k +..+x,<K

max

C 3alaHHBIMH 3HAYCHUAMHN HC TOJIBKO Q)YHKHI/If/'I, HO ¥ UX MNPOU3BOAHBIX OO

nopsizika K, —1 B y3moBbix Toukax & . BIT1 marorcst BBIpaXeHUAMHE

max

@y () = w () D a2 BN XX (2] =€),
ula""p’d
n;—1 ’ ’ Kpmax ny— ’ ’ ’ Knax (6,)
()= li[H (Zj—nj/’p) i l—i(l—zl—...—zd,—nolc/p)
iz p=n/p)y™ \u  (ny/p—ny/p)™

rae  KodpdumuenHter @'ttt

BBIYUCIISIIOTCA U3 PEKYPPEHTHBIX
COOTHOIIIEHUH, MOJIYYSHHBIX B pe3yJIbTaTe MOJACTaHOBKH (6°) B ycioBus (6).

Hpu d>1wu x,, >1,ucno N, . WIID crenenn p' u KpaTHOCTH y3JI0B

Kma

K ,4x MCHBIIIE YHCIIA [IONMHOMOB N, ., GOpMUPYIOLIMX 6a3KC B IPOCTPAHCT-

max
BE IOJMHOMOB creneHu p' (Hampumep, UILI wu3 (5)), T.e. moauHOMBI,
yzaoBiieTBopsitoue (6), onpeieaeHbl HEOJHO3HAYHO.

3. Jlng oaHO3HAYHOTO ONpeAeNeHUS IOJIMHOMHUANBHOrO 0Oasuca

BBeléM K =N, , —N_ . BCIOMOrareipHbIX MOMMHOMOB O (z) IBYX
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tunoB: BII2 u BII3, nuneitHo-ue3aBucumbix ot BII1 u ygoBnerBopsitommx
YCIIOBHUSIM B y3JIOBBIX TOUKax z’ =& :

QHrt-Ha 0.(2) —0,

1 Hq
oz)"...Z4

0.(€)=0, s=1,...K. (7)

z=t;
Otmerum, uTO Ui oOOecHeueHHs] HEMPEePHIBHOCTH MHPOM3BOIHBIX

4aCTb IIOJIMHOMOB, Ha3bIBACMbIX BH2, AOJIKHBI YAOBJICTBOPATH YCIIOBHUIO

k
% =8,8,, s=L.LK,s'=L. T(k) k=k(s"), (8)
z=G

Ie 7 — BEKTOp B HANpaBJICHUH BHYTPEHHEH HOpPMald B HEKOTOPBIX BBI-
OpaHHBIX Toukax (  rpaseil (pasmepHoctu oT 1 10 d—1) d-mepHoro

CUMIUIEKca A B HCXOIHOW CHUCTEME KOOPAMHAT, CBS3aHHOW apdUHHBIM

npeoOpa3oBaHWeM C COOTBETCTBYIOIIMMH TOYKAMH (. B JIOKAJIbHOM
CHCTEMOM KOOPJMHAT CHMIUICKCA A, HE COBNAJAIOIINMHU C Y3JIOBBIMH TOY-
Kamu & .

Boraucisist uncno 7;(K') HEe3aBHCHMBIX [apaMeTpoB, TPEOYEMBIX s

obecrieueHHust HCMPEPBIBHOCTHU IMMPOU3BOAHLIX 10 IOPAJIKaA K', OIpCacCisICM
€ro MakKCHUMaJIbHOC 3HAYCHUC, KOTOPOC MOKHO IOJYYUTHh A CXEM C

3alaHHBIMH p U K M, COOTBETCTBEHHO, 7;(K') JOIOJHUTEIBHBIX

max ?
ycioBuii (8).

Ocraercs 7, =K —T7,(K') HE3aBUCHMBIX NapaMETPOB M, COOTBETCT-
BEHHO, J100aBnseTcsd 7, JONOJIHUTENBHBIX YCIOBHH, HEOOXOIUMBIX JUISA

OJIHO3HAYHOT'O OIpeIeNICHUs MMOJIMHOMOB, Ha3biBaeMbIx BII3,
0.()=9%,,s=1...K,s'=T(x")+1,...K , 9

rne (' — HekoTopble BHIOpPAHHBIC TOYKH, HE NPHHAUICKALIAE TPAHSIM

CHUMILIEKCA A , U HE COBIAJIAIONIKE C Y3IOBBIMH TOUYKaMu & .
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[131] !
BIT1: 3x6=18 noix.
BI12: 3 momn.

[141] !
BIT1: 3x10=30 mou.
BI12: 3 mon. 1>
BII3: 3 mom.

[231]
BIT1: 6x6=36 nom.
BI12: 6 mou.

BII3: 3 non.’ v

[152]
BIT1: 3x15=45 mom.
BII2: 3+6=9 nomn.

BI13: 1 mom.

Puc. 2.

Cxemarnyeckoe n3o0paxenne ycnoBuid (6)—(9), U3 KOTOPBIX CTPOSITCS Oa3uCHBIE

UMD [px, K'. Keagpars:: Toukn & B KOTOpHIX (HUKCHPYIOTCS 3HAYEHHS

(GYHKUMI ¥ UX MPOU3BOJAHBIX, CIUIOMIHBIEC (TYHKTUPHBIC) CTPENIKU: C HA4YaJOM B

Toukax (., B KOTOPHIX (PMKCHPYIOTCS 3HAYEHHs MEPBOH (BTOPOIi) MPOM3BOAHOI

110 HAIIPaBJICHUIO HOPMaJIM B MCXOAHBIX KOOpAUWHATax, COOTBETCTBCHHO, KPYXKKU:

4 v
Toukn {, B KOTOPBIX PUKCHPYIOTCS 3HAYCHHS DyHKIMIA.

Tabauua

Xapaxkmepucmuxku nonuHomuanbHozo 6asuca npu d=2.

[px,.K'] [131] | [141] | [231] | [152]

p' K, (p+D)—1 5 7 8 9
N, (p+D(p+2)x,, (x,  +1)/4 18 30 36 45
N, (p'+D)(p'+2)/2 21 36 45 55
K p(p+D(x,,. —Dx, . /4 3 6 9 10
INQY) 3p 3 3 6 3
T.(2) 9p 9 9 18 9
OrpannueHne Ha NOPSAOK NPOU3BOAHBIX K': 3pK'(k'+1)/2< K
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Bcenomoratenbubie nonmuHomsl BII2 um BII3 parotcst BbIpaskeHuEM
z—>7
_ -k k k S el 0 0
O.(2)=z"..z;'(1-2,—...—z,)" Z b iz B oxz M, (10)

rac kt =1 , €CCJIM TOYKa CS, B KOTOpOﬁ 3aIaHbl JOIIOJIHUTCIIBHBIC YCJIOBUA

(8) mnn (9), nexXUT Ha COOTBETCTBYIOLIEH I'paHM CHMIUIEKCa, U k, =K'B

Mg

npotuBHOM citydae. Kosdduuentsr b ompenenstorcss U3 cHCTEMBI

JUHEWHBIX YPaBHEHHH, MOJIYYEeHHBIX B pe3yibTaTe nojctaHoBku (10) B yc-
noBust (7)—(9).
B pe3yJibrare [OJIy4aeM Ha0bop 0a3MCHBIX 1Z1816)

¢,(2)={ 0} (z), O,(2)}, cocraBneHHbIX U3 nmomuHOMoB Q (z) tuma BII2 n

BII3 u nonuaomoB ¢ (z) tuna BIIL:
K
¢ (2) =9} (2) = 20 0,(2),
i=1

29} (2)
on*

rae c,,. = ,am8 Q.(z) mBI2 e, =05 (C)),

z=(,
s Q.(z) u3 BII3.
4. Hanpumep, nipu d =2 creneHb p' MOJIMHOMA MO TaHTCHI[UATBHOU

nepeMeHHoﬁ ! Ha TpaHuIEC TPCYyrojibHUKA COBHATACT CO CTCIICHBIO
MOJIMHOMa JBYX NTEPEMCHHBIX, U IS €r0 OAHO3HAYHOI'0 OIPCACICHUA

TpeOyetcst p'+1 mapamerp. [IpousBonHas nopsiika x' 1Mo HOpMalabHOH Ie-
peMeHHOW Ha rpaHMile OyIeT MOJMHOM CTENeHH p'—K', U Ui ee OJHO-
3HAYHOTO ompeeneHus norpedyercs p'—xk'+1 mapamerpoB. OpHaKo OHa
omnpezeneHa TobKO p'-K'(p+1) mapamerpamu: CMEIIaHHBIMUA IPOU3BOIHBI-

MU (PUKCUPOBAHHOTO MOPAAKAaK' MO HOpMaJIbHOM MEPEMEHHOM U Mopsiika

oTr 0 10 ¥ —K'—1 MO TaHr€HIIMAIbHOUN MEPEMEHHOMN, T.€.

max
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0"0.(2) 9""0.(2) 0""Q.(z) 9" Q.(2)
on* om0t ~ om*orr T on ot

Cxemarrnueckoe n300pakeHue peanusanuu ycioBui (6)—(9), uz koro-

peix crpositcsi 6asucHbie MIID, mokazano mpu d=2 Ha Puc 2. Xapakre-
PUCTHKHU MoOJMHOMHaNbHOTO 0Oasuca u3 UIID Ha snemente A mpu d=2

npuBe/eHbl B Tabmuie.

5. KycouHo-nonuHomuaneHble (yHKIMH F(z) ¢ HeNpepbIBHBIMU
IPOU3BOHBIMH 710 TIOpsiKa K', Gopmupyromme Gasuc {P(z)}).,, crposTes
IyTeM CIIMBKUA MONUHOMOB  @,(z) ={()(2),0,(z)} Ha KOHEYHBIX

yIeMeHTax A .

o
B(2)={xg,(2), 4 € A0, 42 A}, zeQ, =] A,

rlie 3HaK ‘— MOXET MOSBUThCS TONbKO Juisi BII2, korna HyXHO CIIUTH
HOpMaJIbHBIC TIPOU3BOHBIC HEUETHOTO MOPSIIKA.
Paznoxxenune uckomoro pemenus @, (z) 3agaun (1)—(3) mo Gasucy

h

KyCOYHO-TIONIMHOMUANBHBIX  QyHKIMi P(z), @' (z)= ZZIPI(Z)(I) ms K

MOJICTAHOBKA €TI0 B BApUAIMOHHBIA (PYHKIIMOHAI (4) IPUBOJIUT K 0000IIICH-
HOU anreOpandeckoin 3a7ade Ha COOCTBEHHEIE 3HAYCHHUS,
(A-BE")®" =0, koTopas pemraercsi CTaHAapTHHIM METOIOM (CM., HAMPH-
Mep, [7]). DnemMeHTsl MaTpHIl )KECTKOCTH A W MaTpHUIlbl Macc B coaepxar
MHTETpaJibl TUMa (4), KOTOPbIE BHIYUCISIOTCS B UCXOJHBIX KOOPAMHATAX Z

Y
Ha onemeHTax A B obmactu €, = U A, , IEPECUNTAHHBIC B JIOKAIBHBIC
=

KOOpPJIMHATHI z'Ha syeMeHTe A.

PesyabTaTsl U 00cyK1eHne
B xauecTBe mpuMmepa nmpuBeNEM pe3yNbTaThl PELICHHUS 3aJaydl JUC-

kperHoro cnekrpa (1)-(3) mpu d=2,g,(z)=1, g,(z)=1 u V(z)=0 B
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0
obnactn Q, = Uq:1 A, B BHJIC PaBHOCTOPOHHETO TPCYTOJIBHUKA CO CTOPO-

HOM 47/3 ¢ rpaHnyHBIMU ycnoBusiMu Broporo Tuna (II), koTopsiii pa3out

2 o
Ha O =n" PaBHOCTOPOHHUX TPEYTOJbLHUKOB A, CO CTOpOHOW h=4m/3n.

CoOcCTBeHHbIE 3HAYCHUS ITOU 3aJ1a4i C BBIPOKJIECHHBIM CTICKTPOM — IICJIbIE
yucna £, = ml2 + mf +mm, =0,1,1,3,4,4,7,7, ... [9].

Ha Puc. 3 npencraBinens! npoduiib 4eTBEPTOM COOCTBEHHOHN (YyHKIIMH
®" wu morpemmnoctn AE, = E! - E, cobctBenHoro  3Hauenuss E, B
3aBUCUMOCTH OT YHCJIa SJIEMEHTOB 7 M OT JUIMHBI BeKTOpa N ISl CXeM ¢
UILI ot msaToro 10 AEBSATOrO MOpSAKAa TOYHOCTH, OTMEYEHHBIE METKaMH

[p,x,...k'T=[510], ..., [910], s cxem ¢ UIID, p'=5, 7 n 8 nmopsaka To4-

HOCTHU, COXPAHSIOIINE MEPBYIO MPOU3BOJHYIO MPUOIMKEHHOTO PELICHUS U
oTMeueHHble MeTKamu [131], [141] u [231], 1 cxeMbl AEBSATOrO MOPSIKA
TouHOCTH [152], coxpaHstomeld BTOPYI MPOW3BOAHYIO MPHUOIMIKEHHOTO

pemeHus. OnucaHue XapakTepUCTUK NpeacTaBieHHbIx cxeM ¢ UI1D nano B

Ta6nuue. Kak Buano u3 Puc. 3, morpemHocTd coGCTBEHHOTO 3HaueHus £

cxeM MKD oanoro nopsaka p'=x__ (p+1)—1 HpUMEpHO OJMHAKOBHIE.

max
OpmHako 115 TOCTHKEHUS 3aJaHHOM TOYHOCTH MPUOJIMIKEHHOTO PEIICHUS B
cxemax MKD ¢ UII3, obecrieunBaromumx HEMPEPHIBHOCTH IEPBOIl 1 BTOPOI
MPOU3BOIHBIX MPUOTMKEHHOTO PEUICHHS, UCTIONB3YIOTCS MATPUIIBI MEHbB-
el pa3MEepHOCTH, COOTBETCTBYIONIME AiMHE BekTopa N B 1.5-2 paza
MeHbIe, ueM s cxem ¢ UITJI, obGecnieunBarmuX TOIBKO HEMPEpPhIB-

HOCTb HpI/I6J'II/I)KCHHOFO PCLICHUA.
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—=—[510] ---=---[131] N —s=—[510F-e-- [131]
—=—[610] BN —=—[610]
—a—[710] --=-- [141] 1E-51 3 —a—[710} o~ [141]

1E-51
] —=—[810] = [231] | < Bi a - —=— [810}--- [231]
—=—[910] --=--[152] | LW ] \ \\\.—-—[9101_4.-. [152]

<
L
<

1E-107

1E-15] A3

1E-201

Puc. 3.
o v h
IIpoduns uerseproii cobcTBeHHON QyHKIMU D, ¥ 3aBUCUMOCTH IIOrpel-

Hoctu AE, = E| — E, cobcrsennoro suayenus E, . TlosicHeHue B TeKcTe.

3akiioueHune

[Ipemnoxena BerunciurenbHas cxema MKD BpICOKOro mopsijika ToY-
HOCTU pEIIEHUs 3aJ]aud Ha COOCTBEHHBIC 3HAYCHMS ISl SJUIUIITUYECKOTO
ypaBHEHUS B YACTHBIX MPOU3BOIHBIX B IBYMEPHOI 0071aCTH, 00eCTIeYnBalo-
[asi HEMPEPHIBHOCTh HE TOJBKO MPUOIMKCHHOTO DEIICHUS, HO M €ro
MPOU3BOAHBIX J0 3aaHHOTro nopsaka. Ha mpuMepe TouHO-pemiaemMon Kpae-
BOI1 33/1a4 AJIs1 TPEYTOJIBLHON MEeMOpaHbI MOKA3aHO, YTO JUISl TOCTUKEHUS 3a-
JAHHOW TOYHOCTU MPHUOIMKEHHOTO peuieHus, st cxem ¢ MKO ¢ UIID,
00ecTeunBarouX HEMPEPHIBHOCTH MIEPBOM M BTOPON MPOU3BOAHBIX MPHUO-
JTUAKEHHOTO PEIICHUS HCIONb3YIOTCSI MaTpPULIbl MEHBILIEH pPa3MEpHOCTH,
COOTBETCTBYIOIIUE JUIMHE BeKTOpa N B 1.5—2 pa3a MeHbILIEH, UeM ISl CXEM
¢ UIJI, coxpaHsronMx Ha TPaHULIAX KOHEYHBIX 3JIEMEHTOB TOJIBKO HEIpe-
PBIBHOCTH MPUOIMKEHHOTO PEIICHUS.

Boruucnurensasie cxembl MKD opueHTHpOBaHBI Ha pacyeThl CIIEKT-
PATBHBIX M ONTUYECKUX XAPAKTEPUCTUK KBAHTOBBIX TOYCK M JIPYTUX KBaH-
TOBOMeXaHW4eckux cucteM. Peammzamms MKD ¢ UIID B koHurypammon-
HOM TIPOCTpaHCTBe d =2 OyJeT laHa B MOCISAYIOMHMX padboTax.

Pa6ora nognepxana PO®U (rpant 16-01-00080) u mporpammoii bo-
romo0oB-Uubensa (OUAN-TTonbma).
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FINITE ELEMENT METHOD FOR SOLVING BOUNDARY-VALUE
PROBLEMS OF QUANTUM MECHANICAL SYSTEMS

A.A. Gusev, O. Chuluunbaatar, S.1. Vinitsky, A. GoZdz*

Joint Institute for Nuclear Research, Dubna, Russia
*Institute of Physics, University of M. Curie-Sklodowska, Lublin, Poland.

ABSTRACT

The computational scheme of Finite Element Method of high order accuracy
for solving the boundary value problem for elliptic partial differential equation,
conversing a continuity of derivatives of approximate solution is presented.

The efficiency of algorithm and program is demonstrated on an example of
exact-solvable boundary-value problem for triangular membrane.

Keywords: elliptic partial differential equations, boundary-value problem,

finite element method, interpolation polynomials.
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SPASER ACTION AND MODE MIXING
IN PLASMONIC SYSTEMS WITH GAIN

L.S. Petrosyan, T.V. Shahbazyan

Department of Physics, Jackson State University, Jackson MS 39217 USA
PACS: 78.67.Bf, 73.20.Mf, 33.20.Fb, 33.50.-j

We study the effect of off-resonance plasmon modes on spaser action in
plasmonic systems with gain. We show that mode mixing originates from
inhomogeneity of gain distribution near the metal surface and leads to an upward
shift of spaser frequency and population inversion threshold. This effect is similar,
albeit significantly weaker, to quenching of plasmon-enhanced fluorescence of a
single emitter near metal nanostructure due to excitation of nonresonant modes
with wide spectral band. We also show that spaser quenching is suppressed for
large gain concentrations, and establish a simple criteria for quenching onset,
which we support by numerical calculations for spherical geometry.

I. Introduction

The prediction of plasmonic laser (spaser) [1-3] and its experimental
realization in various systems [4—14] have been among the highlights in the
rapidly developing field of plasmonics during past decade [15]. First
observed in gold nanoparticles (NP) coated by dye-doped silica shells [4],
spaser action was reported in hybrid plasmonic waveguides [5],
semiconductor quantum dots on metal film [6,12], plasmonicnanocavities
and nanocavity arrays [7-10,13,14], metallic NP and nanorods [4,11], and

more recently, carbon-based structures [16,17] and hyperbolic materials
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[18]. Small spaser size well below the diffraction limit gives rise to wealth
of promissing applications [19].
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FIG. 1. Fluorescence quantum efficiency for a QE

near spherical Au NP is shown vs. QE-NP distance for several NP sizes.

The spaser feedback mechanism is based on energy transfer (ET)
between quantum emitters (QE), constituting gain medium, and resonant
plasmon mode. Even though a metal nanostructure usually possesses
discrete spectrum of localized plasmon modes, e.g., characterized by
angular momentum [ for spherical systems, the QE coupling to
nonresonant modes with well separated frequencies is typically considered
sufficiently weak to be neglected. However, this is a good approximation
for high quality cavity modes, while plasmon resonances are characterized
by much broader lineshape due to large Ohmic losses in metal, so that a
significant fraction of QE energy is transferred to nonresonant modes at

small QE distances to the metal surface, where the coupling to nonresonant
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modes is large [20-23]. During past decade, numerous experiments reported
plasmon-enhanced fluorescence of dye molecules or semiconductor
quantum dots near metal NPs which, however, was quenched as QEs
moved closer to the NP surface [24-30]. Fluorescence quenching in
plasmonic systems is best illustrated by distance dependency of quantum

efficiency Q=1 /(I', +T",)of a radiating dipole with frequency tuned to
the dipole plasmon resonance in spherical metal NP (see Fig. 1). Here I', is
plasmon-enhanced radiative decay rate and I', is nonradiative decay rate

due to QE coupling to high-/ nonresonant modes (see below for detail).
With decreasing QE-NP distance d, nonradiative QE decay into
nonresonant modes dominates, so that, for distances comparable to NP
radius R, the quantum efficiency is low.

In plasmonic systems with gain, the effect of gain coupling to
nonresonant modes is twofold. First, QEs coupling to higher-order
plasmons (with higher frequencies) should lead to upward shift of spaser
frequency, and, second, the energy transfer (ET) from QEs to nonresonant
modes can interfere with the feedback mechanism, resulting in higher
population inversion threshold. Both effects have increasingly negative
impact on on spaser action as the (average) distance between QEs and the
metal surface is reduced, which raises the issue of spaser quenching for
substantially close gain-metal proximity. While spaser action has been
modeled in a number of specific systems [3,31-35],little work has been
done on the role of nonresonant modes. A recent numerical study involving
core-shell NP indicated limited impact of nonresonant modes on the spaser
action [36]. However, no comprehensive study on the role of nonresonant
modes in spaser action has so far been carried out.

The goal of this paper is to develop an analytical model for plasmonic
systems with gain that includes gain coupling to nonresonant modes, and to

establish criteria for spaser quenching. We show that inhomogeneity of gain
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distribution near the metal surface gives rise to plasmon mode mixing
leading to increase of spaser frequency and population and population
inversion threshold. However, with increasing gain concentration, role of
nonresonant modes in spaser action is reduced and their overall effectis
much weaker in plasmon-enhanced fluorescence. For NP-based spasers, we
obtain a simple condition for spaser quenching onset, which we support by

numerical calculations.

I1. Pumped quantum emitters interacting with

a metal nanoparticle

We consider a thin layer of M QEs randomly distributed on top of a
spherical core-shell NP with metal core of radius R and a dielectric shell of
uniform thickness d . Within semiclassical approach, electromagnetic fields
are treated classically, while QEs are described by pumped two-level
systems located at r; with excitation frequency @, between energy levels
()

1 and 2. Each QE is characterized by polarization p, = p;;’ and occupation

n,=py —pl), where pi} (a,b=1,2) is the density matrix for jth QE.
The ensemble population inversion is N =Zj n;. In the rotating wave

approximation, the steady-state dynamics of QEs coupled to alternating
electric field E(r)e”™ is described by the standard Maxwell-Bloch

equations

(w_a)21+i/72)pj:%njej'g(”j)’ (1

__ 4ur
n,—n= —%Im[pj ej-S(rj)],

wherez, and 7, are time constants characterizing polarization and

population relaxation, 4 and e; are, respectively, the QE dipole matrix
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element and orientation, and 7 is the average population inversion per QE

due to the pump. The local field £(r,) is generated by all QEs’ dipole
moments p, = te;p; and, within semiclassical approach, has the form

A7 ~— —
2 > G(wir, 1) p,, )
k

Er)=

where G(w;r, ") is the electromagnetic Green dyadic in the presence of

metal nanostructure and c¢ is the speed of light. Using Eq. (2) to eliminate
the electric field, the system (1) takes the form

M

p,; =0,

i u’
[a)— ,, +T—j Oy ra D

J
2

k=1
_ A &
nj—n+lT‘uImZ[ijjkpj]:0a 3)
=1

where 5jk is Kronecker symbol and D, (®) is a frequency-dependent
coupling matrix in position space,

Ar@’
c 2

Dy (@) =—"—¢;G(@r,n)-e,. @)

Below the diffraction limit, the Green dyadic can be replaced by its
near-field limit, and the coupling matrix (4) represents a sum of direct and
o +D"

plasmon terms, D, =D "« » which, for spherical geometry, are given

Jk
by multipole expansions [22,23]
Dy == W 2 6, + 2V 6, |,

Im
.
Dh =Y oy v, (5)
Im

where/ and m are the polar and azimuthal numbers, respectively, and

0, =0(r, —1,) is the step-function. Here, ¢, (w) is [ -pole polarizability for

a spherical NP in a medium with dielectric constant &,



L.S. Petrosyan and T.V. Shahbazyan 31

R21+1(€_gd)
e+(1+1Me,’

a(w) = (6)

where £(w) 1s the metal dielectric function, and the basis functions are
given by

I"J.

Y (s
2 =Ce N [rY, (7)), v =C V,{%ﬁ’)} (7)

where C, = /47 /(2] +1) is normalization coefficient and Y, (#) are the

spherical harmonics. The basis functions satisfy orthogonality relations

Z(J)*Z(J) >— ; 21— 25 0 (8)

'~ mm’

; 17+1
D) >— ()%,07)
< ‘// l// >= 5 r2]+4 é‘ll'é‘mm ’ Zlm Wlm >= 0

J

where brackets stand for angular and orientational averaging. Note that, for

QEs with random dipole orientations and uniformly distributed in the shell,

the direct term D_j.)k in system (5) vanishes on average, so we keep only the

plasmon term D7 in the following.

II1. Collective modes of quantum emitters and spaser

condition

Within semiclassical approach, the first (homogeneous) equation in
the system (3) determines the spaser condition. We now transform it from
individual QE representation to collective mode representation by

introducing collective polarizations as

Z (/)* P 9)
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where A = (Im) is composite mode index. Keeping only the plasmon term
D, in the coupling matrix, multiplying the first equation by w" and
summing over j, the system (3) takes the form

(w_ @, +i/ Tz)pz - Z S0Py =0,
=

_ Az’
NN+ o o)y =0, (10)

A
where N = Z/ n; is gain population inversion, N =nM is that due to the

pump, and

2 M

Sy =D v ! (11)

j=

—_

is the mode coupling matrix.

Single mode approximation

Let us perform angular and orientational averaging in system (10). In
the leading order in 1/ M , this is done by replacing the mode coupling

matrix S with its average using relations (8),

<8, >=5,0,0, .5 =—"—> —L (12)

"~ mm’

yielding the consistency condition for each mode
w—w, +il T, =s,05(w). (13)
The real and imaginary parts of Eq. (13) determine, respectively, the

spaser frequency and threshold population inversion. Note that since

Eq. (13) are independent of azimuthal number m , each /-mode is (2/+1) -

fold degenerate.
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Assume now that gain molecules are uniformly distributed in a thin
layer at approximately equal distance d from the metal NP surface (e.g., on
top of dielectric shell). Then we obtain from (13)the standard spaser
frequencyand for |w, —w,, | 7, < 1, the population inversion threshold N,

oy = LG AT, Wrr, QI+ +1) NRT
" r+r,  h 3l (w) (R+d)M

=1. (14)

Note that N, increases exponentially for large-/ modes.

IV. Mode mixing and spaser quenching

While in the absence of gain, different plasmon modes are
orthogonal, the presence of QEs with random positions and orientations
violates the underlying NP symmetry and leads to mode mixing. For large
number M of QEs uniformly distributed around the NP, the spherical
symmetry is preserved on average, so that single-mode description is
reasonably accurate, while corrections due to mode mixing are suppressed
by factor of 1/ M . However, for QEs located close to NP surface, the
coupling to nonresonant modes is strong, so that even weak inhomogeneity
of QE distribution can lead to significant mode mixing effects. Below we
analyze the effect of mode mixing on spaser condition and establish a
simple criteria, in terms of system parameters, for the validity of single-

mode description.

A. Quenching onset
We assume that QE frequency @,, is tuned to the dipole plasmon
mode (/=1) frequency @, and incorporate the effect of higher (/>1)

nonresonant modes as follows. First, we separate out the resonant and
higher-order modes in the first equation of system (10) by splitting it into

two equations,
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Qp, = 8,00, - Z S,000, =0,
7
Qp, = Su0p, =D Sptypy =0, (16)
>

where we denoted Q=w-®, +i/7,, and the indexes 4 and A° do not

include the resonant mode. In the first order in 1/ M , we include the
coupling of resonant mode with nonresonant modes, but disregard
nonresonant modes’ coupling with each other. After replacing the matrix

S, In the second equation by its average (12) and eliminating p, from the

first equation of system (16), we obtain the consistency condition [restoring

indexes (/m)],

Qs,,; { 1m1m+2 o %1 "’"”’”]a]:o, (17)

o Q 5,0

where the sum runs over /, >1 and m, in the interval (—/,/,), while m,m’
take values (—1,0,1). Performing angular and orientational averaging in
Eq. (17), we obtain the spaser condition in the form

o-o,+i/7,-s,o(0)[1+ f(@)]=0, (18)

where the function

f(@)= Z A1+ 7)s,0(w) (19)

SM ' o-w, +il T, —5,00(®)

includes the coupling to high-/ modes. In the absence of such coupling
(f=0), the solutions of Eq. (18) for spaser frequency @, and threshold
population N, are givenby Eq.(14).In the presence of coupling, the
corresponding solutions @ and N deviate from @, and N, by the amount
depending on distance d to the NP surface. While for d = R, the

&£ (I+DN

coefficients s,, given by Eq. s, =——————
o BVERBY B N S Ry dy

change rapidly with 4,
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for d < R they are only weakly dependent on d, indicating that, in this
case, the main contribution to f comes comes from multitude of modes
with large /. To estimate the characteristic distance d below which high-/
modes become important, we note that, for nonresonant modes we have
7,50, <1 and so the last term in denominator of Eq.(19) can be
disregarded. Since the main contribution comes from high-/ terms, so we
can replace ¢, by R*"'[e(w)—¢,]/[e(w)+¢€,] [see Eq. (6)]. For d/R <1,
we can replace the sum over / by the integral. For small deviations of @

from the plasmon frequency, i.e., &(®)=&(w)=-2¢,, and using that
(w—w,,)T, <1, we finally obtain

#'r, N

Iflsz- (20)

The onset of quenching corresponds to | f |~ 1. In the first order, replacing
N with N, = R’e"(@)h /24’7, from Eq. (14), we arrive at the estimate for

onset value of d :

1/3
8//(({ul)

4M

d~R 1)

For example, for M ~10° and with £’(@)=2 for spherical Au NP, the

mode mixing is important for d / R <0.1.
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FIG. 2. (a) Spaserfrequency shift and (b) relative population inversion threshold
shift are shown vs. shell thickness for several QE ensemble sizes. Inset:
Schematics of QEs distributed on top of composite NP.

B. Numerical results
Below we present the results of numerical calculations for spherical
Au NP of radius R and M QEs randomly distributed on top of dielectric

shell at distance d from the metal surface with frequencies @,, tuned to the

dipole plasmon resonance frequency ¢j. In all calculations, we used

experimental Au dielectric function [37] and included modes with angular

momenta up to /__=50. Note that we excluded the region of very small
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distances dominated by quantum effects, which are out of scope of this
paper [38].

In Fig. 2, we plot the spaser frequency @ and population inversion
threshold N vs. gain-NP distance d (see inset) obtained by solving
Eq. (18) for several ensemble sizes. To highlight the role of nonresonant
modes, we showthe deviations of @ and N from the corresponding values

o, and N, for resonant mode coupling only (i.e., f=0). For small
distances d/R <1, the effect of nonresonant modes can be substantial

depending on the ensemble size, consistent with our estimate (21). With
decreasing d , the spaser frequency @ shifts upwards (high-order modes
have larger frequencies), and so does threshold N to compensate the
energy leakage to nonresonant modes not participatingin the feedback. At
the same time, with increasing ensemble size M , the deviations of spaser
frequency and of threshold population inversion from their single-mode
values are significantly reduced, indicating restoration of spherical
symmetry as fluctuations of the QE distribution diminish.

Note that the overall effect of nonresonant modes on spaser action is
significantly weaker than on single-QE fluorescence. The calculated

quantum efficiency Q, shown in Fig. 1, falls below 20% at distances

d ~ R, and it is even lower for smaller NPs, indicating that fluorescence is
largely quenched at such distances. In contrast, spaser quenching become
substantial only for (average) gain-NP separations well below NP size (see
Fig. 2), while for larger distances, spaser quenching is largely suppressed.
Finally, we considered here a specific setup with all QEs distributed
at about equal distance to the metal NP, e.g., on top of dielectric shell. Such
configuration provides us with better control over gain coupling to
nonresonant modes and allows straightforward comparison with the single
QE radiation quenching near the metal surface. In a more common setup,
gain is distributed within some region with volume comparable or

exceeding the metal volume, e.g., within the dielectric shell, implying that
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only a relatively small fraction of QEs, located sufficiently close to the
surface, can undergo energy exchange with higher-order modes, whose
electric fields decay rapidly outside the metal structure.Therefore, for a
given gain concentration, extending the gain region size should lower the

spaser threshold by suppressing quenching effects.

V. Conclusions

In summary, we studied the effect of energy transfer between gain
and nonresonant plasmon modes on spaser action. We found that mode
mixing, originating from inhomogeneity of gain distribution, interferes with
the feedback mechanism and leads to the upward shift of spaser frequency
and population inversion threshold. We have shown that these quenching
effects are restricted to a thin layer near the metal surface, and are
suppressed for large gain concentration. We established a simple criteria
relating quenching onset with gain concentration supported by numerical
calculations for core-shell NP based spasers.

This work was supported in part by the National Science Foundation
under grants No. DMR-1610427 and No. HRD-1547754.
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ONE-DIMENSIONAL FROHLICH POLARON WITH
SPIN-ORBIT COUPLING

K. Vardanyan, A. Kirakosyan, A. Vartanian'

Department of Solid State Physics, Yerevan State University, 1, Al
Manoogian, 0025 Yerevan, Armenia

Abstract. We utilize the Lee-Low-Pines variational method to clarify the effects of the spin-orbit couplings on the
properties of the quasi-one-dimensional Frohlich polaron in the weak and intermediate coupling limits of the
clectron-phonon interaction. Polaron energy and polaron shift are investigated numerically and analytic expessions for the
polaron self-energy and effective mass are obtained as functions of the spin-orbit coupling parameters. We have shown that
the basic parameters of the polaron in nanowire can be effectively manipulated by the Rashba and Dresselhaus spin-orbit
couplings, and thus they can be used for controlling the various physical processes in nanowires.

Keywords: nanowire, polaron, spin-orbit coupling, CdSe

L INTRODUCTION

Onc of the central issucs in the spintronics is how to effectively control the spin degree of freedom of
carriers. To this aim, the Rashba and Dresselhaus mechanisms of spin-orbit (SO) coupling of confined electrons
are relevant in low-dimensional systems with zinc-blende structure. Depending on the material characteristics,
cither of these couplings, or both of them together, can play a leading role in spin-based solid state nanoscale
devices, since the intensity of these mechanisms can be controlled by an external electric field and by specific
material engineering methods [1-3]. Over the past years, a lot of studies have focused on the role of SO coupling
in the context of electron-polar optical phonon interaction. Particularly, it has been shown that the spin-orbit
coupling leads to quite different polaronic effect in semiconductor nanostructures. It has been shown that in a
weak electron-phonon coupling regime polaronic binding energy is enhanced by the spin-orbit coupling and the

polaronic effective mass varies differently in different spin bands [4, 5]. The main objective of this paper is an
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(A. Kirakosyan ), karvard (K. Vardanyan)
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analytical investigation of the interplay between Rashba and Dresselhaus spin-orbit and electron-phonon
interactions in weak and intermediate coupling approximations.

We consider a one-dimensional electron system interacting with confined and interface polar-optical phonon
modes [6] in the zinc-blende semiconductor nanostructure and adopt a Lee-Low-Pines approach modified in
view of the cylindrical symmetry.

Although spin-dependent electron phenomena in nanowire has been studied extensively in
recent years, to the best of our knowledge, the influence of SO coupling on the Frohlich polaron
properties in nanowires has not already been studied. The main objective of this paper is an analytical
investigation of the interplay between Rashba and Dresselhaus SO and electron-phonon interactions in
weak and intermediate coupling approximations and clarifies the possibility to control and manipulate

polaron states via gate voltages.

II. THEORETICAL FRAMEWORK AND DISCUSSION
We consider a polar semiconductor parabolic nanowire with a circular cross section of radius

R, embedded into nonpolar medium, and a uniform electric field applied perpendicularly to the

The system Hamiltonian H in the presence of both the Dresselhaus and the Rashba SO coupling terms

is then of the form

[ - -
T (k2 + ki +k2)+Vo(y,2) + IeIFyJI + Hg + Hp + Z(Hcr +Hg ph)» (D
le2

H=

where m” is the electron effective mass, Vy(y,z) is the confining potential energy of an electron in
the nanowire, F is the intensity of the electric field, e is the electron charge, [ is the unit matrix,
k,=-i0/0v, v=1x,y,2, Hg and Hp are the spin-orbit coupling Rashba and Dresselhaus terms in

nanowire, respectively, 0 = LO and ¢ =10 denote the bulk-type and the interface-type optical
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phonon modes with one-dimensional wave number g, respectively, H, is the phonon Hamiltonian
and HZ_,y, is the electron-phonon interaction Hamiltonian [6].

The SO coupling that arises from structure asymmetry in a nanowire and often referred to as
the Rashba term [7], can be written as Hgr = ak,0,, where a = (A2/(2moc)2){Vo(y,2)/0y) +
lelF), Vo(y, z) = m*R%(y? + z%) /2, Q2 is the confining potential frequency. Here, {(dV,(y,z)/0y) +
0 since the inversion symmetry is lacking in the y direction due to electric field applying along y
direction. In order to obtain the Dresselhaus Hamiltonian in one-dimensional systems which associated
with bulk inversion asymmetry in semiconductors, we should be integrate the bulk spin-orbit
Hamiltonian [8] over the y and z directions. The effective Dresselhaus Hamiltonian then reduces to
Hp = Bkyo, [9], where S the Dresselhaus parameter.
In the following, we consider the weak or intermediate electron-phonon coupling limit for the polaron
with the Hamiltonian (1) and adopt the Lee-Low-Pines method [10] as usual to study the polaron

problem in a nanowire. The total energy of the system is found to be

17 (@I
Eku = El(f.)u (ULo + 7710) z Flqu hz | | 2
sqo o, — s a2+ ﬂz
where
e?F?  h%k? .
E£u=hﬂ—m+m+uw/az+ﬂzk, 3
= (Yiu(x, 0, 9)|GG ()™ [ (x, p, ), 4
e e (m*2)1/2eikx ( cos )e—%[phz;zmiizcos(w(migz)2] )
ST () V2 [20(1 — psing) M — sind ’
p 10y _ {Km(qR)Im(qp). pP=R,
mlq(p) ]m (aml R) nq( ) - Im(qR)Km(qp). 0 > R, (6)

k is the module of the one-dimensional electron wave number, ¢ = 1 is the chirality quantum
number, L is the normalization length, the angle parameter 6 is defined as tgf = a/f and

describes the relative strength of the Rashba and Dresselhaus SO couplings, J,,(x) is the Bessel
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function of the mth order, @, is the lth zero of J,,(x), K,,(x) and I,,(x) are the first and second
kind modified Bessel functions, respectively, I7(q) describes the strength of the electron-phonon
interaction [6].

When A%k?/2m* is sufficiently small in comparison with phonon energy A, so that no
spontaneous emission of phonons can occur, Eq. (24) can be solved self-consistently for a given value
of the electron energy. As a result we obtain the following equation for 7,:

|2

L h2q? .
2 mq Iszlzlgso‘;

=% : @

1=1s h2q? ¥
sq (fl(Do- +W_ Uy a? +[32q)

Eself

The polaron self-energy, £, ,

and the effective mass, mpq;, for the motion parallel to the wire axis,

are defined by expanding the right hand side of equation (2) to terms quadratic in k:

2 2 .

Eself _ |PSZ| |R50‘;| m _ m (8)
pol — h2q? 4 pol — [
sqo fl(Da- + TR —u aZ + ﬁZq LO 10

The obtained analytical expressions allow us to calculate the energy as well as the basic parameters of

Frohlich polaron (polaron self-energy and polaron effective mass).

We perform numerical calculations of the polaron self-energy and effective mass of the
polaron in CdSe nanowires. The electron ground-state properties are determined by the electron
self-energy due to electron-phonon interaction as well as SO coupling. In Fig 3 the self-energy and the
effective mass of polaron are shown as a function of the Rashba SO coupling parameter for " + "-spin
state and " — "-spin state. The polaron self-energy and effective mass have in common with the
increase of Rashba SO coupling parameter: both polaron basic parameters increase for the " + "-spin

state and decrease for the " — "-spin state. It is a surprising finding the substantially different in

magnitude contributions of 10- and bulk-type LO-phonon modes in these characteristics. In the same
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conditions (F = 1kV/cm, R = 8.3nm), the contribution of the 10 phonon modes to the polaron
self-energy is dominant, but this we cannot assert with respect to the polaron effective mass. In this
figure the contributions from electron-IO phonon (dashed curves) and electron-bulk-type LO phonon
(dotted curves) interactions as well as their total contribution (IO+LO) (solid curves) in basic
parameters of the polaron as a function of the Rashba parameter a at § = 0 are represented separately.
We also represented the results of the total contribution obtained at § =2.7-107° eVem
(dashed-dotted curves). When considering the interaction of an electron with the phonon modes of 10,
bulk-type LO, as well as IO+LO, the polaron mass (polaron self-energy) for the " — "-spin state

increases by 5.9, 20.3, 32.8 (17.6, 20.5, 18.3) percent, respectively, when =0 and a increase from

Polaron Self-Energy (meV)

%0 01 02 03 o4 o5 08 00 01 02 03 04 05 06

a in unites (P o2m)'? a in unites (o of2m )’
Fig.3. Polaron self-energy (a) and polaron effective mass (b) as functions of the Rashba parameter « at § =0
and at R =83 nm. Curves (1) and (2) represent polaron states with u =1 and p = —1, respectively.
Dashed-dotted curves show IO+LO results at § = 2.7-1077 eVem,
0 up to 4.5-107° eVem. In the same conditions, but f = 2.7 107° eVem, the growth of the
polaron mass (polaron self-energy) is 28.3 (11.1) percent, when both electron-IO phonon and
electron-bulk-type LO phonon interactions are taken into account jointly. For the " + "-spin state, the

decrease of the polaron mass (polaron self-energy), for f =0 and 0 < a <4.5-107%, is 2.8, 6.9,
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and 10 (12.3,13.6 and 12.6) percent, respectively, when considering the electron interactions with the
10- and bulk-type LO-phonon modes separately and jointly.

These estimates show that the interplay between SO coupling and electron-phonon interaction
in nanowire allows different tailoring of the polaron properties of the two spin-polarized bands.
Consequently, it is possible to consider these tuned interactions as effective means for controlling
various physical phenomena in nanowires. Therefore, the obtained results can also be relevant to the

experiments in nanowires.
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AHHOTALUA

A3oTHO-BakaHCHOHHBIH (NV) HEHTp B anmMase MpeacTaBiseT co0oil uc-
KYCCTBCHHBII aTOM C YHUKAaJIbHBIMH XapaKTEPUCTUKAMHU, 00YCIaBIMBAOIIUMU
MEPCIIEKTUBHOCTD €r0 MCIOIB30BaHMs B HAYYHBIX pa3paboTKax M BHICOKHX TEXHO-
norusx. B craree mpuBomuTCs KpaTKuii 0030p paboT mo cBoiictBam NV-1ieHTpa B
ajaMas3e U ero NPUMEHEHUSIM B KaueCTBE CEHCOpa MAarHUTHBIX U AIEKTPHUUYECKHUX
moJieH, TeMIepaTyphl, a TAKXKE B CXeMaX KBAaHTOBBIX MH(OPMAIMOHHBIX TEXHOJO-
ruid. [IpeacTaBieHbl TakKe MEePCIEeKTUBBI Pa3BUTHSI TEXHOJIOTHMI HAa OCHOBE 3TOTO
Marepuaia B ApMEHUHU.

KuaroueBsble ciioBa: NV-LEHTp B ajiMa3e, UCKyCCTBEHHBI aTOM, ONTHUYEC-

Kasg MaroHuToMeTpus, CCHCOPLI HOJ'ICfI, KBaHTOBBIC I/IH(i)OpMaHI/IOHHI)Ie TCXHOJIOTHUH.

1. BBenenue
MHOro4YuCICHHBIE UCCIICIOBAHUS, POBEACHHBIC B TIOCIICTHUE JECs-
TUJICTHS, TIOKA3aJIM, YTO ATOMHBIC CHUCTEMBI, OOJIAJAIONINe TUCKPETHOMN

CHCTEMOM JHEPreTUYECKUX YPOBHEH ¢ 3(PPEKTHBHBIMH MEPEX0JjaMH B BU-
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nuMor n ommkuen MK obnactax criekTpa, B 4aCTHOCTH, Hapbl MIEIOYHBIX
METaJIJIOB, MOTYT OBITh HCIOJB30BaHBI [JISI W3MEPEHUS MArHUTHBIX H
ANEKTPUUECKUX MOJIEH, a TaK¥Ke JUIsl CO3aHUs DIIEMEHTOB U CXEM B KBAHTO-
BbIX MH()OPMALIMOHHBIX TEXHOJOTHsAX. OJHAKO UX MPAKTUYECKOE IpUMEHe-
HUE MMEET Psiji OrPAaHUYEHUMN, CBSA3AHHBIX CO CIIOKHOCTbIO paboOThHI C ra-
3000pa3HOil cpeoil, Majol IUIOTHOCThIO pabOYMX aTOMOB, HAJIHMYUEM pe-
JAKCALIMOHHBIX MPOLIECCOB, OTPAaHUYMBAIOIIMX BPEMEHA KOI'€PEHTHOCTH, a
TaKKe OOJIBIIMMU pa3MepaMu ra3oBbIX siueek. B cBsi3u ¢ 3TUM HccienoBa-
TeJH BCE Yalle oOpamiarTcs K TBEPJOTEIbHBIM CXeMaM, B YaCTHOCTH, Pe/l-
KO3€MEJIbHBIM MOHAM B MATPUIIE JUIEKTPUUECKUX KPUCTAILIOB, C UCIOJIb-
30BaHUMEM KOTOPBIX JIOCTUTHYTHl OOHaJeKMBawoIue pe3yibTaTel. Ocoboe
MECTO B 3TOM psiAy 3aHuMaroT NV-IIeHTpHI (nitrogen-vacancy centers) B ali-
Mase — e(eKThl KpUCTalljia, IPeCTaBISIONINe cOO0N HCKYCCTBEHHBIC aTo-
MBI, BO3HUKAIOLIME NPU YAAICHUH aTOMa YIJiepoja U3 y3J1a pelETKH ajiMa-
3a U CBSI3bIBAHMHU 00pa30BaBIIEHCs BaKAHCUU C IPUMECHBIM aTOMOM a30Ta.
XoTs anMasbl U pa3IM4HOIO poja AEPEKThl B HUX HCCIEN0BAIMCH
JIaBHO, IMpokui nHTepec K NV-1eHTpaM BO3HUK Juiib B 1997 r., xorna
ObUIM CO37]aHbl KPUCTAILJIBI C HACTOJBKO HM3KOM KOHIIEHTpAlMel Mpume-
Cel, 4TO pacCTOsTHUE MEX1y coceIHMMHU NV-LeHTpamMu COCTaBIISJIO He-
CKOJIbBKO MUKPOH, HCKJIIOYasi B3aWMOJEWCTBHE MEXIy HMMHM, TaK 4TO OT-
JIENbHBI LIEHTP MOXXKHO paccMaTpuBaTh KaK HM30JUMPOBaHHBIM atom [l].
DHepreTuyeckas CTpyKTypa U cucrema nepexoaos NV-neHTpa, A0MycKaro-
1asi KOrepeHTHOE YNpaBJeHHE HACEJIEHHOCTbIO OCHOBHOI'O YPOBHS IOC-
PEACTBOM 3JIEKTPOMATHUTHOIO H3JIyYEHHUs, OKa3alMCh HCKIOUUTEIBHO
ONMaronmpHsITHBIMU JJIS LIEJIOT0 Psifia HAYYHBIX M MPUKIAAHBIX 3a7a4. B psge
BEJIYIIMX LIEHTPOB HAYAJIUCh UCCIEAOBaHUs, B KOTOPbIX NV-LIEHTpHI B ail-
Ma3e UCIOJIb30BAJINCh B pa3pabOTKe HOBBIX CXEM B 00J1aCTH KBAaHTOBBIX MH-
(dbopMaIMOHHBIX TEXHOJOTUN [2—4], onTHYeckoW MarHuToMeTrpuu [5—7],
ceHCOpHBIX TexHomorusax [8—10], mukpockonuu u Tomorpaduu [1,5,6], a

TAKIKC B psAac Q)yHﬂaMeHTaHBHHX PICCJ'IG,Z[OB&HPIFI.
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B mnacrosmeld pabore omucaHbl MOJYyYEHHE M OCHOBHBIE XapaKTe-
PUCTHKHU 3TOTO TMEPCHEKTUBHOTO MaTepuaia, IPUBOJUTCS KpaTKuii 0030p
Haubosiee 3HAYUMBIX paboT, a TakKe MPECTaBICHbI pa3pabOTKH, TIIaHU-

pyeMble JI1s peanu3alii B ApMEHUH.

2. ITosryuyeHue U OCHOBHbIE CBOIiCTBA

AnMa3z npeacTaBisieT co00i 0HO U3 AJTIOTPOIHBIX COCTOSIHUN yTJie-
poa U SABJISETCA KPUCTAIJIOM C KOBAJICHTHOM XMMHMYECKOW CBS3bIO, KyOu-
YeCKOW CHHTOHUEH M TPaHELEHTPUPOBAHHOW KyOMUYECKOH pelIeTKOW B
nmpocTpancTBeHHOU rpymme Fd3m ¢ aBymst TeTpasnpuvecky CBsI3aHHBIMU
aTOMaMM B KaXJIOM 3JieMeHTapHOU sueiike. [IpupoaHbie anmasbl, a Takxke
KpPUCTAJIJIbl, BBIPAILIEHHBIE UCKYCCTBEHHO METOJIOM BBICOKOT'O JABJIEHUS U
temneparypsl (HPHT), MmoryT comepxaTh necsiTku mpuMecei, B YUCIIE KO-
TOPBIX — IPUMECH a30Ta, BXOAIIME B aJIMa3 B BUJE HECKOJIbKHUX THUIIOB JIe-
dextHBIX HeHTpoB. Asotabie (‘*N) medextst Tuma C mmn P1 sBisioTest oc-
HOBOH 1u1a co3nanust NV-nentpoB. [lomoOpannbsie o0pa3ubl ¢ HEOOX0Iu-
MO KOHIIEHTpaIe Takux 1e(eKTOB MOABEPraloT IMEKTPOHHOMY 00Iyye-
a0 (omeprust — 0.1-10 MbdB, mosa — 10'-10% cm™), cosparoummu B
KpHUCTajie BakaHcuu yriepoaa. [Ipu nocneaytomeM omxure B TeueHue 1-3
yacoB npu Temmneparype 700-900°C BakaHCHM MUTPHPYIOT MO KPUCTAILTY,
3aXBaThIBAsICh MPUMECHIO a30Ta, TEM caMbIM co3naBasi NV-mentp. O6pazo-
BABIIINECS LEHTPBI MOTYT ObITH Heitrpanbubvi (NV°) i oTprIiaTensHo 3a-
psokeHHbIMU ( NV ), nmpuueM uHTepec npeacrasisier NV LeHTp, SHepreTu-

YecKasi CTpyKTypa KOTOPOro OJIaronpusiTHa JUis MPaKTUYECKUX TPUMEHEHHH.

CxemaTnueckoe MpeJCTaBICHUE IHEPreTUYECKON CTPYKTYphl NV~
IIEHTpa B ayiMa3e npuBeeHo Ha Puc.1. CTporo roBopsi, 3TOT HEHTP SBISETCS
MCKYCCTBEHHOM MOJICKYJION (CM. BEpXHIOIO NPaBYO BCTaBKY). [lepBoe BO3-
Oy’KIEHHOE TPHUIUIETHOE IEKTPOHHOE COCTOSTHHE CMEIIEHO 110 MEXbSACPHO-

MY PacCTOSHHIO OTHOCHUTENILHO OCHOBHOTO C HYJIEBOM ()OHOHHOI JIMHMEH Ha
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637 HM, uTOo O0OyCIaBIMBAaeT KPACHBIM CHBHUI CIIEKTpa (IIyOpeCcCHINH
(~ 640-800 uM) oTHOCHTENBHO criekTpa nornomeHus (~ 510-610 um). Qs
OOJIBLIMHCTBA MPUIOKEHUH CHCTEMa YPOBHEW MOXKET OBITh MPEACTaBIICHA B
BHJIe aTOMHOM (1eBas cxema Ha Puc.1). OCHOBHOE TPUILIETHOE COCTOSTHUE
A, pACIIEIUICHO HA CIIMHOBBIC OAYPOBHH m; = 0, my = +1 ¢ paciierne-
HueM D = 2.87 I'T'u, npuyeM mocienHue BBIPOXKAECHBI B OTCYTCTBUE Mar-
HUTHOTO 10151 B. C OCHOBHOIO YpOBHS MMEIOT MECTO CUJIbHBIE IEPEXObI
Ha TEPBOE BO30YK/ICHHOE JIEKTPOHHOE TPHILIETHOE COCTOsHKE “E co Bpe-
MeHeM Ku3HU ~ 10 HC, U3 KOTOPOro LEHTpP (IIyopecupyeT oOpaTHO Ha Oc-
HOBHOE COCTOSIHME, a TAK)KE€ MOYKET IEPEUTH TPUILIIET-CUHIJIETHON KOHBEP-
cueif Ha ypoBeHb 'E CHHITIETHOTO COCTOSHHMS C MOCIIELYIOIIMM IEPEX0I0M

Ha METACTAGHIIbHBI ypoBeHb ' A (muHa BOMHEL — A = 1042 HM).

NV in diamond

Conduction

band PSB
excitation —

Energy

PSB
fluorescence

ZPL
637 nm

55eV

Coordinate

No magnetic field With magnetic field

mg= %1

2
ms=0

Valence
band

Puc. 1. CxemaTuueckoe npeacTaBj€HUuE OCHOBHBIX JHEPIreTUYECCKUX

ypoBHeii u nepexoaoB NV nentpa B aama3se [9].

B ocHoBe GonpinHcTBa prMeHeHuil N'V-1IIeHTpOB B ajiMa3ax JIEKUT
CIIMHOBAs1 KOT€PEHTHOCTb OCHOBHOTI'O IIAPAMAarHUTHOIO COCTOSIHUSA Ay (S =

1) 1 BOBMOXKHOCTh YIIPaBJICHUSI CIIMHOBOM MoOJsipu3alyeil ¢ OOJIbIIUM Bpe-
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MEHEM KOI'€peHTHOCTU. MaHUIyIMpOBaHUE CIIMHOBBIM COCTOSIHUEM peaslu-
3yercs MOCPEeACTBOM MHKPOBOJHOBOTO M3NydeHus ¢ dactotoit 2.87 I'Tw,
IPU 3TOM JETEKTHPOBAHHE CIIMHOBBIX COCTOSIHUN OCYIIECTBISIETCS OITH-
YECKU, TMOCPEACTBOM JIa3epHOro BO30YXKACHHs (KaKk MpaBUio, YI0OHBIM
HMCTOYHHUKOM C JJIMHOM BOJHBI A = 532 HM), U peTUCTpaIlii HHTEHCUBHOCTHU
curHana ¢iayopecueHuuy B auanazone 650-800 HM WM CHHIJIETHOTO Iie-
pexona Ha anuHe BoiHbl 1042 HMm. HemaioBa)kHO OTMETUTH BO3MOKHOCTh
IIPOBEJICHUS BBILICYKa3aHHBIX HCCIEAOBAHUN C HCIOIb30BAHUEM eOUHUY-
Ho2o NV-LIeHTpa, YTO OUYEHb BAXKHO JUIS Pa3pabOTKU Pa3IMYHBIX CEHCOPOB
C BBICOKMM IPOCTPAHCTBEHHBIM Pa3pelICHUEM, pealh3alliid CXEM MarHuT-
HOM MUKpPOCKONHH, CO3JAaHUU YCTPOICTB MH(POPMALIMOHHBIX U CEHCOPHBIX
TEXHOJIOTMI Ha OCHOBE CTPYKTYPUPOBAHHOI'O PACIIPEAEICHUS IPUMECH.
OO6umii 0630p mo NV-mieHTpam B anmMasax IMpejacTaBiieH B padoTax
[11,12]; oTmenbHble pabOTHI TOCBSAIICHBI JUHAMUKE HX (OPMHPOBAHUS
[13], anektponHO#l cTpykType [14,15] n cBoiictBam [16], criekTpockonuu
[17]. Cnenyer Takke OTMETUTh, YTO MPHU UCIIOJIB30BAHUU €AMHUYHBIX NV-
IIEHTPOB B HaHOOOpa3lax ajMmas3a BO3HUKAIOT OCOOCHHOCTH, CBS3aHHBIC C
MOBEPXHOCTHBIMU U pa3MepHbIMU 3 (deKTaMu, KOTOPbIe HUMEIOT Ba)KHOE

MpUKIaJAHOE 3HaueHue [18].

3. NV-neHTpsl B ajiMa3ax B KBAHTOBbIX HH()OPMaIIMOHHBIX

TeXHOJIOTHUSIX

Hcnonp3oBanne NV-IIEHTPOB B KBAaHTOBBIX MH()OPMAIIMOHHBIX TEX-
HOJIOTHSIX OCHOBAHO Ha yNPAaBJIEHUH JI0JITOKUBYIIIMMU CIIMHOBBIMU COCTOSI-
HUSMH OCHOBHOTO YPOBHS ~Aj IOCPEICTBOM 3IEKTPOMATHUTHOTO HM3/Iyde-
Husl. Bpemsi korepeHTHOCTH OrpaHudeHo JedazupoBKOM M penakcalue,
00yCIJIOBJIEHHON B OCHOBHOM B3anMojelcTBueM NV-LeHTpa ¢ COCEeIHUMHU
nedexTaMu, B IEPBYIO OUepelb — HECIIAPEHHBIMU aTOMaMH a3oTa. B cuiib-

HbIX BHCIHIHHUX IIOJIAX 3TO BSaHMOﬂCﬁCTBHC MOJKET OBIThH IMOJaBJICHO, U BPC-
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Msl KOTEPEHTHOCTH MOKET OBbITh CYIIECTBEHHO YBEJIWYEHO: Tak, B padoTe
[19] ynanocs yBenMuuTh BpeMs CIMHOBOM KorepeHTHocTH 10 1> = 0.6 ¢
nipu Temneparype 77 K.

HccnenoBanust B 00JacTé KBAaHTOBOM MH(OpMaMu MPOBOJATCA IO
pasHbIM HalpaBJICHUSM, BKIIOYas Pa3pabOTKy KBAHTOBBIX KOMIIBIOTEPOB,
KBAaHTOBYIO KOMMYHHUKAIMIO, KpunTorpaduio u renenopranuo. Kpyr 3amgaq
OXBATbIBAET CTAOMJIbHYIO I€HEPALUI0 OJHO(MOTOHHBIX UMITYJILCOB, KBAaHTO-
BOE pacrpeiesieHue KII0uei, IByXKyOUTHBIE ONepaliiy, KOPPEKIHIO KBAaHTO-
BBIX OLIMOOK M T.A. MHOro4nclieHHbIe pabOThl MOATBEPKIAIOT, YTO KBAHTO-
BOE€ YIIPaBJICHHE HA OCHOBE NV-LIEHTPOB B ajIMa3e MOKET YCIEIIHO UCIIOJIb-
30BaThCs AJIs1 cOopa, epenadn u 00paboTKK KBAaHTOBOM MH(OpMAIIHH.

B ocHoBe kBaHTOBOW MH(pOpPMaILUU Jie)KAT KBAHTOBbIE OUTHI-«KYyOu-
TBI», U CO3/1aHUE (PU3MUECKUX CUCTEM Ul peaju3aluyd KyOUTOB SBIISETCS
KPUTHYECKOH 3a1auell B pa3pabOTKe KBAaHTOBBIX KOMIbIOTEpPOB. B pabote
[2] mpoaHAIM3UPOBAHBI KPUTEPHUH, KOTOPHIM JOJDKHBI yAOBJIETBOPATH J€-
(eKTHbIE CUCTEMBI B TBEPBIX TeJAX ISl CO3aHUS, MAaHUITYJISILIMM U JOCTO-
BEPHOI perucTpanuu KyOMTOB U MOKA3aHO, YTO B PSY BO3MOXKHBIX CUCTEM
NV-ueHTp B aiMa3e 3aHMMAaeT OCOOCHHOE MeCTO OJjarojaapsi BBICOKOM
YCTOWYMBOCTH U BO3MOKHOCTH pabOThI IPU KOMHATHOM TeMIEpaType.

BaxupM (u3uuecKkuM mporeccoMm Ui KBaHTOBBIX HH(OpMaIMoH-
HBIX TEXHOJIOTHH SIBJSIETCS KBAHTOBAas «3alyTaHHOCTH» (entanglement),
KBAaHTOBOMEXAaHUYECKOE ABJICHUE, NIPU  KOTOPOM KBAHTOBBIE  COCTOS-
HUS IBYX WJIM OOJIbIIEro yucia 00beKTOB OKa3bIBAIOTCS B3aMMO3aBHCHMBbI-
MU U KOPpEIMPOBAaHHBIMH, JJaXKE €CJIM I3TH OOBEKThl PA3HECEHBI B MPOCT-
paHCTBE 3a MPEAeIbl JIOOBIX U3BECTHBIX B3aUMOJICHCTBUNA. DTO HHTPUTYIO-
1iee SIBJICHUE, HaXOAsIeecs B JIOTMYECKOM IPOTUBOPEYUHU C IPUHLUIIOM
JIOKQJIbHOCTH, HE OOBSICHSIEMOE B paMKax KJlacCMuecKol (pusuku. 3amyTaH-
HbIe KyOUTBHI B HH()OPMAITMOHHBIX TEXHOJOTHAX MOTYT OBITh HCIIOJIB30Ba-
HBI JUJIS1 CO3JAHMsI JIOTMUECKUX BEHTWIEH, PEMUTEPOB U KBAHTOBBIX CETEH,

OHM TaKKe JIe)KaT B OCHOBE KBaHTOBOM KpHHTOFpa(bHH " TCIICIIOpTAlH. B
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pabote [3] mpoxemMoHcTpupoBaHa «o0bsaBiIeHHAs» (heralded) kBanTOBas 3a-
MyTaHHOCTH JIBYX DJIEKTPOHHBIX CIIMHOBBIX KyOHTOB Ha OCHOBE NV-IIEHT-
POB B KpUCTaJJIaX ajiMasa, pa3HECEHHBIX APYT OT Apyra Ha paccTosHue 3
MeTpa. DTOT pe3ysbTaT MOKHO CUMTATh MEPBHIM IIaroM K CO3JaHHIO yJa-
JICHHBIX KBAaHTOBBIX CE€TEH Ha 0a3e TBEPAOTEIbHBIX KBAHTOBBIX PErHCTPOB.
Hcnonb30BaHre KBAaHTOBBIX BEHTHWJICH, OCHOBAHHBIX Ha CABUTE T'eO-
MEeTpUYECKO# (ha3bl, B KBAaHTOBBIX BBIYUCIICHHUSAX MO3BOJIAET CYIIECTBEHHO
MOBBICHTh YCTOWYMBOCTh K OMIMOKaM U cOOsSIM, 00YCIIOBIIEHHBIMH IIIyMaMH
U HECOBEPIICHCTBAMH HCIONb3yeMOl cucTeMbl. B pabore [4] cniMHOBBIE
KyOUTBI Ha OAMHOYHBIX NV-IleHTpax B anma3e ObUIM HCIOJIB30BaHBI IS
peanu3anuu OBICTPBIX TOJOHOMHUYECKHX OJHOKYOWTHBIX BEHTHIICH, pabo-
TAOIIMX IIpU KOMHATHOM Temmeparype. JOCTUIHYT BBICOKMH YpPOBEHb
JIOCTOBEPHOCTH, HEOOXOIUMBIN JIJIs 3a/IeHCTBOBAHMS KBAHTOBBIX MPOTOKO-
JIOB MICTIPABJICHUSI OUTMOOK. YUHUTHIBAs TO, YTO ajMa3bl ¢ OAMHOYHBIMU NV-
[IEHTPAaMH JIETKO HWHTETPHUPOBATh B IIEMU KBAHTOBBIX BBIYUCIIATEIIBHBIX
CUCTEM, a TAK)KE BBICOKYIO CKOPOCTh KBAHTOBBIX BEHTUJIEH U BO3MOKHOCTb
paboThI 6€3 OXJIAXKAECHUS, MOKHO TOBOPHUTH O MEPCIEKTUBHOCTU NV-1IeHT-

POB B KBAHTOBLIX BBIYHCIUTCIIBHBIX TCXHOJOI'UAX.

4. MarHuTOMeTPHS U CEHCOPHbIE TEXHOJIOTUH

¢ NV-uenTpamu B ajqima3sax

MarnutomeTrpusi Ha NV-11leHTpax B ajiMa3e OCHOBaHA Ha PacCIlCIICHUH
BBIPOXKICHHBIX MPU B = () 3JIEKTPOHHBIX CIIMHOBBIX MOAYPOBHEH m; = £1 oc-
HOBHOI'O COCTOSHHSA 3A2 BO BHEIIHEM MarHuTHOM mojie (caBur — 2.8
MI'u/T'c, cMm. Puc.1). B 6a3zoBoit cxeme NV-ueHTp Bo30ykmaercs Hempe-
PBIBHBIM M3JTy4YE€HUEM Jiazepa ¢ A = 532 HM U peructpupyercs QryopecieH-
s B KPacHOH OGNACTH CIeKTpa Ha mepexoae °E — °A,. OJHOBPEMEHHO
MOCPEICTBOM Q-NIETJIM Ha KPUCTAIUT NTOJIAETCSI MUKPOBOJIHOBOE M3JIyUY€HHUE,

nepecTpanBaeMoe 1o yactote B obsactu D = 2.87 I'T'n. Ilpu coBnagenuun
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4acTOThl MUKPOBOJIHOBOT'O U3JIy4E€HHUS CO CMEIIEHHBIMU B MarHUTHOM I10JI€
nepexoaamu ms; = 0 — mg = +1 YyacTh HACENIEHHOCTH OCHOBHOTO YPOBHS
mg= 0 yBOOUTCSA Ha YpOBHU M, = +1, U B CIIEKTpe onTHYECKOW (yopec-
LEHIIMU o0pa3yeTcs MpoBall, 0 YACTOTHOMY IIOJIOXEHHI0 KOTOPOro M OI-
penensieTcss HalpsDKEHHOCTb MAarHUTHOTO MMOJIA. JTa METOJMKa M3BECTHA
KaK «ONTHYECKH JI€TEKTUPYEMbI MarHuTHbIA pe3oHaHc» (ODMR). B on-
TUYECKOM CXeMe MarHMUTOMeTpa 4acTO HCHOJb3YIOT TEXHHMKY CKaHUPYIO-
el KOH()OKAIBbHOW MUKPOCKOIIUU C IPUMEHEHUEM JTUXPOUYHOTO 3epKaa
JUI pa3/ieleHusl MyYKOB JIa3epHOTO BO30ykaeHus u ¢uryopecueHuu NV-
uenrtpa [1].

UyBCTBUTENBHOCTh MarHuTomMeTpa Ha NV-LEHTpaXx MOXHO CYyIIECT-
BEHHO YBEJIMYUTh, UCTOJIb3YsI UMITYJIbCHBIE CXEMbI BO30YX/IEHUS C UCIOJIb-
30BaHMEM TEXHHUKHU TaK HA3bIBAEMBIX 7/2- WIN T-UMITYJIbCOB B IOCIIE/I0BA-
TEJIbHOCTU UMITYJIbCOB Pamcest min KOHQUrypauuu CIMHOBOIO 3X0 XaHa.
[Tpu 3TOM BO30YX a0 UMITYJILC TOJSPU3YET CIIMH, KOTOPBIN Jaliee uc-
IBITBIBAET CBOOOIHYIO MPELECCHI0 B MATHUTHOM I10JIE B TEYCHHE BPEMEHH
KOT'€pEHTHOCTH, TOCJIE YETO «CUUTHIBAIOLINID UMITYJIbC IPOEKTUPYET YO
MOBOPOTA, BO3Bpallas CIUH B HUCXOAHOE COCTOSIHME. Takol MeToIMKOM

-12
2. 3amernm, 4To npu

JIOCTUTAETCsl YyBCTBUTENIBHOCTh TopsiAka 1 HToxI'n
MCIIOJIb30BaHUM MHUKPO- WJIM HaHO-Pa3MEpPHOro KpUCTala C OJMHOYHBIM
NV-nentpom [5] gocturaercs NpocTpaHCTBEHHOE pa3pelleHUe, 10CTaTou-
HOE JuId KapTorpadupoBaHUs MarHUTHBIX MUKPOCTPYKTYp (Hampumep,
KECTKOro JHUcKa KommbioTepa). O030p MarHMTOMETpuHM Ha OocHoBe NV-
LIEHTPOB B aJIMa3€ U IPUMEHEHUSIM NIPUBOUTCS B paboTax [6, 9].
bnarogapsi BBICOKOW 4yBCTBUTEIBHOCTH SHEPIUU CIIMHOBBIX COCTOSI-
HUHI K BHEUIHMM BO3JeHCTBUAM NV-IIEHTpHI B aaMa3e UCIOJb3YIOTCS TakK-
’Ke B KaUeCTBE CEHCOPOB DJIEKTPUUECKOro MOJsl U Temmneparypbl. B padote
[8] cooOmaercst 0 mocTkeHUH YyyBCTBUTENHLHOCTH 200 BXCM'1XFH'” 2, 410
B COYETAaHNUU C HAHOPA3MEPOM CEHCOpa MO3BOJISIET AETEKTUPOBATh €IMHNY-

HBIM 3JIEMEHTapHbIN 3apsa Ha paccTossHuM 150 HM. BakHO OTMETHUTH, YTO



A.B. Ilanoan 55

TaKOW CEHCOP MOKET OBITh MCIIOJIb30BaH TAK)KE B PEXKUME CEHCOpA MarHUT-
HOTro 1oJisl. BbicoKkass 4yBCTBUTENIBHOCTh K BHEIIHUM IIOJSM M HUCKIIIOUU-
TEJIbHO BBICOKOE IMPOCTPAHCTBEHHOE pa3pelieHue, obecreunBaeMoe eu-
HUYHBIM NV-1IeHTpOoM, 00yCIOBIIIA €r0 IPUMEHEHUE B KaUeCTBE HAHOCEH-
copa B Ouonoruu [9], NO3BOJUB TAKXKE peann30BaTb CXEMbl KOHTPACTHOM
MUKpockonuu. Mcnons3ys nuHeKky NV-LEeHTpOB Ha OCHOBE MMILIAHTUPO-
BaHHBIX aTOMOB a30Ta u npuMeHsst Merog TCPMG, B pabote [10] 6b11 pea-
JU30BaH TEMIIEPATypPHBIA CEHCOP C YyBCTBUTEIBHOCTHIO 10 MKXFu'm, KO-
TOPBII MO3BOJISIET UCCIEA0BATH CHIIBHO-TPAJIUEHTHBIE TEILIOBBIE IPOLIECCHI

B HAHOPA3MECPHBIX CUCTEMAX U MUKPOIJICKTPOHHUKE.

5. Cxema 0e3MHKPOBOJIHOBOI0 MAarHETOMETPA: MEePCIHEKTUBBI

IIpuknanHOi MOTEHIMANI CXeM Ha OCHOBE NV-LIEHTPOB B alMase or-
paHUYEH HEOOXOIMMOCTBIO MCIIOJIb30BAHMA, Hapsly C ONTHYECKUM BO3-
OyX/€HUEM, TaKKe IUIaBHO-IEPECTPaUBAEMOI0 MUKPOBOJIHOBOIO H3JIyye-
Hus B obnactu 2,87 I'Tu. Kpome cyiiecTBEeHHOTO ynpoOIIeHHUs CXEM CEHCO-
poB, pazpaboTka GE€3MUKPOBOJIHOBBIX CXEM MO3BOJIMIA OBl PaCIIUPUTH 00-
JIACTH MPUMEHEHUS MarHUTOMETPUHU, B YaCTHOCTH, JUIS 3a]a4, B KOTOPBIX
CEHCOp JIOJDKEH OBITh PACHOJIOKEH OJM3KO K MPOBOAALIMM MaTepHajam
(MarHMTHas MHIYKIMOHHAs TOMorpadus, kaprorpadgupoBaHiue MarHUTHOTO
1oJs U T. 11.). PaGoThl, NpOBOMMBIE B TOM HalpaBJICHUU B MOCIEIHUE TO-
JIbl, YK€ TPUHECIH OUlyTHMBbIe pe3yibTarhl. Tak, B [7] pa3paboraHa KOH-
nenuus 6e3MUKpPOBOJIHOBOM MarHUTOMETPUM Ha ocHOBE NV-IIeHTpOB B ajl-
Ma3e, B KOTOPOH yIpaBJI€HUE CIIMHOBBIM COCTOSIHUEM TPUILJIETA OCHOBHOTO
COCTOSIHUS OCYILECTBISETCS MIOCPEICTBOM AHTUIIEPECEUEHUS] YPOBHEH IIPU
MPUJIOKEHUU TOCTOSHHOTO CMeIIaroiero MaruiutHoro nojist B 102.4 mT.

/

JlocTurayra 4yBCTBUTEIBHOCTh HAa YPOBHE 6 aTaxI'n %, nocratounas s

IIPUMEHEHUI B MATHUTHON MUKPOCKOIIUU.
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Puc. 2. l'[poelcT CXEMbI 6e3MI/IKp0BOHHOBOF0 MarHuToMeTpa

HA OCHOBE MUKPOKpHCcTA/LIa aaiMa3a ¢ NV-neHTpom.

B HacTosimiee Bpemst 00Cyk)1aeTcss BO3MOKHOCTh COBMECTHBIX padoT
yueHbIMH 13 YHuBepcurera Maitnna (I'epmanus) u UG HAH PA no pas-
paboTKe MPaKTUYECKOM CXeMbl MAarHUTOMETPa, B KOTOPOM MHUKPOKPHUCTAILIT
anmasa ¢ NV-nientpamu OyzieT yCTaHOBJIEH HAa KOHIIE BOJOKOHHOI'O CBETO-
BOJIa, MMOCPEJCTBOM KOTOPOTO OYJET OCYIIECTBISATHCS BBOJ BO30YkKaarome-
ro M3JIy4YeHHs] W BBIBOJ M3JIy4eHUs (IyOpeCUEHIUU, a KPUCTaul OyJeT
YCTAHOBJIEH B KOMITAKTHOM MAarHUTHOW TOJIOBKE, COCTOSIIECH M3 MOCTOSIH-
HOTO MarHuTa M cKaHupymomero snexkrpomaraura (Puc.2). [lnanupyercs
Tak)Ke OCBOCHHME TEXHOJIOTUU M3TOTOBIICHUS U TECTUPOBAHUS 00pa3IOB ali-

Ma3oB ¢ NV-1ieHTpamu B ApMEHHH.
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DIAMOND WITH NV-CENTERS: A PROMISING MATERIAL
FOR SENSING AND QUANTUM TECHNOLOGIES

A. Papoyan"?

"Institute for Physical Research, NAS of Armenia
* Russian-Armenian University

papoyan@ipr.sci.am
ABSTRACT

Nitrogen-vacancy (NV) center in diamond behaves as an artificial atom with
unique characteristics, which allow its perspective usage in a large variety of
scientific developments and high technologies. In this article, we present a concise
review on works devoted to properties of NV-center in diamond, and on its
applications for sensing of magnetic and electric fields, temperature, as well as in
quantum information technology schemes. Perspectives of technological
developments in Armenia based on this material are also addressed.

Keywords: NV center in diamond; artificial atom; optical magnetometry;
field sensors; quantum information technologies.

NV-utuLSrnuLend ULUUUS. Z6ULYUNUSHL LBNRE UBLUN-
ruUsky 64 L9ULSUSPL SEVLNLNAPULEDE ZUU UL

U. 9. Muynjuit?
122 QUU Shqhjulub htinwugnunnipiniuiiph htunhwnnin
2 Zuy-Mntuwjuwt hwdwjuwpu

papoyan@ipr.sci.am
uvonNenhrU
Updwuwnnd wgnunuw-juljwbuhntt (NV)-jEunpntip wphbunwlub

wwnnd Lk, nph nipophtiwy punipugptpp yuydwbwynpnd b wyy yniph
oqunugnpédwt  htnwulwpuwyunipnitp ghnnwlwt dywlndubpnd b
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pupdp nkjutninghwubpnid: ZnpJusnid phpynid £ hwhpd wljiwpl
udhpyws wpdwunnid NV-jhunnpnuh hwnlmpniuubphtt b npuw hpw-
nmipiibbphll npwbku dwquhuwlwi nt HEjupulub quonkph b obp-
dwunhdwth qquyuly, huswybu twb puwbnwjhtt mbnkjunduljut nkju-
unnghwtph vpjubdwubpnud: Ukpjuyugdus ki twb Zwjwunwinid wyn
ynmiph hhdwt ypw mbjuininghwtbph qupqugdwi hknwtjupubpp:

Zhdbwpwntp’ Updwunmd NV-Jkinpnt, wphbunwlwb wnnd, ow-
nhjuljut duquhuwswihnipinil, guontph qquyuljukp, pJuitnuyhtt nk-
nkjuwnyjuljut mkjuuninghwtkp:
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WHISPERING-GALLERY MICRORESONATOR
WITH A NEW EASY AND CONTROLLABLE
EXCITATION METHOD

H. Parsamyan, H. Haroyan, Kh. Nerkararyan
Yerevan State University

ABSTRACT

We consider a simple structure of micro resonator with easy and
controllable coupling with external excitation wave. The resonator is formed on
the basis of the dielectric / metal / dielectric structure, where the wave energy is
stored in a semicylindrical dielectric with a high permeability. Proposed
microresonator combines the properties of a Fabry-Perot resonator, where the
input of wave energy is carried through mirrors and a cylindrical resonator, where
whispering-gallery modes are formed. Based on numerical calculations the mode
structure are presented, as well as quality factor Q is estimated which can achieve

up to 10°.

I. Introduction

Optical resonators play an extremely important role in modern optics,
being fundamental not only in any laser device [1-6], but also as etalons for
optical filtering [7], as tools for very accurate measurements [8—13], and
for nonlinear optics experiments [14].

One of the most difficult challenges in the design and fabrication of

efficient integrated microresonator-based photonic devices is the coupling
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of light into and out of a microresonator without compromising its narrow
resonance line width. The most widely used microresonator coupling
devices are evanescent-field couplers of various geometries such as prisms,
tapered fibers, planar and photonic crystals waveguides, etc.

The very small size and strong optical confinement of integrated
planar microdisk and microring resonators, which make them promising
candidates for large-scale integration, also make them very sensitive to
fabrication errors that can drastically spoil coupling efficiency. For
example, if a circular microdisk is laterally coupled to a waveguide via a
submicron-width air gap, the coupling efficiency strongly depends on the
gap width. Accurate and repeatable fabrication of such narrow gaps by
lithographic and etching techniques is a rather challenging task. The smaller
the microdisk, the more difficult it is to control the coupling coefficient.

In this paper the simple structure of micro resonator with easy and

controllablecoupling with externalexcitation wave is proposed (see Fig.1).

L)

Metalz,,,

Substrate =,

Incident field

- 111

Fig. 1. Cross section of semicylindricalmicroresonator.

The considered structureconsists of dielectric substrate covered in top
by fin metallic film on which placed another dielectric with semi cylindrical

shape with relatively high refractive index.
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As a result, a resonator is formed, which combines the properties of a
Fabry-Perot resonator, where the input of wave energy is carried through
mirrors and a cylindrical resonator, where whispering-gallery modes are
formed.

Here, the possibility of simple input and output of radiation is
combined with the possibility of using the unique properties of an
evanescent wave on the cylindrical surface of a dielectric. Although the
value of the quality factor of the proposed resonator (10°) is inferior to the
Q-factors of planar microdisk and microringmicroresonators, however, it
can be quite sufficient for a wide range of studies.

It is noteworthy that the proposed microcavity can be upgraded by
opening a gap in the metal layer near the axis of the semicylinder. The
process of extraordinary radiation transmission through a subwavelength
gap in a thin metal plate [15, 16] opens additional possibilities for

controlling the input of radiation.

II. Results and Discussion

Let, €,, €

n» € and &, are the permittivities of the substrate, the
metal layer, the semicylinder and the surrounding mediumrespectively, R-
is the radius of the half-cylinder, and the h-thickness of the metal layer. We
use the cylindrical coordinate system (p; ¢; z), where z is directed along the
axis of the semicylinder.

We determine the behavior of the wave fields using numerical
calculations. Let’s first consider the case when the electromagnetic wave,
on the side of the dielectric substrate, incidence normally on to the structure
(Fig. 1), the electric field strength of which is directed along the axis of the
semicylinder. Numerical analysis was carried out for the following values

of the parameters: £, =2,25, ¢ =12,25, =1, R=1un, h=50nm, values

of g, of silver has been chosen according to reference [17].
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Three characteristic images for the field distributions E. in modes
with a relatively high Q are presented in Fig.2.
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Fig. 2. The square of electric filed amplitudes distributions in

microresonatorand resonance curves for different wavelength regions.
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As it can be see from Fig.2 the mode structure is more complicated
than in conventional Whispering-Gallery resonators. In some scenarios (see
Fig.2 b, ¢) the mode which caring main part of stored energy are travelling
relatively far from resonator ring edge.

It is easy to see, that in these modes the wave-field distribution has

the form typical for cylindrical waves:

E. = AJ, (kp)sin mpe™ ,p <R, k= gé% (1)

Here J, (kp) is the Bessel function, @ is the frequency, A

amplitude. For all three modes presented in Fig. 2 a large odd value of m
(m=17; 13; 11) is typically. It should be noted that the calculations carried
out according Eq.(1) and the results obtained by numerical calculations
perfectly correspond to each other.

The quality factor of the resonator on these modes can be determined
by using the curve of the dependence of the square of the amplitude of the
field on the length of the incident wave (Fig. 2).It reaches up to 10°, which
ensures the extreme sensitivity of the wave energy accumulated in the
resonator from the values of the parameters. In particular, a noticeable

change of the wave energy accumulated in the resonator with a change in
the dielectric constant of the half-cylinder by Ag, =10 opens up wide

possibilities for light control using various nonlinear and electro-optical
effects (see Fig. 3).
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Fig. 3. Dependence ofthe square of electric filed amplitude on the
dielectric constant of a half-cylinder for resonant wavelength
A =1059.92 nm.

I11. Conclusion

Thus, based on the dielectric / metal / insulator structure, an optical
microresonator can be designed where the wave energy is stored in a
semicylindrical dielectric with a relatively high permeability. Here, the
exciting wave incidents from the side of another dielectric with plane-
parallel boundaries and penetrates into the microcavity through a thin
metal layer, thereby establishing favorable conditions for an easily
realizable and controlled connection with the external wave. The structure
consists of dielectric substrate covered in top by fin metallic film on which
placed another dielectric with semi cylindrical shape with relatively high
refractive index. The peculiarity of the proposed microresonatoris that it
combines the properties as Fabry-Perot resonator, where the input of wave
energy is carried through mirrors, as well as cylindrical resonator, where

whispering-gallery modes are formed. Numerical calculations shows that
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the quality factor can achieve up to 10°, which is competitive with another
types of high Q resonators such as Whispering-Gallery, especially to taking
into account that the sizes of proposed structure can be much less. On the
over hand it should be noted that the excitation of proposed resonator is
much more easier and controllable. The high values of Q ensures the
extreme sensitivity of the wave energy accumulated in the resonator from
the values of the parameters. In particular, a noticeable change of the wave

energy accumulated in the resonator with a change in the dielectric constant
of the half-cylinder by Ag, =10~ opens up wide possibilities for light

control using various nonlinear and electro-optical effects.
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Stoichiometric composition powders and alkoxides of lithium niobate doped
with different concentration of Ho>‘ions were prepared by solid and wet reactions
respectively. Thin films of LiNbOs:Ho’" were grown by Sol-Gel method on a
sapphire substrate of (001) orientation. Obtained powders and fired alkoxides were
investigated by X-ray diffraction analyses and corresponding lattice parameters
were obtained. The structure of LiNbO5:Ho®" thin films was investigated by high
resolution X-ray reciprocal space mapping.

Introduction
Lithium niobate is one of the most well-known and widely used

ferroelectric material due to its unique non-linear optical, piezo- and
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pyroelectric, electro-optical and photorefractive properties. It is widely used
also in integrated optical, micro- and optoelectronic devices based on
waveguides and thin film heterostructures. The material is well-known also
as a multifunctional one providing a possibility of combining non-linear
optical and lasing properties. Recently, on the base of investigation of
LiNbO3:Ho®" crystals it was shown that to the multifunctionality of the
material a possibility of optical cooling can be added [1].

Lithium niobate thin films have been created by different techniques
such as sol-gel [2], vapor deposition [3], liquid phase epitaxy [4], molecular
beam epitaxy [5], laser deposition [6]. It should be noted, that all the above
mentioned thin films were exploited to prepare nominally pure lithium
niobate.

In the current work we present results on synthesizing of Ho-doped
lithium niobate powders and alkoxides, growth of LiNbO;s:Ho*" thin films,
X-ray diffraction analysis of obtained materials.

Experimental details
Stoichiometric composition lithium niobate powders doped with
different concentrations of Ho>" ions were synthesized at 1000°C in two

steps by solid reactions given below:
2LiCO5+NbyO3—2LiNbO5;+CO, 71 (1)
2LiNbOg+XHOzO3—)2Li1_3XH0XNbO3+3XLi20T (2)

For the growth of thin films complex alkoxides of lithium niobate
with holmium were synthesized on the base of pre synthesized alkoxides of
lithium and niobium, as well as holmium chloride.

Alkoxide of lithium was obtained using metallic lithium and 2-

methoxyethanol:



70 Ho-doped lithium niobate thin films. Growth and properties

2Li+2ROH—2LiOR+ Hy1 3)
where R= CH, CH, OCHs.

Alkoxide of niobium was obtained using niobium pentachloride,

alcohol, ammonia gas and 2-methoxyethanol:

Equimolar amounts of obtained alkoxides (the precise amount of
lithium alkoxide was defined by titration) were mixed as a solution and a
complex solution of lithium niobate was obtained. The mixture was boiled
during about 5-6 hours until it displayed the required density and viscosity.
The obtained sol is stored in an atmosphere of dry argon. The required
amount of impurity ion (Ho ") was added in a form of holmium chloride to
the ready-made sol, heated during 3-4 hours and again stored in an
atmosphere of dry argon.

The ready-made sol was cast on an optically polished 001 orientated
sapphire substrate and spin-coated for about 30 sec with a speed of
4000rpm. During the spinning procedure the sol absorbs moisture and
becomes a gel. The obtained thin film was put into a furnace at 200°C for
about 5 minutes. During the drying procedure a part of the organics
volatilizes. After that the temperature in the furnace was increased with a
speed of 100 ° per hour till 500°C and kept at that temperature during 30
minutes. The organics volatilizes completely and the film synthesized into a
crystalline layer. In order to get larger thicknesses, the coating and drying
procedures with a new portion of sols have been repeated. Three series of
lithium niobate thin films with different thickness (70nm, 130nm and
300nm) and doped with different concentrations of Ho®" ions (0.1mol% and

1.0mol%) were prepared.
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X-ray diffraction experiments were carried out on the prepared
Ho:LiNbO; powders with a diffractometer type “DrF-2.0” with a Cu Ka
radiation at A=1.5405 A.

Structural modifications of obtained thin films were investigated by
high-resolution x-ray reciprocal space mapping. Experiments were done
with Philips X'Pert diffractometer equipped with a parabolic multilayer
mirror and 4-bounce Ge (440) monochromator using a CuKa radiation. The
detector was a Xe proportional counter with a three — bounces channel-cut
Ge (440) analyzer. The reciprocal space maps were collected in the
proximity of the symmetric (006) and asymmetric (018) Bragg reflections
of the sapphire substrate. By comparing the maps obtained from different
independent Bragg reflections, the deformation matrix was solved and

lattice parameters of thin films were calculated.

Results and discussions

The X-ray diffraction patterns of synthesized LiNbO; powders of
stoichiometric composition doped with different concentration of Ho®" ions
are given in the Fig.1. The obtained data confirm existence of no any other
phase than lithium niobate. Using the X-ray diffraction patterns the lattice
parameters of powders have been determined. Results are presented in the
table 1. In the same table, lattice parameters of Ho-doped congruent
composition lithium niobate are also presented.

Analyses of obtained results show that introduction of Ho’" ions into
the matrix of lithium niobate in the case of parameter "a" independently on
the stoichiometry slightly increases with the increase of the concentration
of the impurity ion. While in the case of parameter "c" it stays unchanged
for stoichiometric lithium niobate and slightly decreases for congruent
composition lithium niobate with the increase of the concentration of the

impurity ion.
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Fig. 1. X-ray diffraction patterns of synthesized LiNbO; powders
of stoichiometric composition doped with different concentration
(a-0mol%, b-0.1mol%, c-1.0mol%) of Ho" ions.

Table 1.

Lattice parameters of synthesized LiNbO3 powders of stoichiometric
and congruent composition doped with different concentration
(a-0mol%, b-0.1mol%, c-1.0mol%) of Ho’" ions.

Powder lattice parameters

stoichiometric congruent
samples alA cA aA cA
LN pure 5,147 13,860 5,1545 13,8759
LN:0.1%Ho 5,149 13,859 5,1544 13,8736
LN:1% Ho 5,151 13,860 5,156 13,8692
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The reason of this behavior is not completely clear yet. Probably such
changes are due to different positions of Ho’" ions in the lattice of the host
material depending on the stoichiometry of the latter, as well as the
concentration of the impurity ion. The last assumption is corroborated also
by the results of Raman scattering experiment on Ho-doped lithium niobate
crystals of congruent composition [7].

The X-ray diffraction pattern of Ho-doped lithium niobate alkoxide
fired at 500°C for 3 hours is presented in fig. 2.
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Fig. 2. X-ray diffraction pattern of fired ready-made
Ho-doped lithium niobate alkoxide.

The obtained X-ray diffraction pattern shows that, besides LiNbOs,
an intense peak is present, indicating a considerable volume fraction of
NbO. The reason of an existence of a peak of niobium oxide is due to a
decomposition of the alkoxide to niobium and lithium oxides during the
firing procedure and absence of conditions for complete resynthesizing of
lithium niobate phase.

X-ray rocking curves of LiNbO3:Ho>" thin films on sapphire substrate
presented in fig. 3 show the intense peak of sapphire corresponding to the
reflection (006) of the substrate and, at lower angles, the peak of lithium
niobate corresponding to reflection (006). The results confirm that the main

(YA

volume of the crystalline films is epitaxially oriented with the “c” axis
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parallel to the substrate normal. One can notice also that with a decrease of
the thickness of the film (the number of layers) the lithium niobate peak
intensity decreases, while its position is practically independent on Ho"

ions concentration. It should be noticed, that for a thin film with a thickness

of 70nm the peak corresponding to lithium niobate is negligibly small.
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Fig. 3. X-ray diffraction patterns of thin films. with different thickness
a) LiNbO;:0.1mol%Ho"", thickness 300nm, b) LiNbO;:1.0mol%Ho™",
thickness 300nm, c) LiNbO3:0.1mol%H03+, thickness 130nm.
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a” and lattice parameters

Calculated values of of
LiNbOs3:0.1mol% Ho®" thin films with a nominal thickness of 300nm, on
the base of results of high-resolution X-ray reciprocal space mapping (not
shown), were equal respectively to 5.176+0.022 A and 13.8659+0.0081 A.
The results show that, the structures of obtained films are, within
experimental errors, the same as the LN:Ho powders. This indicates that the

film is fully relaxed with respect to the sapphire substrate.
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Conclusions

Conditions for syntheses of stoichiometric composition powders and
alkoxide of lithium niobate doped with different concentration of Ho’ ions
by solid and wet reactions respectively and for the growth of LiNbO3:Ho>"
thin films by Sol-Gel method were found. An increase of the concentration
of impurity Ho’" ions in stoichiometric lithium niobate leads to an increase

n.n

of the value of lattice parameter "a", while parameter "c" stays unchanged.
The main part of crystalline LiNbO3:Ho®" films is oriented with the (001)
plane parallel to the surface of the sapphire substrate. The LiNbOs:Ho "
thin films are in a fully relaxed state with respect to the underlying sapphire

substrate.
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Abstract
We investigate the vacuum expectation value of the fermionic current induced by an external
magnetic flux in a two-dimensional circular ring. On the ring edges the bag boundary conditions are
imposed for the field operator. The radial current vanishes. The azimuthal current is decomposed
into the boundary-free and boundary-induced contributions. The both of them are odd periodic
functions of the magnetic flux, with the period equal to the flux quantum. The current density is

peaked near the inner edge and, as a function of the field mass, exhibits quite different features for
two inecuivalent representations of the Olifford aleebra. We show that. unlike the current in the
twekincouivaloniircprosentationsioiliicl@iHordfaloc bras clshowatha e nlikoft Hofcunsenthingthc
boundary-free geometry, the vacuum current in the ring is a continuous function of the magnetic
flux and vanishes for half-odd integer values of the flux in units of the flux quantum. Combining
the results for two irreducible representations, we investigate the induced current in parity and

time-reversal symmetric models. The corresponding results are applied to graphene rings.

1 Introduction

The Aharonov-Bohm effect [1] is among the most important topological effects in quantum phyiscs
demonstrating the physical relevance of the vector potential. In addition to its fundamental signifi-
cance, the Aharonov-Bohm effect has important applications in mesoscopic physics (see, for instance,
[2]). The effect was originally observed in metal rings [3] and later also in carbon nanotubes [4]. The
Aharonov-Bohm effect in graphene (and also in a number of planar condensed matter systems such
as Weyl semimetals and topological insulators) is expected to exhibit unusual behavior due to the
peculiar electronic properties. For these systems, the long-wavelength dynamics of excitations is for-
mulated in terms of the Dirac-like theory living in (2+1)-dimensional spacetime where the role of the
velocity of light is played by the Fermi velocity (for a review see [5]). Among other interesting features
in (2+1)-dimensional models are flavour symmetry breaking, parity violation and fractionalization of
quantum numbers.

In a number of field theoretical models, including the ones describing the condensed matter sys-
tems at large length scales, additional boundary conditions are imposed on the field operator. These
conditions can have different physical origins. For example, in graphene nanotubes and nanoloops,
because of the compactification of one or two spatial dimensions, the Dirac equation is supplemented
by quasiperiodicity conditions along compact dimensions. Another type of graphene made struc-
tures in which additional boundary conditions are imposed are graphene nanoribbons, geometrically
terminated single layers of graphite. The edge effects play a crucial role in electronic properties of
nanoribbons. In particular, depending on the boundary conditions, a nonzero band gap may be
generated.

The boundary conditions imposed on a quantum field modify the spectrum of zero-point fluc-
tuations and, as a consequence, the vacuum expectation values (VEVs) of physical observables are
changed. For charged fields, among the most important characteristics of the ground state is the
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expectation value of the current density. The vacuum currents in spaces with nontrivial topology and
with quasiperiodic boundary conditions on the field operator along compact dimensions have been
investigated in [6] for the flat background geometry and in [7] and [8] for locally de Sitter and anti-de
Sitter backgrounds. For the special case D = 2, the general results were applied to cylindrical and
toroidal graphene nanotubes, within the framework of the effective Dirac theory. The influence of
additional boundaries on the vacuum currents along compact dimensions has been discussed in [9] and
(10] for locally Minkowski and anti-de Sitter backgrounds.

In the present paper we investigate the VEV of the fermionic current induced by a magnetic flux
in a spatial region of (2+1)-dimensional spacetime bounded by two concentric circles. On the circles,
bag boundary conditions are imposed. We assume that the flux is located inside the inner boundary
and, consequently, its effect on the vacuum properties is of the Aharonov-Bohm type.

2 Geometry of the problem and the fermionic modes

We consider a quantum fermion field ¥(z) in (2+1)-dimensional spacetime in the presence of external
electromagnetic field with the vector potential 4,. The dynamics is governed by the Dirac equation

(iv" Dy — smy(z) =0, D, =0, + '\ +ied,, M

where I, is the spin connection and e is the charge of the field quanta. The Dirac matrices # obey the
Clifford algebra {y*,7"} = 2¢*” with g,, being the metric tensor for the background geometry. Here
we consider (2+41)-dimensional flat spacetime described in polar coordinates ¥ = (t,r,¢) with the
metric tensor g, = diag(l,—1, —r2). In (2+1) dimensions the Clifford algebra has two inequivalent
irreducible representations with 2 x 2 matrices. Firstly we shall discuss the case of a fermionic field
realizing the irreducible representation of the Clifford algebra. The parameter s in (1), with the
values s = +1 and s = —1, corresponds to two different representations (see below). With these
representations, the mass term violates both the parity (P-) and time-reversal (7-) invariances. The
vacuum currents in the parity and time-reversal symmetric models will be discussed in section 4.

We assume that the field is confined in the spatial region bounded by two concentric circles having
radii @ and b, a < b. On the edges, the field operator obeys the MIT bag boundary conditions

(1 +iny)¢¥(z) =0, r=a,b. (2)
writ " haoine tho antward naintine 11nit voctar narmal +0 the hoanindaring Tn tha voacion n < » < A
with n, being the outward pointing unit vector normal to the boundaries. In the region a < r < b
one has n, = -nuéi for the boundary at r = u with n, = —1, n, = 1. The boundary condition of the

type (2) was used in the bag model of hadrons for the confinement of quarks.
For the Dirac matrices in cylindrical coordinates we take the representation 4 = diag(1, —1) and

21 —i
“/’l = ?—1 e ) 3)
=1\ (=1)"le*® 0

for [ = 1,2. For the vector potential we will consider a configuration corresponding to the presence
of a magnetic flux located in the region » < a. In the region under consideration, a < r < b, for
the covariant components in the coordinates (t,r,¢) one has A, = (0,0, A2). For the magnetic flux
threading the ring we have & = —27A,. In the discussion below we will also use the parameter

0(’76142 = 7@/(1)(), (4)

where &y = 27 /e is the flux quantum. Though the magnetic field strength for the gauge field config-
uration vanishes, the magnetic flux enclosed by the ring gives rise to Aharonov-Bohm-like effects on
physical observables, in particular for the VEVs. Note that the distribution of the magnetic flux in



78 Aharonov-Bohm effect for fermionic current in two-dimensional rings

the region » < a can be arbitrary. The boundary r = a is impenetrable for the fermionic field and the
effect of the gauge field is purely topological.

The zero-point fluctuations of the fermionic field (z) in the region a < r < b are influenced by
the magnetic flux threading the ring. As a consequence, the VEVs of physical quantities depend on
the flux. This gives rise to a number of interesting physical phenomena, such as parity anomalies,
formation of fermionic condensate and generation of quantum numbers. Here we are interested in the
VEV of the fermionic current (j*(x)) = e{0[t)y*1$|0), where |0) stands for the vacuum stdte ¢ = plq0
is the Dirac adjoint and the dagger denotes Hermitian conjugation. Let {wH’(x) ps (L)} be the
complete set of positive- and negative-energy fermionic modes, specified by a set of quantum numbers
o. The VEV of the current density is presented in the form of the mode sum

:772 Z KO (2) W (). (5)

For the geometry under consideration, the mode functions obeying the boundary condition at
r = a are written in the form [11]

35 () — (T _pabgg, o HiEtt S 25 mmgg 8 (1) €~/ 6
W9 @) = (2T a,00)) et wm
/E+h<'m qﬂ] Bjte; (‘WL /7)
with B = /72 +m?2,j =£1/2,£3/2,..., 6, = i tal —€;/2,¢; =L for j > —a, ¢, = —1 for j < —
In (6),
98, (@) = YA (@) J () = IS ()Y, (), (7
where J,(z) and Y, (x) are the Bessel and l\eumann functions and we use the notation
jézf) () = 2 fp, (@) + [nu(n/a? +m2 + sma) — ;B3] f3; (2) (8)
with w = @,b, f = J,Y, and m, = mu. The modes (6) are eigenfunctions of the total angular
momentum operator J = —i(dy +ieA) + 03/2, for the eigenvalues j + «.

From the boundary condition (2) at r» = b it follows that the eigenvalues for vy in the region
a < r < b are the roots of the equation

Ca,(m,70) = J§) (va) Y3 (30) — I (10) YA (7a) =0, 9)

with 7 = b/a. The positive solutions of this equation with respect to ya will be denoted by z,
I =1,2,..., 21 < z41. For the eigenvalues of 4 one has v = 4 = 2z/a. The mode functions are
specified by the quantum numbers ¢ = (I, j).

For the complete specification of the mode functions (6) it remains to determine T“b(n ~va). The
latter is found from the standard orthonormalization condition and is given by the exprebbmu

- ) b) -1
T2 = 2D () /95 () - Da]

oI+ ksm ek B — ksm :
D, = UZT [E <E+An » ) + K =g | » (10)

with w = a,b and v = z/a.

3 Current density

By using the mode functions (6) it is seen that the mode-sum (5) for the radial component of the
current density vanishes, (1) = 0, and the only nonzero component corresponds to the azimuthal
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current. For the physical component (j,) = r(j?) we get

<](/ 160; Z Z €5 ZTB 777 *'l h /vl) (11)

where 37 stands for the summation over j = £1/2, £3/2, ..., and

298;.8;(2, 21/a)

98,,85+¢; (%, 21/ a).
V22 /a? + m? A

In (11), the eigenvalues z; are given implicitly, as roots of (9), and this representation is not convenient
for the further evaluation of the VEV. Another disadvantage is that the separate terms in the series
are highly oscillating for large values of the quantum numbers.

These difficulties can be circumvented by using the Abel-Plana-type formula [12]

= 4 [ h(z)
W) T8 (n, ) = — / dz ———
; ’ ™l I @)+ (2)

/ h(zep””/Q)K 57 (n2) /K5 (2)

hiz) =z (12)

pzik,“p) () I§? (UZ) P (K (nz)]

]

where we have introduced the notation

S7 () = wfh, (@) + {naly (wer™/2)® 4 m2 + sma] — €58} f5, (2) (14)

with f = I, K for the modified Bessel functions Ig, (x) and Kg, (x). The last term in (13) vanishes
in the limit & — oo . From here it follows that the part in the current density coming from the first
integral in the right-hand side of (13) is the current density in the region r > a for the geometry of a
single boundary at r = a. We denote that part by (js)a. It is further decomposed as

(Jo)a = (Godo + o), (15)

where

{Js)o ej/ M’

Va2 +m2

() x? If{j;)(aa:) i ;
Ge)P = 222/ WRe Ko, (rz) Ky, 1(rz). (16)

n=0 p= K7(l{;ly)(a’x)

with n, = n + pag. Here g is defined by the relation o = N + v, |evo| < 1/2, where N is an integer
and we have defined the notation

FN(2) = 852 fny 11 (2) + nu(smu + iv/z2 —m2) fo, (2), (17)

for f =1,K, ;=1 and g = —1. For « different from a half-odd integer, the part (jqb)((lb) vanishes in
the limit @ — 0 and, hence, in this case (jg)o is interpreted as the current density in two dimensional
space without boundaries. Respectively, the part {,j(@)éb) presents the contribution induced in the
region r > a by a single boundary at r = a.
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After the application of (13) to (11), the current density is presented as

o) = lado+ (i) - ZZp / do s
n=0 p=
K(b)(bT) Gif;),n (azx, rm)GﬁfﬁpH(m,rm) o
K (ax) K (az) 1) (bw) — 1) (ax) K0 (bar) ‘
with the function )
GM@,y) = KM (2) L (y) — (=PI (@) K (y) - (19)

This representation shows that the current density does not depend on the integer part N and is an
odd function of the fractional part crg. For a massless field and at large distances from the boundary,
r > a, the single boundary-induced contribution (,j(b},(,,h) behaves as (a/r)* 1%l ao| < 1/2, with
the sign sgn(ao)(jv)(b)/e < 0. In this limit, the total VEV in the geometry of a single boundary is
dominated by the boundary-free part. In the case of a massive field, at distances r > a,m -1
(o)s”
one.

The boundary-free part (j;)o does not depend on the parameter s and, hence, on the irreducible
representation of the Clifford algebra in (2+1)-dimensional spacetime. A more convenient expression
for this part is provided in [13]

, one has
N /
~ 727 [p3/2 and the boundary-induced contribution is of the same order as the boundary-free

esin (mayp) / _cosh(2apz) 1 +2mr cosh 2

Galo = (20)

(th? e2mr cosh z

An alternative expression is given in [14]. For a massive field, at distances mr > 1, it behaves as
e=2m" /p3/2 Near the origin (js)o ~ 1/72. The part (jy)o, is discontinuous at half-odd integer values
of a:

lim (o = Emi Ky (2mr). (21)

co—£1/2 272y

In particular, for a massless field for the discontinuity one has e/(27%r2).

Both the terms in the right-hand side of (15) are discontinuous at half-odd integer values of the
parameter «. However, the total current density in the region r» > a for the geometry of a single
boundary vanishes in the limits cg — £1/2 and it is continuous. It can be checked that the last term
in the right-hand side of (18) vanishes for oy — +1/2. Hence, we conclude that the current density
in the ring is a continuous function of the magnetic flux including the points corresponding to the
half-odd integer values of the magnetic flux in units of the flux quantum.

Let us consider numerical examples. The behavior of the current density in the region a < r < b as
a function of the radial coordinate and of the parameter «q is presented in figure 1. The left pdnel is
plotted for a massless field and for the magnetic flux parameter ag = 1/4. In this panel, the numbers
near the full curves are the values of the ratio b/a and the dashed curve presents the current density in
the geometry of a single boundary at r = a. The full curves in the right panel are plotted for b/a = 8,
r/a = 2, ma = 0.1 and the numbers near them are the values of the parameter s. The dashed curve in
the right panel corresponds to the current density for a massless field for the same values of b/a and
r/a. The current density is finite on the edges. The graphs show that the current density is peaked
near the inner edge and it decreases with decreasing the width of the ring.

The dependence of the current density on the mass is plotted in figure 2 for the irreducible repre-
sentations s = 1 (left panel) and s = —1 (right panel) and for the values of the parameters ap = 1/4,
b/a =8, r/a = 2. The dashed curves present the charge density in the geometry of a single boundary
at r = a. The dotted line in the right panel is the current density in the boundary-free problem. We
see an essentially different behavior of the current density for the representations s = 1 and s = —1,
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Figure 1: Current density in the region between two boundaries as a function of the radial coordinate
for a massless field (left panel) and as a function of the parameter «p (right panel). The left panel is
plotted for the magnetic flux parameter ag = 1/4 and the numbers near the curves are the values of
b/a. The full curves in the right panel are plotted for ma = 0.1, b/a = 8, r/a = 2 and the numbers
near the curves are the values of s. The dashed curve in the right panel corresponds to a massless

field.
as a function of the field mass. With the initial increase of the mass from the zero value, the modulus

for the current density decreases for the irreducible representation with s = 1 and increases for the
With further increase of the mass the current is suppressed in both cases.

one with s = —1.
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Figure 2: Current density versus the field mass for the fields with s = 1 (left panel) and s = —1 (right
panel) and for ag = 1/4, b/a = 8, r/a = 2. The dashed curves present the current density outside a

single boundary at r = a and the dotted line is the current density in the boundary-free geometry

4 Current density in P- and T-symmetric models

In (2+1) dimensions the irreducible representations for the Clifford algebra are realized by 2 X2
2 can be chosen in two inequivalent ways: 2 (25) =

matrices. In cylindrical coordinates, the matrix -y
—isy°y! /r, s = +1. The matrices (3) correspond to the representation with the upper sign. Two sets

= (7Y, 7', +2,) realize two inequivalent irreducible representations of the Clifford

of Dirac matrices 7{2) = (0,44,
algebra. In these representations, the mass term in the Lagrangian density for a two-component spinor
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field, Ls = u‘)(s)(ivﬁ) Dy —m)iy, is not invariant under the P- and T-transformations. Here we assume
that both the fields 1(,) obey boundary conditions (2) with 4 = '){;). In order to recover the P- and
T-invariances, we can consider the combined Lagrangian density L = >, ., Ls. By appropriate
transformations of the fields 4, this Lagrangian is invariant under P- and T-transformations (in the
absence of magnetic fields).

In order to relate the fields 1y to the ones we have considered in the evaluation of the vacuum
densities, let us introduce new two-component fields W( y in aooordanco with vizl n= Y1) ¢V{71> =

NON The roangian dea nted ag T AT chara Al — M

' v'bq). The Lagrangian density is presented as L = 37,4, .U(QW o ./Mfamw( ) where Y =y,
This shows that the equations for the fields with s = —1 and s = +1 differ by the sign of the mass
term and coincide with (1). The fields d( ) obey the conditions

(1 +isnu ) Prgy(x) = 0, (22)

on r = a,b. As it is seen, the field u)fﬂ)

for the field 1/)(71) differs by the sign of the term with the normal to the boundary. Combining 2-

obeys the condition (2), whereas the boundary condition

component spinors ¢/, and ¥’ in a 4-component one, ¥ = (¥/,, %" )T, and introducing 4 x 4 Dirac
matrices 7&) = 03 ® ¥v*, the Lagrangian density is rewritten in the form

L= \Il(i'yﬁ)Du —m)W. (23)

In this reducible representation, the boundary conditions are combined as (1 inuf)/(fl))ﬂ/(m) = 0. The
latter has the form of the standard MIT bag condition for a 4-component spinor.

By taking into account that &(s)wf‘s)d;(s) = zZ‘ES)'y“w’(S)? for the total VEV of the current density one
gets

<J‘u> =e Z <w(5)’){;)d'(a)> =e Z WES)’Y‘W@) > (24)
s=+1 s==%1

The current density for the field ¥,y is obtained from the expressions given in the previous sections
with s = 1. In order to find the VEV for the field 1,[)(_1), we note that it obeys the field equation (1)
with s = —1 and the boundary condition that differs from (2) by the sign of the term containing the
normal to the boundaries. Consequently, the VEV <179/(,])’)"L1/5E, 1)) Is obtained from the corresponding
formulas given above taking s = —1 and making the replacement n, — —n,, v = a,b. In the final
formulas this replacement is made through the definition (17) for f = I, K. From here we conclude
that the expressions for the VEV (¢ VoY w( >3 is given by the formulas in section 3 where now we
should take

$(2) = 82 fmpt1 (2) + (s + 868/22 — M3) fr, (2) - (25)
with n, = —1, np = 1. Assumlng that the masses m for the fields with s = +1 and s = —1 are the

same, we can see that the contributions from the fields z//E 1 and w(_l) to the current density coincide
for both the boundary-free and boundary-induced parts. The corresponding expressions for the total
current are obtained from those in the previous section for the case s = 1 with an additional factor 2.
The results obtained above can be applied for the investigation of the ground state current density
in graphene rings. Graphene is a monolayer of carbon atoms with honeycomb lattice containing two
triangular sublattices A and B related by inversion symmetry. The electronic subsystem in a graphene
sheet is among the most popular realizations of the Dirac physics in two spatial dimensions. For a
given value of spin S = %1, the corresponding long wavelength excitations are described in terms
of 4-component spinors Wg = (¢4, 4s,%+, 55, Y- As, - ps)” with the Lagrangian (in the standard

units)
L= Us(ih°0; + ilwpy' Dy — A)¥s. (26)

S=+1
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Here, D; = (V —ieA/he), L = 1,2, is the spatial part of the gauge extended covariant derivative and
e = —|e| for electrons. The Fermi velocity vg plays the role of the speed of light. The components
Yi as and Yy pg of the spinor Wy give the amplitude of the electron wave function on sublattices A
and B. The indices + and — of these components correspond to inequivalent points, Ky and K_,
at the corners of the two-dimensional Brillouin zone (see [5]). The energy gap A in (26) is related to
the corresponding Dirac mass as A = mo%. It plays an important role in many physical applications
(for the mechanisms of the gap generation in the energy spectrum of graphene see, for example, |5
and references therein). Depending of the physical mechanism for the generation, the energy gap may
take values in the range 1meV S A S1eV.

Comparing with the discussion above, we see that the values of the parameter s = +1 and s = —1
correspond to the K, and K_ points of the graphene Brillouin zone and the Lagrangian density (26)
is the analog of (23). From here we conclude that, for a given value of the spin S, the expression for
the VEV of the current density for separate contributions coming from the points K| and K_ are
obtained from the formulas in previous sections by the replacement m — A/(hvp). In the expressions
for the current density, an additional factor vy should be added, because now the operator of the
spatial components of the current density is defined as j* = evpip(2)y*(x), p = 1,2. For a given

L it N (T O | o . E e et

e - oy T g | B WP
SPLIL O, LIe COntributions Iromi two Valleys ale Collbliled 1 aCcoldal

5 Conclusion

We have discussed the combined effects from the magnetic flux and boundaries on the VEV of the
current density in a two-dimensional circular ring. The examples of graphene nanoriboons and rings
have already shown that the edge effects have important consequences on the physical properties of
planar systems. In the problem at hand, for the field operator on the ring edges we have imposed the
bag boundary conditions. The distribution of the magnetic flux inside the inner edge can be arbitrary.
The boundary separating the ring from the region of the location for the gauge field strength is
impenetrable for the fermionic field and the effect of the gauge field is purely topological. It depends
on the total flux alone. The latter gives rise the Aharonov-Bohm effect for physical characteristics of
the ground state. The consideration is done for both irreducible representations of the Clifford algebra
in (241) dimensions. In these representations the mass term in the Dirac equation breaks the parity
and time-reversal invariances. For the evaluation of the VEV we have employed the method based on
the direct summation over a complete set of fermionic modes in the ring.

The VEV for the current density is decomposed into boundary-free, single boundary-induced and
the second boundary-induced contributions. All them are odd periodic functions of the magnetic flux
with the period equal to the flux quantum. Unlike the case of the boundary-free geometry, the current
density in the ring is continuous at half-odd integer values for the ratio of the magnetic flux to the
flux quantum, and it vanishes at these points. We have shown that the behaviour of the VEV, as a
function of the field mass (energy gap in field theoretical models of planar condensed matter system)
is essentially different for the cases s =1 and s = —1.

The current density in parity and time-reversal models is obtained combining the results for the
separate cases with s =1 and s = —1. These models can be formulated in terms of four-component
spinors constructed from the 2-component spinors realizing the two different irreducible representa-
tions. Assuming that both these spinors obey the boundary condition (2) and have the same mass,
the resulting current density is obtained from the expressions given in section 3 with the additional
factor 2. For the graphene circular rings, an additional factor 2 comes from the spin degree of freedom.
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MAGNETORESISTANCE AHARONOV-BOHM
OSCILLATIONS IN OBLATE ELLIPSOIDAL
QUANTUM DOTS
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1 Alex Manoukyan, Yerevan 0025, Armenia
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Abstract. The type-II InAsSbP ellipsoidal quantum dots (QDs) are nucleated on InAs
substrate from In-As-Sb-P quaternary melt-solution using Stranski—Krastanow growth mode.
The structures under consideration were prepared in the form of photoconductive cells.
Magnetospectroscopy is used to measure the QDs structure's electric sheet resistance in
magnetic field at lateral current flow. The magnetoresistance Aharonov-Bohm (MAB)
oscillations with the period of 0B~0.4 T arc found. No temperature dependence is
experimentally revealed for the period of MAB. It is shown the QDs size distribution
strongly acts on the period of MAB oscillations. The values for both major and minor
semiaxes of ellipsoidal QDs were theoretically calculated using an equation for the period of
classical Aharonov-Bohm oscillations. Comparison of calculated and experimentally
measured values shows that they are coincide with high accuracy. Additionally, the
temperature dependant hysteresis on magnetoresistance curves is revealed.

1. Introduction

Three-dimensional confinement of carriers in a quantum dot (QD) transforms the
continuous optical spectrum of a bulk semiconductor into a size-tunable, atomic-like spectrum
featuring a series of sharp peaks associated with discrete electronic transitions. These unique
electronic and optical properties of QDs have been exploited for a wide range of applications,
including quantum electronics and quantum information processing [1, 2], optical
communications, display technologies, solar energy harvesting and fluorescent labelling etc. [3].
No classical states of light also can be generated using semiconductor QDs [3-5], enabling on-
chip semiconductor quantum optics. Among quantum size objects’ fabrication techniques, when
the difference between lattice constants of the growing materials is 3-10%, the self-organized
Stranski—Krastanow (S—K) method can be realized, by which dislocation-free nanostructures can
be produced [7]. In a strained film, the formation of islands is energetically favourable, as it
reduces the strain energy in the crystal [8]. The fabrication and characterization of epitaxially-
grown semiconductor QDs had advanced to the point that QD-based devices were realizable.
Despite the rapid progress in this field, numerous questions remain with regard to how QD
morphology affects the electronic and optical properties and coherent light-matter interactions in
semiconductor QDs. The performance of QD-based devices relying on these interactions is
typically limited by multiple effects that are still not understood: 1) short coherence and
relaxation times due to interactions of the charge carriers with each other and the local
environment; 2) sensitivity of the QD properties on size and confinement; and 3) the presence of
many-body interactions that often dominate the linear and nonlinear optical response [3].

In classical mechanics, the electromagnetic potentials (¢ and /T) first were introduced as a
pure mathematical notions for calculating the fields. And the fundamental equations of motion
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can be expressed only in terms of fields. But in quantum mechanics the equation of motion of a
particle are replaced by the Schrodinger equation for a wave, which cannot be expressed in terms
of the fields alone, but also requires the electromagnetic potentials [9].

In this paper, actually we are experimentally revealed the magnetoresistance oscillations in
InAsSbP type-II QDs due to Aharonov-Bohm effect. Additionally, theoretical calculations of
QQDs lateral dimensions using the measured period of MAB oscillations are performed.

2. Basic theory

The A-B phase is most simply described as the phase that appears in charged particle’s
wave function during its passage through the region where magnetic flux exists, but no effects of
classical Lorentz force is present. In semiconductor nanostructures, such as type-II quantum dots
or quantum rings, applied magnetic field penetrating the area surrounded by their trajectories
will cause a phase shift of the constituent particle [10]. At zero magnetic field exciton ground
state has zero angular momentum projection (£=0), but with increasing magnetic flux its changes
to states with higher angular momentum (L = —1,—-2,—3), causing oscillation of ground state
energy of the charge carrier (figure 1c) [11].

Assuming that electron and hole move with different radii and the interaction between
them is negligible, in the presence of external magnetic field, the energy of the electron-hole pair
will be [9]:

_ h? 0p\? 2 op\2
Eexc = Eg + 2meRZ (le i qJ_O) . 2muRZ (lh - cb_o) g )

where Egincludes the band gap and confinement energies and is the magnetic field-independent
term, Recpy is the rotation radius of the electron (hole), I, and I, are the angular momentum
(magnetic quantum numbers) of the electron and hole, respectively, @y is the flux quantum:
®, =h/e and ®, and ®, magnetic fluxes are equal to ®, = mRZB and ®, = wR:B,
respectively. Now, taking in account strong Coulomb interaction, when they will rotate together
as shown in Fig. 1(b), the exciton spectrum becomes [12]

R AD\?
Eexc = Eg + 2MRZ (L +¢To) ' )
where L = I, + I, is the total momentum of an exciton, Ry = (R, + R,)/2, and M = (m,R? +
myR%) /R Magnetic flux between the trajectories of the particles equals to:

AD = d, — ®,, = mB(RZ — R}). 3)

In case of type-II QDs with strongly confined holes, we can assume that R, — 0, therefore
MR% = m.R2 and A® = @,

In direct-gap semiconductors emission process requires the total angular momentum to be
equal 0. Since /, = 0, all ground states of the electron in the conduction band with /. = —1, =2,
—3... states are dark. Hence, the exciton emission from cylindrical type-II QDs in magnetic field
will be blocked for B > B4g, where B4p corresponds to the field at which the electron ground



K.M. Gambaryan, V.G. Harutyunyan, V.M. Aroutiounian, L.S. Yeranyan 87

state energy passes from /, = 0 to /, = —1. However, in real systems due to the presence of defects
in QDs, above described mechanism for emission may not take place.

Conduction band

b) B

AD = b, — b, Valence band

Figure 1. Schematic band structure of type-11 QD — (). The sketch of an electron-hole pair in type-I1
quantum dot — (). The system energy spectra in magnetic field — (c).

3. Experimental details

Investigated InAsSbP type-Il QDs were grown on industrial undoped n-InAs(100)
substrate by liquid phase epitaxy (LPE) using the Stranski-Krastanow growth mode at T=550°C
constant temperature. The atomic force microscope (AFM «TM Microscopes—Autoprobe CP»)
and «Keithley-6514 System Electrometer» were used for morphological characterization and
magnetospectroscopy, respectively. AFM images of ellipsoidal QDs which are under
consideration are presented in figure 2.

Figure 2. AFM images of InAsSbP type-11 ellipsoidal QDs in plane — (@) and oblique — (b) view.
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According to the InAs—InSb-InP phase diagram, concentrations of antimony and
phosphorus in the growth solution were chosen to provide a lattice mismatch up to 3% between
the InAs substrate and InAsSbP wetting layer at T=550°C. Ohmic contacts of the samples were
fabricated by the thermal vacuum evaporation technique. The sample’s active surface was
chosen to be equal to 10 > cm’®. Measurements were performed at gradually increasing magnetic
field up to 1.6 T with further decreasing up to zero, which was set to be perpendicular to the
surface of quantum dots.

4. Results and discussions

Dependence of magnetoresistance on magnetic field measured at Faraday geometry at 300
K is presented in figure 3(a). The dependence of the derivative curve, on which observed effect
is more noticeable, is presented in figure 3(b). Observed fractures in this curve, possibly are due
to the transitions of charge carriers between energy levels due to the influence of magnetic field.
As it was shown in [13], the magnetic flux, evidently, leads to a periodic change in the quantum
mechanical properties of the encircling electrons. Therefore, under the influence of perpendicular
magnetic field, the electron orbits the QD periphery producing an observable MAB, despite the
selection rules for transitions in angular momentum, that are strictly valid only for the situation
of perfect rotational symmetry and low temperatures.

919 (a) 057 (b) —— Derivative R=
g T=300K
o 204 0.4 B Lp=-3
- 89 3 W
3" o St T Nl
2 o 0
& 8.84 AR~50 mQ) =
g / S 021 68~0.4T
§ &7 ° 0.1
g 14
867 T
; . : . 0.0 ;i ; ; :
0.0 0.4 0.8 1.2 16 0.0 0.4 0.8 1.2 1.6
B(T) B(T)

Figure 3.Type-1I QDs structure’s resistance versus magnetic field at room temperature — (@) and its
derivative — (b).

From figure 3(b) also one can see, that the period of oscillations equals to ~0.38 T.
Interestingly note that the results of measurements performed at liquid nitrogen temperature
show the same value for the period of MAB. This result was expected, because the period of
Aharonov-Bohm oscillations is given by following equation:

_so_ n
T ®, emab’

8B 4)

where 4 is a Plank constant, e is an elementary charge, a and b are major and minor axles of
ellipsoidal quantum dots, respectively, and there is no any temperature dependent parameters.
Additionally, AFM measurements show that in our experiments a=1.235. Using equation (4),
dependence of the MAB period on ellipsoidal QDs axles was built, which 3D sketch is presented
in figure 4.
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Intersection points of a=1.235 line and projection curve of the cross section of 3D graph by
6B = const planes (figure 5(a)) show sizes of ellipsoidal quantum dots, in which the oscillations
are take place at respective value of 6B. In figure 5(b) we present intersection point of a=1.235
line and cross section line at 6B = 0.37T from which we can define average sizes of our
quantum dots. On the other hand, for each ellipse we can find corresponding circle with the same

surface

area. In our case the radii of corresponding circle is equal to 59.7 nm (black curve) and

for major and minor semiaxis 66 nm and 54 nm, respectively. At the same time, infinite number
of ellipses corresponds to that line.

Major semiaxis — a (nm)

AB(T)
period of 6"—
oscillations

Q g o
= =
3 £g
©
|
3 23
o
£
9 8¢
AB = 1T, r-36.40m | o
o = o
™~ N
AB = 3T, r=21nm ]
o o
0 20 40 60 80 100 0 20 40 60 80 100
Minor semiaxis — b (nm) Minor semiaxis — b (nm)

Figure 5. Cross sections of 3D graph by 6B = const — (a) and 6B = 0.37T — (b) planes.

Oblique view AFM images of single QDs grown from In-As-Sb-P quaternary liquid phase
on InAs(100) substrate are presented in figure 6, from which one can see that the growth process
and technological conditions result in an elongation of QDs in certain direction.
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Comparing theoretically obtained values for quantum dots' sizes with experimentally
measured values, it is not difficult to see, that they are coincide with high accuracy. This fact
allows us to precisely define the size of cylindrical quantum dots in which MAB has occurred.
As for ellipsoidal quantum dots, we only need to know the relation between values of semiaxes.

~130nm ~ 100nm

21nm

y:160nm - —l

x: 130nm

v:160nm x: 170nm

Figure 6. AFM images of QDs grown on InAs(100) substrate.

5. Conclusions

Thus, Aharonov-Bohm oscillations with the period of 6B = 0.4 T were found on the curve
of the magnetoresistance derivative at room temperature. The average values for both major and
minor semiaxes of ellipsoidal QDs were theoretically calculated by the equation for the period of
Aharonov-Bohm oscillations. Comparison of calculated and experimentally measured values
shows that they are coinciding with high accuracy.
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In this proceedings we review the rational Calogero model bound by external
oscillator and Coulomb field using the Dunkl operator approach.

1. INTRODUCTION

The rational Calogero model is an integrable system of NV one-dimensional identical particles interacting with each
other by the inverse-square potential. The Hamiltonian has the following form (sce [1] for the review):

+Z 99 F 1) 920 (1)

—7‘)2

An external harmonic oscillator potential does not affect on its integrability [2]:

2 2.2
. p® Wz glgF1)
— we 9Ty 1.2
Ho="5+— +; P (1.2)

were the two vectors describe the momenta and coordinates of the particles with unit mass, m =1,

p=(pu,p2,--spN), @ = (TLp2,. 2N

In our units we also set /i = 1 for the Plank constant. Otherwise, it will change the coupling coefficient by g(g F ).
The particles are supposed to be identical, and the minus sign in the hamiltonian (1.2) is chosen for bosons while the
plus is applied for fermions.

We refer to the system (1.2) as the Calogero-oscillator model. Actually, in the literature this system is referred to
as the Calogero model, while the unbound system H; is referred as the Calogero-Moser system due to Moser who
established the Liouville integrability [3]. Our notations are more proper for reflecting the structure of underlying
models.

The Calogero-Coulomb system is defined in the same way by including the Calogero interaction potential into the
N-dimensional Coulomb syslem with 1/7 potential [4],

1
H, 7*7742 99 F r =2 (1.3)

T —x;
z(] J

£ the above odels it ha e Lerrratation dle svsterm sinee the Comlomb botential
Apart from the above two models, it has no clear interpretation as a /N-particle system since the Coulomb potential
mixes the coordinates of different particles in a strange way. Alternatively, one can consider the Hamiltonian H, as

a single N-dimensional Coulomb particle in the field formed by the Calogero potential.

The three systems Ho, H., and H, are superintegrable [5—7| like their g = 0 analogs without the Calogero potential.
The superintegrability means that apart from the N {commutative) Liouville integrals they have additional N — 1
integrals.

In this proceedings we well shortly review the Calogero, Calogero-oscillatir and Calogero-Coulomb systems pointing
out especially on their analogy, respectively, with the free-particle, oscillator and Coulomb systems. In short, the
Calogero interaction potential does not change drastically the common properties of these well-known systems. To
archive this goal, we will use the Dunkl operator approach [8], which hides the Calogero potential into the derivative
providing a structure similar to the covariant derivative.
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2. CALOGERO-OSCILLATOR SYSTEM

The similarity between the Calogero model and a free particle, as well as between the Calogero-oscillator model
and an oscillator, is clearly elucidated from the perspective of the matrix model reduction and the exchange operator
formalisin (see [1] for the review). Let us briefly outline the second approach, elaborated independently by Poly-
chronakos [9] and by Brink, Hansson, and Vasiliev [10], which then has been found to be related with seminal work
by Dunkl [8]. Following these authors, we can take into account the Calogero interaction, replacing the momenta
p; = —19; by the deformed momenta

o= Vs 2.1
ur AR [EE
defined in terms of the Dunkl operators
N g 9«
Vi=di-3y Sij- (2.2)
— 2 — x5
g
Here s;; is the exchange operator between the ith and jth coordinates:
s (c @y xy, ) =00y, g, ). (2.3)
Amazingly, such operators commute like usual partial derivatives:
Vi V1 0. (2.4)

Meanwhile, their commutations with the coordinates are more involved and expressed through the permutations:

—g8i; for i # j,
Visaxi] — Sy — J ! 2.5
[ is l]] ©j {1+gzk¢i Sik for i*j. ( )

In the absence of the inverse-square potential (g = 0), the above relations define the usual Heisenberg algebra.
The Calogero-oscillator Hamiltonian (1.2) can be obtained by the restriction of the generalized Hamiltonian

2 2.2
™ w X
gen _ O we 9
HE 3 + 3 (2.6)
to the symmetric wavefunctions [10]:
$igths(x) = (). (2.7)

In these terms there is a remarkable similarity between the the Calogero-oscillator and ordinary oscillator systems.
To show this correspondence, let us introduce an analog of spectrum generated operators,
+_TWTFV;
where, for simplicity, we set w — 1 here and in the following. It is easy to see that they obey the same commutation
rule as Dunkl operators and coordinates:

(2.8)

las, (l;r] = Sij, a5, aj] = [a], a;r] =0. (2.9)

Then the generalized Calogero model in harmonic potential potential is expressed via the introduced operators like
in the absence of the Calogero potential, ¢ = 0 when the system is reduced to the usual oscillator model [9, 10],

N N N
Z(a:rch + a;a; ) = Z a:rai + % —S. (2.10)
i=1 -

i=1

| =

sgen
HE™ =

N

8

In the derivation of the second equation we have used the commutation rule (2.9} with the notation

§=3 Sy (2.11)

i<j
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Note that this element commuted with all permutations,
[si5,5] = 0. (2.12)

The restriction of the Hamiltonian to bosonic (fermionic) wave functions where the pair exchange take the values £1,
is given by the expression

N

Heo = zajaA + EOi
i=1

with the ground state energy

N, gN(N -1)

| PEY
= - (213)
The plus stands for the bosonic wave function while the minus is for the fermions,

sty () = o (T). (2.14)

The analogy with oscillator goes further if we look at the commutation rules of these operators with the Hamiltonian

[HE™ af| = +aF. (2.15)

0

The bosonic ground state wave function g = 1o, with the ground state energy E must be annihilated under the
action of all lowering operators [10],

61@/’0(1:“ g9
n = PRt S
a;po(a) =0 or bo(@) x; | E -

o —
JFt

Using the logarithmic derivative, the solution can be easily found,

do(@) = [J o ~
i<

Similarly to the isotropic oscillator case, the excited states are generated by the rising operators acting on the
ground state. So, up to a normalisation factor, they are

Yra o (2) = (@] )" (a3)™ ()" (), (2.16)

where n,; are nonnegative integer numbers, n; > 0. Using the relation (2.15), it can be checked that these wave

functions are eigenstates of the nonlocal Hamiltinian
N
HE s i = B m¥ns mys By = Fo+ 5+ ) _mic (217)
T =t

In order to construct the excitations of the local Calogero-oscillator Hamiltonian, we must restrict ourself to the
symmetric wave functions and hence symmetrized rising-lowering operators

N
B — Z(a;c)t_ (2.18)

Then the excitations are described by the states [11]
ki, k) = (BE)YM (B . (By) ™ do(w) (2.19)

with being again some nonnegative integers, k; = 0,1,2.... Taking into account the fact that the operator B, rises
the spectrum level on the value I due to the relation

Mo, B = [HE", B = =B}, (2.20)
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we immediately get the explicit spectrum for the Calogero-oscillator Hamiltonian with the bosons

Ly ey — Lo+ k1 + 2kg + -+ Nky.
The Liouville integrals of motion of the unbound nonlocal Calogeo model HE™" are just the commuting Dunkl
momenta. For the local Hamiltonian Ho they must be symmetrised in order to act correctly on the bosonic or
fermionic wave functions [1],

L=Y#f k=12..N (2.21)

For the Calogero system bound by the oscillator potential H,, they are given by [9]
1 = Z,(ﬂ'i‘ az)k. (2.22)
i

Apart from the Liouville integrals, these models possess additional N — 1 integrals of motion. Such systems are
called superintegrable. Such additional constants can be described using the deformed angular momentum operator.
Define the Dunkl angular momentum tensor by substituting the Dunkl momentum in place of the usual momentum
[12,13 |:

Ly = aymy — x4m; ¢ (2.23)

Using the commutation relations between coordinated and Dunkl momentum, it is easy to show that the deformed
momentum are integrals for generalised Calogera and Calogero-oscillator Hamiltonians, which are distinet from the
Liouville ones:

(Liz, H5™] = |Las, HE™] = 0.
The commutator between Li; are deformations of usual so(/N') angular momentum computational rule
[Liz, Ll = —1La S, — 1L S + 1L Sty + 2 L1 Sig-

The constants of motion of the Calogero-oscillator model H,, can be associated with the symmetric polynomials
ensuring their valid action on the wave functions (2.7). 13

Loy = > L. (2.24)

i<g

3. CALOGERO-COULOMB SYSTEM AND OTHER EXTENSIONS

Define generalized Calogero-Coulomb Hamiltonian in terms of Dunkl operators [6]:
gen 2 ’7
£ . 3.1
HE 7 T (3.1)

After the reduction to the bosonic or fermionic states it reduced to the Calogero-Coulomb model (1.3), first introduced
by Khare ||, The last system is maximally superintegrable |6,7 |. The nonlocal Hamiltonian preserves the Dunkl
angular momentum and Runge-Lenz vector:

[HE™, Lij] = 0, [HE™", A =0. (3.2)

Here the deformed expression for the Runge-Lenz vector has the following form [7]:

T Z

1 ) i1
Ai=3 > ALy -+ 57, 5], (3.3)
j

where the permutation-invariant element S is defined in equation (2.11). It vanished at the ¢ = 0 point so that
the expression of A; reduces to the standard N-dimensional Runge-Lenz vector in this case. The deformed angular
momentum and Runge-Lenz vector form with the Hamiltonian a quadratic algebra,

lAh LMJ - lAkSli - ZAZSM, lA{, Aj] - —ZiHienLiT (31)
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The integrals of motion for the local Calogero-Coulomb model (1.3) are obtained by taking symetric polynomials
on L;; (2.24) and Ay,

A= AL

These invariants produce 2N — 1 independent sel, of integrals for the Calogero-Coulomb system ensuring its maximal
superintegrability.

So far, the Calogero, Calogero-oscillator and Calogero-Coulomb systems are defined on the flat Euclidean space.
These systems have been extended also to the surfaces with constant curvature: N-dimensional sphere and hyperboloid
[6,14 |. The matter id that the Dunkl operator provides an appropriate deformation ol the Laplace-Beltrami operator
on sphere which incorporates the Calogero interaction terms [14]. The algebra of constants of motion for nonlocal
Hamiltonians acquire now the additional deformation parameter related to the curvature. The superintegrability
property is preserved.
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AHHOTALNUA

B nmanHO# cTaThe paccMaTpuBaeTCs KBAHTOMEXaHUYECKas 3a/1ada OJJHOYACTUY-
HBIX COCTOSIHHI B KBAHTOBOM KOJIbIIC B C(DEPHUSCKOM HAHOCIIOE B MPHUCYTCTBUM TOJIS
JIMPAKOBCKOTO MOHOIIONS. B KauecTBe OrpaHHYMBAIOIINX TTOTEHIINATIOB B PailaIbHOM
W TIOJIIPHOM HAMNpaBJICHHUAX BBIOpaHBI MPSIMOYTOJbHBIE SMBI C HEMPOHHIIAEMBIMU
cTeHKaMH. B paMkax nmaHHOW MOAENW HaWIEHbl aHATUTUYECKNE BBIPAKECHUS TSI BOJI-
HOBBIX (DYHKIIMM M DSHEPTETUYECKOTO CrekTpa. McciemnoBaHa 3aBUCUMOCTD SHEPTUU
AJIGKTPOHA OT pa3MEPOB KOJIbIIA U 3apsijia MAarHUTHOTO MOHOIIOJIS.

KnawoueBbie c0Ba: KBaHTOBOE KOJBIO, cpepHIecKUil HAHOCIONH, MOHOIIOJb

Hupaxa.

Beenenue

Teopernueckoe ncciae0BaHUE IEKTPOHHBIX COCTOSHUN B CIOUCTBIX
HAaHOCTPYKTypax OepeT Hauajo ¢ muoHepckux pador Yakpaboptu u [lure-
naitHeHa [1-3]. ABTOpBI paccMOTPEIN OJHOIIEKTPOHHBIE U MHOTO3JIEKT-
POHHBIE COCTOSIHMSI B KBAaHTOBBIX KOJIbLIAX. BBUIM MCClI€IOBaHbI BIUSHUE

HpI/IMCCGf/'I, a TAK)XKC BHCIIHECTO MAaroHuTHOI'O I1OJIA. I[JISI OIIMCaHHuA NBUXXCHUS
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QJICKTPOHA BHYTpPH KOJbLA, C YUYCTOM OI'PAaHUYCHHUA ABMKCHHA KAK Ha

BHEIIIHEM, TaK U Ha BHYTPEHHEM paJMycax KOJIbla aBTOpaMu ObuIa Ipe/io-
2
KEHa MOJIETIb OrPaHHYMBAIONIETO TOTeHIMana B popme V,, - (r) = K(r —ro) ,

rie X XapakTepu3yeT HHTEHCHUBHOCTD JIOKAJIU3aluH 3JIEKTPOHA.

[ToMHUMO CIIOMCTBIX CTPYKTYpP IMJIMHIPUYECKOW (OpMbI ObUTH pac-
CMOTpEHBI Takke chepuueckue HaHOCHOU [4—6]. MOXKHO yTBEpKIATh, UTO
Pa3HOCTh MEXJY YPOBHSIMU SHEPrUU B PaJMAIIbHOM HANpPABICHUH TEM
OoJbIlIe, YeM YK€ paccMaTpHuBaeMblil cioi [7]. B 3Toil cutyanuu mMbl Mo-
J)KE€M CKa3aTh, YTO KaXIbld YPOBEHb PaJIMaJIbHOTO KBAHTOBAHUSI COOTBETCT-
BYET CEMEICTBY BpAILlaTEJIbHBIX YPOBHEW. DTO O3HAYAET, YTO MPU OTHOCHU-
TEITLHO HU3KUX IHEPTUAX MOKHO MPEITOJIOKUTE, YTO JIEKTPOH HAXOIUTCS
B OCHOBHOM COCTOSIHMM paJualbHOTO HarpaBieHus. [IpsMoil pacuer noka-
3BIBAET, YTO JIEKTPOH JIOKAJIM30BaH B IIEHTPE KBAHTOBOTO Clios. Takum 00-
pa3oMm, B ciyyae KOJbIIEOOpa3HON CIOUCTOM CTPYKTYpHI MaJIOil TOJIIMHBI
3ajjaya CBOJIMTCS K 3aJjaue JABYMEPHOI'O pOoTaTopa, a B ciayyae chepruuecko-
r0 KBAaHTOBOTO CIIOS PUXONM K 3a7a4de cepuueckoro poraropa [8].

B npuBeneHHBIX BbINIe padoTax YacTUIa JBUTANACH M0 BCEH MOBEPX-
HOcTU cdepbl. OHAKO MHTEpECHAsl CUTYyalllsl BOSHUKAET, KOTJa JBUKCHHE
AJIEKTPOHA OIPAHMYMBAETCS U B MOJIIPHOM HarpasiieHUd. OJIHOAJIEKTPOH-
HBIC U JIBYXDJICKTPOHHBIE COCTOSIHUS, & TAK)Ke ONTHYECKUE CBOWCTBA TaKUX
CTPYKTYp, Ha3BaHHBIX KBAHTOBBIMH KOJbIIAMH Ha C(HEpPHUECKON MOBEpX-
HOCTH, OBLIIM HMCCIIeIOBaHbI B padotax [9-11]. B xauecTBe orpaHudmMBaro-
HIero MOTEeHIIMaja B MOJIAPHOM HAIpPaBJIEHUU BBIOMPATIUCH MOJAEIb MPSIMO-
YTOJBHOM SIMBI C HEMPOHUIIAEMBIMU CTEHKAMHU M TaK HAa3bIBAEMBIM KOMII-
JIEKCHO-IIPOEKTUPYEMBIN CUHTYJISPHBIA OCLWLIATOP, IPEMIOKECHHBIA be-
ayuyun U Hepcucsnom [12]. Cummerpusi paccMaTpuBaeMoil CTPYKTYpbl U
BBIOPAHHBIX MOTEHIIMAIOB MO3BOJISICT HAUTH aHAJTUTHYECKUE PEIICHUS OJI-
HORJIEKTpOHHOTO ypaBHeHus lllpenunrepa u mpu HAJIMYKU B IIEHTPE CTPYK-

Typsl MoHOTON [upaka [13, 14]. [Tocneanss, noMumMo 106aBKM BEKTOPHO-
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ro nmorcHuuaia B KUHCTHYICCKHI oreparop FaMI/IJH)TOHI/IaHa, TAaKXEC IIO63.B-

JISICT LIGHTpOCTpeMI/ITeJILHHﬁ YJICH B HOTGHI.II/I&HLHYIO 3Hepr 15020]
his?
Ur,0)->U(r,0)+—, (1)
2ur

re s =0,£1/2,+1,+£3/2,...
lenbio aHHOM PabOTHI ABISAETCS UCCIIEOBAHNUE BIUSHHS MOHOIIOIS

Jupaka, TOMEIIEHHOTO B IEHTP CPEepUIECKOTO HAHOCIION, Ha dJICKTPOHHBIC

COCTOSAHHA CUCTCMBI.

Teopus

Paccmorpum 3amady KBaHTOBOTO KoJiblla Ha C(HEPUUYECKOM IMOBEPX-
HOCTU B MPUCYTCTBUU JUPAKOBCKOIO MOHOIIOJS, MOTEHIMA KOTOPOTro 3a-
nmaetcst BeIpakeHueM (1). B cdepuueckux KoopauHATaxX CTalMOHAPHOE
ypaBuenue lllpeaunrepa ais Takoil CUCTEMBI 3aMILETCS CIEAYIOMUM 00-

paszomM:

1 e-) h’s®
_(:;AJ W | Vo (r)+ V0% (r,0)+ y=Ey, ()

2 2ur’
rmue A ectb BEKTOp MOTEHITMAT MOHOIIOJIS:
- hes 1
A=———1—v,x,07, 3
2e r(r+z){ Y } )

(e) — addexTuBHas Macca (3apsan) SIEKTPOHA, ¢ 0603HAYAET CKOPOCTH

cBeta. PajimanbHbIi OrpaHUYMBAOIINN TOTCHIIMAT BRIOPAH B BUJIC MTPSIMOY-
rOJIbHOM HENIPOHULIAEMOU MBI
0, R, <r<R,,

de» — 4
canf(r) oo, r<R1, r>R2’ ( )

rie R, n R, ABIAIOTCS BHYTPEHHUM M BHELIHMM paauycoM cios. Cuutas

TOJIIIMHY CJIOSI OYEHb MaJIO, MOKHO (haKTOPU30BATH BOJHOBYIO (DYHIIKHIO
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B Buge w(r,0,0)=R,(r)y(6,9), tne R,(r) ectb cobcrennas (yHuKus

OCHOBHOT'O COCTOSIHHS paJualbHOTO YPAaBHEHHUS

n(d> 2d ad ad
——| —+—— [R(r)+V % (r)R(r)=E“R(r), 5
2 v R R O
e E“= 7[2752N2/2,L1(R1 ~R,f, N=123,... B sBHOM Buze
panuanbHas BOJIHOBAsI GyHIKHS 3aMUCHIBACTCS KaK

Ro(r)z\@[Dl%(ﬂr)+D2J_%(ﬂw)], e A=\uEF TR, ()

¢ynukus beccens nepsoro poaa, D,, D, — HOpPMHUPOBOUYHbIE KOHCTAHTHI.
Takum oOpa3om, 3amaya cBenack K 3PPEKTUBHO JBYMEPHOMY ABHKEHHIO
3JIEKTPOHA 10 MOBEPXHOCTU CHEPBI € PAIIYCOM.

Jlo Toro, Kak MPUCTYNHUTh K aHAIM3y YIJIOBOM 3a7auu, HE0OXOIUMO
KOHKPETU3UPOBAaTh BUJ YIJIOBOIO OTPAaHUYMBAIOLIEIO NMOTeHIMaIa. B nan-
HOW paboTe pacCMOTpPEH Ciydail yriloBOro OrpaHUYeHHs B BUIE NPAMOY-
TOJIbHOM SIMBI C HEIPOHULAEMBIMU CTCHKAMMU:

ang(e):{oa 91 <r<927

o 6
! , <6, 0>6,, ©

rae 6,, 6, ecTb rpaHUYHble yIibl B MOJSIPHOM HampasieHuH. OnHaKo
CJIelyeT OTMETUTh, UTO 33]1a4a UMEET aHAJIMTUUECKOE PEIICHNE U B CiIydae
YIJIOBOTO OTPAHMYMBAIOIIETO MOTEHIMANA, 3aJaHHOTO B (JOpME KOMILIEKC-
Ho-npoektupyemoro N -mepHoro (CP") octunnsropa [15].

BuyTpu oGmnactu orpaHuveHus yrioBas yacTh ypaBHeHus lllpenun-
repa 3aluiiercs Kak:

0’ d 1 9 2 d
+ td—+ - P s — 09 =
[892 796 sin’e dp’ 1+cosé (S . (pﬂf( ?)

(7

2 2
=g - £} (6.0)
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Hoxacrasnss pemrenne B Bune (6, ¢)= P(@)exp(im@) u BBens 0603-

2/’lreff

HavyeHust m+2s=A, (E E ’“d) I(I+1), NpuXomuM K ypaBHEHHIO

tuna Ilemns-Tennepa:

2 2 2
AL i T ) S Y _lpe)=0. (8
de de 2(cos@—1) 2(cos@+1)

Pemrenne ypasaenue (8) umeer gopmy P(6)= C,P,(0)+C,P, (), rne

m 20, Pl(¢9)=sin'”Qcos’lng1 mtA +/+1, u—ll+m sin’ Q
2 2 2 2 2) )
m<0, P](é?)zsin"’”Qcosﬂng1 i_—m+l+l,/1_m —l,l—m,sinzg ,
2 2 2 2
u
1+A1#0,~1,-2,..., P(8)=
. +
= sin” Hcoslg B —— m+ A +1+ lu—ll+ﬂ cos’ Q
2 2? 2
(10)
1+1=0-1-2,., P(8)=
= sin’”gcos_’lgzlﬂ m=4 21+, ” 4 —l,l—/l,coszg .
2 2 2 2
BHCPFeTI/IquKI/Iﬁ CIICKTp HaxXOAWTCA W3 BBIIIOJHCHUA TpPaHUYHBIX
YCIOBUM

=0. (11)
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— m=l), s=0

022 0.24 0.26 0.28 0.30 0.32 0.34

Sinl8,/1
Puc. 1. 3aBHCHMOCTH KBAHTOBOI0 YHcjIa [ OT yriia orpaHnYeHus.

JIisi HaXOXIEHUSI SHEPreTUYECKOro CHEKTpa HEOOXOAMMO PEeIIUTh
ypaBaenue (11) gncnenno. IHTepecHO OTMETHUTD, YTO PEIIeHHUE MPHU BHIOO-
pe MoJo0HOTo pojia MOTEHIIMaNa OrPaHUYCHHUS UMEeT YHUBEPCAIbHBIN Xa-
paKkTep W COBEPIICHHO HE 3aBHCHT OT KOHKPETHOTO THIa maTepuaioB. Ha
pucyHke |1 Mmoka3zaHa 3aBHCHMOCTh KBAaHTOBOTO 4YHcia /, XapaKTepH3ylo-
[IET0 SHEPTUI0 YTIIOBOTO JBMKEHHS OT 3HAUEHUS OTPAaHMYMBAIOIIETO yTia

92 IIpH pa3JIMYHBIX 3HAUYCHUAX MAarHUTHOTO KBAHTOBOI'O YMCJIa m W 3apsaga

MoHomnonsg §. Cinenyer OTMETUTb, YTO, B OTJIMYHE OT 3a/1a4 co chepuuec-
KOM CUMMETpHUEH, B cilydae KOJbIEBOM cuMMeTpuu [ Oosiee HE MPUHUMAET
nenovrcieHHbie 3HaueHus [11]. YMenblenue 3HaueHuss / ¢ pocToM yria
00BsICHSIETCA YBENTMYEHHEM O0beMa KBAHTOBAHUS, KOTOpas MPUBOJIUT K
YMEHBIIECHUIO SHEPTUU SJIEKTPOHHBIX COCTOSHUM.

Ha Puc. 2 nmoka3ana 3aBUCUMOCTb / OT MarHMUTHOTO 3apsiia § MpH
pa3IMyYHBIX 3HAYEHHM MarHUTHOTO KBAHTOBOro uucia. [Ipu stom, Oynem

T
CUUTaTh TpPaHUYHBIC YIIbl 3aQUKCUPOBAHHBIMU M DPABHBIMH 6, =g,
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T
02 = g . Pe3y.]H)TaTI>I MOKa3aHbl I HUKHCTO OHEPTCTUICCKOTO COCTOSAHUA.

CrutourHble JIMHUU TPUBEAEHbI JUIs dyuiied Buaumoctu. Kak cinemyer u3
PHUCYHKa, SHEPIHs pacTeT ¢ YBEJIMYEHHEM 4Hciia 3apsiaa MoHonous. OnHa-
KO IIPU HEHYJIEBBIX 3HAYEHHMAX MArHUTHOI'O KBAHTOBOI'O YHCJIA MHUHUMYM
caBuraercs (CM. pucyHok). Takke cieayer OTMETHTh, YTO MpU (PUKCHPO-
BaHHOM 3HAa4€HHM MOJYJIS 3aps/ia MOHOIIOJNS SHEPIUs BBIPOKIEHA IO OT-

HOIICHHUIO MAarHuTHOT'O KBAHTOBOI'O YHMCJIa m.

PucyHok 2. 3aBHCHMOCTH KBAHTOBOI'0 YHcja [ OT 3apsiaa

AUPAKOBCKOI'0O MOHOIIOJI4.

3akioueHne

Pestomupysi, paccmoTpeHa 3ajada OAHOYACTUYHBIX COCTOSIHMI B
KBAaHTOBOM KOJIblIe B C()epUUYECKOM HAHOCIO€ B MPUCYTCTBHUU IO AUpa-
KOBCKOTO MOHOIOJISI. B KauecTBe OrpaHMYMBAIONIMX IMOTEHIIMAJIOB B pa-
JOTUAJIBHOM H HOJISIpHOM HaHpaBJIeHI/ISIX BI)I6paHI>I Hp?IMOerJILHI:Ie SAMBI C
HEMPOHUIIAeMBIMU CTEHKaMU. B pamkax BBIOpaHHOU MOJeNN HAalIeHbI aHa-

JIMTHUYCCKHEC BBIPAKCHUA AT SQHEPICTUUYCCKOI'O CIICKTPAa U BOJHOBBIX (I)YHK-
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mmii. [loceqane BhIpaXaroTcs MOCPEICTBOM THIIEPTEOMETPUIECKUX (DyHK-
1. MccrenoBana 3aBUCMMOCTD DHEPTUU AJIEKTPOHHBIX COCTOSIHMM OT pas-

MCPOB KOJIbIIa U 3apsd/Ja MarHuTHOI'O MOHOIIOJIA.
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ONE ELECTRON STATES IN QUANTUM RING ON A SPHERE IN A
PRESENCE OF THE DIRAC MONOPOLE

V. Shahnazaryan"*’
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? Russian-Armenian University
? Armenian National Polytechnical University
vanikshahnazaryan@gmail.com

ABSTRACT

We discuss the problem of one electronic states in quantum ring in a
spherical nanolayer in the presence of Dirac monopole. The confinement potential
in radial and polar directions is chosen in the form of rectangular impenetrable
walls. In the framework of the model analytic expressions for wave function and
energy spectrum are found. We study the dependence of electron energy on the
geometrical parameters of quantum ring and monopole charge.

Keywords: quantum ring, spherical nanolayer, Dirac monopole.
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COULOMB INTERACTION IN THE FINITE
DIELECTRIC-ENVIRONMENT MEDIATED
MOSFET STRUCTURES

K.H. Aharonyan ", E.M. Kazaryan®, E.P. Kokanyan®
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Yerevan, 105 Teryan Street, Yerevan 375009, Armenia
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ABSTRACT

A formalism for studying the inversion channel region Coulomb interaction
properties in field effect transistor (FET) structure in account of inhomogeneous and
finite dielectric background is introduced. For that interaction potential @ (p, z)
expression in a four-layer FET structure is obtained in the first time. Analytical study
of @(p, z) in a three-layer FET structure is delivered as well. As received, @(p0, z)
is enhanced twice in relation to semiconductor/dielectric two- and three- layer
dielectrically homogeneous system cases.

Keywords: inversion channel, finite dielectric layer, interaction potential, FET
structure.

1.Introduction
The metal-oxide—semiconductor field-effect transistors (MOSFETsSs)
for more than four decades have been scaled on silicon (Si) mainly due to

its thermal SiO, oxide proper gate dielectric properties. As nowadays

" Corresponding author’s E-mail: ahkamo@yahoo.com
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MOSFETs scaling is reaching its physical and optimal limits since devices
have been getting smaller, the scaling down into sub-nanometer equivalent
oxide thickness range by dielectric layer with high dielectric constant value
(high — x dielectric) is of critical importance [1]. Thus that it is exactly
reasonable to replace the SiO, by a gate high — x dielectric in which case
already Si loses some of its domination and alternative semiconductor
environment could be used as the MOSFET high mobility channel.

Many materials such as III-V key semiconductors, few-layer
graphene and metal dichalcogenides have been raised a consideration for
ultra-low power, high-speed MOSFET application as well as innovative
structures due to their high electron (hole) mobility properties as compared
to Si. For those applications, the deposition of high - k gate dielectric on
aforementioned materials with good interface quality that enhance the gate
oxide—semiconductor interface thermodynamically is very important for the
effective performance of devices. At present it is technically realistic to
replace the SiO, by a gate dielectrics with a much higher dielectric constant
such as HfO,, ZrO, or La;Os in the surface-channel inversion-mode I1I-V
MOSFETs with atomic layer deposition [2, 3].

Despite the progress both in the fabrication and in component
materials unusual combination choice, all MOSFET systems for their
functioning demonstrate common feature is that it requires one or several
finite thickness dielectric layer media exhibiting important polarization
effects due to the difference between dielectric constants of the channel and
barriers regions [4]. As result, the spatial proximity of the metal gate and
finite thickness dielectric environment would reasonably modify the
interaction potential in inversion channel region in comparison with the
host semiconductor environment itself.

Calculation of inversion channel region Coulomb interaction
properties in MOSFET structure in account of inhomogeneous and finite

dielectric background is the main aim of this paper.
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2.Coulomb interaction properties in a four-layer
MOSFET structure
We discuss a four-layer heterogeneous structure in which region

z<—(L+ D) is occupied by a gate metal, region

A
’ & —(L+D)<z<-L by a dielectric with dielectric
0 K ;0_ S constant &, of thickness D, region — L < z < 0 by
£L an intermediate dielectric layer with dielectric
‘L constant £, of thickness L and region 0 < z <
1-D ° by a semiconductor substrate with dielectric
Gate metal constant &, as shown in Fig. 1. The z axis is

perpendicular to the interfaces. The point charge e
Fig. 1. Four layer FET

system at the site with coordinates p =0, z= 7z, ( p - is two-

dimensional (2D) plane coordinate) placed in the
oxide/semiconductor junction region with 2D inversion layer.
Let consider the Coulomb interaction issues in such MOSFET

structure. The Coulomb interaction potential ¢(p, z) of point charge is

related to Poisson’s equation as

V2 ()= - 17

o =1,), (D

gS
where O(7 —7;,) - is Dirac-delta function, » =r(p,z) and r, =7,(0,z,).
Here we are utilizing the cylindrical coordinate system p, ¢, z. For

that now are expressing the interaction potential in Fourier components

o (k,z) with respect to the coordinate p as

0(7)=p(p.2) =ﬁ j Pk, 2)dk =§£Jo(kp>¢(k, 2 kdk | (2)

where k — is the electron 2D plane vector and J, — 1s the 0-th order Bessel

function.
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The Poisson’s equation (1) with Exp. (2) for the discussed system
then gets the form[5, 6]

4re z20
2 2 - 5(2 - ZO)
Vz Q(k,Z,ZO)—k ¢(k,Z,ZO): & . (3)
0 z<0
The appropriate solution of the equation (3) possess inhomogeneous
. —k‘z—zo‘
¢lnh0m (k, z, Z()) — (4)
k
and homogeneous
Ce ™ z20
om 2re |Ce®+Cye® 02z>-L
Ok, z,z)) = 0 e T 5)
& |G et +C,e" -L2z>—(L+D)
0 z<—(L+D)
parts, comparatively, where C,, = C, """ ( e CPh _ o )
Combining Exps. (4), (5) with Maxwell boundary conditions
o(k,z,2,)|_,,, =0
k2.2, =pk.zz,)
& a¢(k5Z>ZO) = a¢(k5Z>ZO) > (6)
a 0z . 0z -
z,=—L; 0
the general solution of Poisson’s equation (3) is given by
o(k,z,zy) = Zﬂ-e{ e MRl 4 gk
gS
e, — &, cth(kD)— &,th (kL) + £S5 ceh (kD) th (kL) | » )
£

L

£, +&,cth(kD)+ &,th (kL) + E552 cth (kD) th (kL)
£

L
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which is the comprehensive expression of the Coulomb interaction potential
in inversion layer region for the discussed four-layer structure.

From Exp. (7) follows specific well known Coulomb potential
particular expressions for the realistic heterogeneous structures such as:

1. In the absence of any dielectric layer, i.e. D=L =0, the Exp. (7)

reduces to the classic expression of the non conductor/ conductor junction case

¢(k,Z,ZO) _ 2re {e—k‘Zon‘ _ e—k(z+zo)} : (®)
E

N
2. In the absence of both metal and any one dielectric layer, i.e. L=0

with D—oo (D=0 withL —c0), the interaction potential reduces to

semiconductor/bulk dielectric junction corresponding expression” [5]

2re| _y-- hosny Es —E
plk,z,z)= 228 e Hnl ot SZE0w L ()
Eg Egt 8D<L)
3. In the presence of one dielectric layer, i.e. L =0, the interaction
potential goes to expression

2”8 { e_k‘z_zo‘ + e_k(z+zo) gS - €Dclh (kD)
£ Eg+Epcth (kD)

p(k,z,2,) = (10)

for the semiconductor/dielectric layer/metal junctions case [7].

3. Coulomb interaction potential in a three-layer

MOSFET structure

Let now discuss Coulomb interaction potential properties after the
Exp. (10) in a three-layer structure.

As well known, the effective thickness of the inversion layer in
discussed structures is of the order of d ~ (ay/ ns)1/3 << ry, where ng is the

/3

surface density of the electrons in the layer, ry) = nsl — 1is the average

" Obtained previously in [4], corresponding only to the case of very thin intermediate
dielectric layer (kL<<I) in four-layer FET structure, Coulomb interaction potential
expression goes into Eq. (9) barely under the condition L= 0.
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distance between electrons, and ay is the effective Bohr radius in a bulk
semiconductor. Thus, an important role will be played subsequently by
values of p that are large compared with d. For the latter there exists in the
2D wave vector interval k£ such that £ d << 1. Therefore, Exp. (10) should
be averaged under the conditions k£ z << 1 and k zp << 1, and as a result
have [7]
4re 1

k &s+e,cth(kL)

o (k)= (11

In turn, for a thin enough dielectric layer with thickness D ~ d, which
usually holds in real structures, for the aforementioned long wave related &
vectors the additional condition £ D <1 can fulfilled as well. For that case
Exp. (11) then can lead to the specific result in the form

2rwe 1
@ (k)= - (12)
(€5/2) ;, €
gD

Here an expression of the three-layer FET structure Coulomb
interaction potential Fourier-image is obtained, which with Eq. (2) will lead

to the real-space potential final form such as

__e J1 7me¢ EpP | _ N | EnP
(p(p)_gs/2{p 2gSD{H°[gSD] NO(ESDH}’ (13)

where H(x)and N(x) are Struve and Neumann functions.

4. Conclusions

1. Coulomb interaction potential in discussed case holds both the
same k- and p- dependences as 2D screened counterparts in
semiconductor/dielectric two- [5] and three- [6] layer dielectrically
homogeneous systems. As follows, the metal gate here modifies the
Coulomb interaction in the same manner such as the 2DEG by means of the

statically screening effect in aforementioned systems.
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2.The quantity, analogous to the screening parameter in noted
homogeneous systems, here in Exp. (12) depends on both from the
dielectric layer thickness and the neighboring media dielectric constants
ratio (in 2DEG screened cases screening parameter is expressed by bulk
sample Bohr radius only [5, 6]).

3. Since the interaction potential after Exp. (13) strongly depends on
both dielectric layer thickness and dielectric constant value, by mutual

manipulating of these quantities with & we receive the access to discuss
the coulomb characteristic phenomena specific to both low-k (g&,/& < 1)
and high-k (&,/& > 1) environment cases.

4.The interaction potential after Exp. (13) due to the factor & /2 in the

denominator is enhanced twice in relation to semiconductor/dielectric two-
and three- layer dielectrically homogeneous system cases which is the
characteristic property of discussed structure. In aforementioned cases the

noted factor appears in the strong low-k environment case only [5, 6].

REFERENCES

1. Trinh H.-D., et al. Demonstrating 1 nm-oxide-equivalent-thickness
HfO2/InSb structure with unpinning Fermi level and low gate leakage
current density, Appl.Phys. Lett., 103, 142903-1-5 (2013).

2. Robertsona J., Falabretti B. Band offsets of high K gate oxides on III-V

semiconductors , J. of Appl. Phys., 100, 014111-1-7 (2006).

3. Orr J. M. S., et al. Electronic transport in modulation-doped InSb
quantum well heterostructures, Limit. Phys. Rev. B 77, 165334-1-7
(2008).

4. Konar A., Bajaj M., Pandey R.K., Murali K.V.R.M. Dielectric-

environment mediated quantum screening of two-dimensional electron
gas, J. of Appl. Phys., 114, 113707-1-6 (2013).



114 Coulomb interaction in the finite dielectric-environment mediated mosfet structures

5. Stern F., Howard W.E. Properties of Semiconductor Surface Inversion
Layers in the Electric Quantum Limit. Phys. Rev., 163, 816-835 (1967).

6. a) Rytova N.S. Coulomb interaction of electrons in thin films, Soviet
Physics-Doklady, 10, 754-755 (1965).
b) Rytova N.S. The screened potential of the point charge in thin film.
Vestnik Mosk. Univ. Fizika, Astronomia, 30, 30-37 (1967).

7. Chaplik A.V. Possible crystallization of charge carriers in low-density
inversion layers, Zh. Eksp. Teor. Fiz. 62, 746753 (1972).



Becmuux PAY Mo 1, 2017, 115-122 115

ELECTRONIC STATES IN CONICAL QUANTUM
DOT IN THE PRESENCE OF ELECTRIC FIELD

D.B. Hayrapetyan
Russian-Armenian University, H. Emin 123, 0051, Yerevan, Armenia

ABSTRACT

In the framework of the adiabatic approximation, the energy states of electron
are investigated in conical quantum dot in the presence of electric field. Analytical
expressions for particle energy spectrum and wave function are obtained. The
dependences of the energy on the conical high and radius of the base of cone are
obtained. The behaviour of the energy levels depending on the external field
magnitude is revealed. The electron localization probability density are plotted

Keywords: Conical quantum dot, electric field, adiabatic approximation

1. Introduction

The conical quantum dots (CQD) are zero-dimensional quantum
nanostructure with nontrivial geometry. Analytic description of electronic
states in CQDs is difficult problem [1-5]. From the other side, an
availability of many geometrical parameters characterizing the CQD allows
to realize flexible manipulation of the energy levels of the charge carriers in
these systems. The radius of the base, the height (or, equivalently, the cone
angle) are from above mentioned geometric parameters of CQD.

It is clear, that changing geometrical parameters of CQD we can
manipulate the energy levels of the electrons in these systems which lead to

the change of the intraband and interband quantum transitions behavior.
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Theoretical study of physical processes in the CQD was held in [5-7]. It
should be noted, that for the theoretical description the form of confining
potential of observed nanostructure has fundamental importance. In such
systems, an important role may play, in particular, a mechanical stress
effects. This question has been studied in [8, 9].

In addition to the manipulation of energy levels with geometrical
parameters, the external electric and magnetic fields causing quantization
are alternative tools of control. The strong external fields, at certain values
of their intensities, may have the same, or even stronger size quantization
effect on the energy spectrum than the QDs shape variation. Note, that the
electric field affects the electron motion only in axial direction.

In this paper the energy states of electron in CQD are investigated in
the presence of electric filed within the framework of adiabatic

approximation.

2. Theory

Let us to consider an impenetrable conical QD with H height, R
radius of the base of cone and @ angle of the top of cone. Note that we
consider the case of small angles of the top of cone 8 <1, which means

that R < H and hence 1g6=R/H < 1. Such a case is possible when,

during the experiment, conical quantum dots were grown with high height
[1-3]. Condition @ <1 gives us opportunity to apply geometrical adiabatic
approximation for solving the problem. The potential energy of electron in
such structure has the following form:

0, particlee A,

U, \p®z)= :
conf (p % Z) {oo, paVl‘iClee A. ( )

As it follows from the geometrical form of CQD that the electron
motion along the radial direction occurs more rapidly than along the z-
direction. This allows one to use the adiabatic approximation. The

frequency of the radial “motion” is much greater than the frequency
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characterizing the “motion” along the axis of the cone. Consequently, the

Hamiltonian of the system can be represented as a sum of the Hamiltonians

for the “fast” (I:I ;) and “slow” (I:I . ) subsystems:

I:I(p,(o,z):Flf(p,(p;z)+l:ls(p,go,z), (2)

where

A R* (1 9 0 1 9
H, (p,p;2)=~ *(__(p$j+?a_¢2]+l]%f(p’(p’z)’

©)

where m, — effective mass of charge carrier, F is electric field magnitude.

Axial variable z in H /.( p.¢;z) plays the role of a constant parameter.

According to geometrical adiabatic approximation, the wave function of the

system is represented as following:
¥ (p.0.2)=Ce" [ (piz) x(2). (4)

After solving the Schrédinger equation for the “fast” subsystem for

the energy and wave function we get

Jm ()“ +l,\m\(p/R)/(1_Z/H)) _ ﬁnzpﬂ,‘m‘

«/E(lp—z/H)RJm+I (Ay) " (=)= (1-z/H) R*

np+1,‘m‘

f(psz)= (5)

where /1,1 »| are zeros of the Bessel functions of the first kind
-

(n ,=0,1, 2,...) [10]. For the lower levels of the spectrum the particle is
mainly localized in the region |z| < H . Based on this we expand E™ (2)

np ,‘m‘

into a series:

-2
ra Z Z
£ ()= 89(1-5 ) 501422 ], ©
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212

(0) _ 1y {1
where Erad =7

e

. The relation (6) represents an effective potential

which is incorporated in Schrodinger equation of the “slow” subsystem

R 9’
o a7}((z)+E£2(1+2%);{(z)—erz(z)=E,((z). (7)

Finally, for the axial wave function and total energy of the system we

can write:
-/
2(2)=(1"ai (e, ) i1z ).
B2 w2, # (®)
E:E +E — np,m _ np+,m _ F ]
T om'RY 2m'| HR? s G

where {e,,,}, (n=0,1,2,...) are zeros of the Airy function of the first kind
(@, =—2.338, a, ~—4.087 etc.) [10].

3. Result and Discussion
Let’s proceed to the discussion of the results. Note that the numerical

calculations are made for the conical QD from GaAs with the following
parameters: m. =0.067m,, k=13.18, E,=5275me V, a, =104 A. Fig. 1

shows the dependence of the energy levels of the charge carrier from the
base radius of CQD for the fixed value of the CQD’s height.

180 T T T T T

Isofe n=2

Fig. 1. The dependence of the
energy levels of the electron
from the base radius of CQD
for the fixed value of the
height
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Fig. 2. The dependence of the

30 n=0 ]

D R=la, energy levels of the electron
20 e n=2 #=0 . from the height of CQD for
_______ e the fixed value of the base
S R radius.
0IO 112 Il4 116 118 20

Note that each level of the “fast” subsystem has a family of “slow”
subsystem levels positioned thereupon. One can see from Fig. 1 with
increasing base radius energy of the particle reduces, since the
contribution to the energy of the size quantization decreases. The
difference between the energy levels of the same energy level's family is

increased with increase in the axial quantum number. For example:

AE,=112E,, when R=15a,, H =10a, (np=0,m=0) and

AE,, =3.4E,, when R=15a,, H=10a, (n,=1,m=0). Note that the
transition frequency  between this energy levels are
AQ, (n,=0,m=0)=143-10"c" and AQ(n,=1,m=0)=43-10"c",

which falls into the IR part of spectrum. Fig. 2 shows the dependence of the
energy levels of the electron from the height of CQD for the fixed value of
the CQD’s base radius. The dependence of the energy levels on the height
of CQD has the same behaviour to the dependence of radius: with the
increase of the height energy levels are reduced.

Note that the total energy of the system is more “sensitive” to changes
of the R parameter, which is a consequence of the higher contribution of
size quantization into the electron energy in radial direction. The same
increase in the difference between the energy levels of the same energy

level's family is occurs for this dependence.
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Fig. 3. The dependence of
the electron probability
density on the magnitude
of the electric field.

Fig. 4. The dependence of

the electron energy on the

magnitude of the electric
field.

Fig. 3 shows the dependence of the electron probability density on the

magnitude of electric field, for the different directions of the field. As we

can see from the figure, the applied electric field lead to the change of the

localization area of the electron. Wherein, the electron shifts to the CQD

base when the field is directed to the top of the cone. The change in the

direction of the field leads to the opposite effect. Finally, Fig. 4 shows the

dependence of the electron energy on the electric field magnitude, when the
field directed to the top of CQD. As we can see, with the increase of the

field value the electron energy decreases.
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4. Conclusion

Summarizing, the electronic states and optical properties of CQD are
studied. The dependence of energy levels on the geometrical parameters of
CQD and external electric field magnitude are obtained analytically with
the help of adiabatic approximation. Each level of the “fast” subsystem has
a family of “slow” subsystem levels positioned thereupon. The applied field
lead to the change of the electron localization area and the decrease of the

electron energy.
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